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Solutions to the nonlinear Schrodinger equation
carrying momentum along a curve.
Part II: proof of the existence result
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Via Beirut 2-4, 34014 Trieste, Italy

ABSTRACT. We prove existence of a special class of solutions to the (elliptic) Nonlinear Schrodinger
Equation —e2Av + V(z)y = [4[P~%) on a manifold or in the Euclidean space. Here V represents the
potential, p is an exponent greater than 1 and € a small parameter corresponding to the Planck constant.
As e tends to zero (namely in the semiclassical limit) we prove existence of complex-valued solutions
which concentrate along closed curves, and whose phase in highly oscillatory. Physically, these solutions
carry quantum-mechanical momentum along the limit curves. In the first part of this work we identified
the limit set and constructed approximate solutions, while here we give the complete proof of our main
existence result Theorem [T1]
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1 Introduction

In this paper we continue our study of [10], concerning concentration phenomena for solutions of the
singularly-perturbed elliptic problem

(1) — AW+ V(z)p = [0~y  on M,

where M is an n-dimensional compact manifold (or the flat Euclidean space R™), V' a smooth positive
function on M satisfying the properties

(2) 0< Vi<V <V [Vles < Va,

1 a complex-valued function, € > 0 a small parameter and p is an exponent greater than 1. Here A,
stands for the Laplace-Beltrami operator on (M, g).

Solutions to () represent standing waves of the Nonlinear Schrodinger Equation, and here we are
interested in the semiclassical limit, namely the asymptotics of solutions when the parameter e (repre-
senting the Planck constant) tends to zero. Typically, if concentration occurs near some point g € M,
such solutions behave like 9. (z) ~ u (M), where dist(-,-) denotes the distance on M and where u

solves the equation

(3) — Au+ V(zo)u =uP in R".
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We refer the reader to the introduction of [I0] for the motivation of the study and for a brief description
of the existing results in the literature about this topic. There are several works concerning standing
waves concentrating at a single (or multiple) points of M, and for which the corresponding solutions
of [B)) decay to zero at infinity. On the other hand, only very recently it has been proven existence of
solutions concentrating at higher dimensional sets, like curves or manifolds. In all these results (except
for [2]), the profile is given by (real) solutions to [B]) which are independent of some of the variables and
hence do not tend to zero at infinity: if concentration occurs near a k-dimensional set, then the profile
in the directions orthogonal to the limit set will be given by a soliton in R™~*.

In this paper we are going to construct a different type of solutions. These still concentrate along curves
in M, but their phase is highly oscillatory along the limit set. More precisely, we consider standing waves
(namely the solution of ([B])) whose profile has the following expression

(4) oo’ 2n) = eI 0 (2)), 2’ = (21, Tat),

where f is some constant and U(ag’ ) a real function. With this choice of ¢, if concentration occurs near
some point g, then the function U satisfies the equation

(5) — AU+ (f2 4 V(20)) O = [O]~10 in R",

and decays to zero at infinity. Solutions to (&) can be found by considering the radial function U :
R"~! — R which solves

(6) —AU+U=U? in R"1.

It is known that U (and its derivatives) behaves at infinity like

(7) U(r) ~ e as r — +oo.
Using the scaling
(8) U(2') = hU (ka'), h= (V@)™ k= (Vi)

in (@) the constant f can be chosen arbitrarily, and then fL, k are determined according to the last formula,
depending on V (zp). Indeed f represents the speed of the phase oscillation, and is physically related to
the velocity of the quantum-mechanical particle associated to the wave function. If concentration occurs
near some closed curve v = 4(3) in M, and if we allow the parameter f to depend on the variable s, then
the solution v will be of the form

9) U(E,¢) e

where 5 stands for the arc-length parameter of v, and y for a system geodesic coordinates normal to ~.
Here the functions h(S) and k(3) are chosen so that

W=

(10) W) = ()2 +V(E) ™ KE) = ((F'G)+VE)

basically replacing f with £ (3) in (8).
If v is given, it was shown in [I0] (using formal expansions in €) that the corresponding function f
should satisfy the following condition
(n—1p-1)

(11) 1'(3) =~ AR°(3) with o= —n 2,



where A is an arbitrary constant. At this point, only the limit curve v should be determined. Since we
require the function f to be periodic, if we consider variations of v (for all of which ([I]) holds true) then
it is natural to work in the restricted class

I:= {’y : R — M periodic : A/ h(3)°ds :/
Y

f'(5)7ds = constant} ,
v

where, as before, § stands for the arc-length parameter. It is shown in [I0] that the candidate limit curves
are critical points of the functional v — f,y h?(3)ds, where

9=p+1—%(p—1)(n—1).

With a direct computation one can prove that the extremality condition is the following
-1
(12) VNV = <p7hpl - 2A2h2"> H,

where VNV represents the normal gradient of V and H is the curvature vector of ~.

Similarly, via some long but straightforward calculation, one can find a natural non-degeneracy con-
dition for stationary points, which is expressed by the invertibility of the operator J, acting on normal
sections V to 7y, which in components is given by

2A%0 . 242 . 0
Gvm = —(hf - 2A0 o) g (o1 = 2A o prpm + ——h"((VV)2V) [V, B
-1 p—1 p—1

1 2.A%0 ; (0 — o)hP~1
13 —(h?—=—n o2 7| 244 m
g () 2. i) V7 | = 2AA e ]

e (3+ ) h2 — 16204520 1 9 A2 (50 + 30) O+

+ (H,V) (p—1)h? —2A20h° ’

m=2,...,n. We refer to Section 2 in [I0] for the notation used in this formula. We point out that, since

() determines only the derivative of the phase, to obtain periodicity we need to introduce a nonlocal
term, denoted here with A/. Letting L(v) be the length of the curve ~, our main result is the following.

Theorem 1.1 Let M be a compact n-dimensional manifold and let V : M — R be a smooth positive
function (or let M = R™ and let V satisfy @) and 1 < p < Z—J_ré Let v be a simple closed curve in
M : then there exists a positive constant Ay, depending on V|, and p for which the following holds. If
0 <A< Ay, if v satisfies (I2) and the operator in (I3) is invertible on normal sections of v, there is a

sequence g, — 0 such that problem (NLS;,) possesses solutions 1., having the asymptotics in (@), with

f satisfying ().

As a consequence of this theorem, see Corollary 1.3 in [I0], we prove a conjecture posed in [I] for the
case of one-dimensional limit sets. We also improve the result in [2], in the sense that we characterize
explicitly the limit set and we do not require any symmetry on the potential V: indeed in [2] V' is assumed
cylindrically symmetric in R?, and solutions are found via separation of variables. The restriction on the
exponent p is natural since it is a necessary condition for the solutions of (@) to vanish at infinity by the
Pohozaev’s identity. The smallness condition on the constant A and the fact that concentration is not
proved for all the values of (small) € are discussed below in the introduction. For the latter issue and for
the main difficulties caused by removing the symmetries see also the introduction of [10].

The main goal of Part I, [10], was to show that the condition (I2]) and the non-degeneracy of the operator
in (I3), arising from the reduced functional v +— fv h?(3)ds, appear naturally when considering (), and



in particular when we try to solve it formally with an expansion in power series of €. To explain this fact,
it is convenient to scale problem (J) in the following way

(14) — Ay + V(ex)p = [Pt in M.,

where M. denotes the manifold M endowed with the scaled metric g. = 8% g (with an abuse of notation
we mlght often write M, = —M ). We are now looking for a solution concentrated near the dilated curve
e 'y We let s be the arc-length parameter of 7., so that 5§ = es, and we let (E;) =2, , denote
an orthonormal frame in N+ (the normal bundle of v) transported parallely with respect to the normal
connection, see Section 2 in [I0]: we also let (y;); be a corresponding set of normal coordinates. Since
we want to allow some flexibility both in the choice of the phase and of the curve of concentration, we
define fo(3) = f(3) + f1(3), and we set z; = y; — ®;(3), where (®;)j—a, , are the components (with
respect to the above coordinates y) of a section ® in Nv. Then, with a formal expansion of ¢ in powers
of € up to the second order, in the coordinates (s, z) near ., we set
Poe(s,2) = il {h(es)U (k(es)z) + € [wy + iw;] + > [vy +ivi]}, s€[0,L/¢],z € R* 1

(L = L(v)) for some corrections w,., w;, vy, v; (which have to be determined) to the above approximate

solutions. We saw in Section 3 of [10] that these terms solve equations of the form L,w, = F,., Lyw; = F;,
L.v, :.7-'T, Liv; = F; where

(15) { Lrv=—Av+ V(S = ph(5)P~ U (k(5)2)P " v; in R

Liv=—Av+V(E)v—hE)PUKBG)2)P v ’
and where F,., F;, .7:}, F; are given data which depend on V, v, 5, A, ® and f;. The operators L,
and L; are Fredholm (and symmetric) from H?(R"~!) into L?(R"~1!), and the above equations for the
corrections can be solved provided the right-hand sides are orthogonal to the kernels of these operators.
As explained in [I0], the condition (I2) and the non-degeneracy of the operator J allow us to determine
wy, w; and v,., v; respectively, namely to solve ([4) at order ¢ first, and then at order 2.

To make the above arguments rigorous, we can start with an approximate solution ¢ . behaving like

o e et h(es)U(k(gs)z), and try to find a true solution of the form il [h(es)U(k(es)z) + ),

with @ suitably small and f close to f, via some local inversion arguments. From a linearization of the
equation near )y ., the operator L. acting on w in the coordinates (s, z) is then the following

(16) Lo := —0%10 — A0+ V(ex) — [toe P10 — (p — 1)[ho.c [P0 - R(tho ).

Here R denotes the real part. Decomposing first @ into its real and imaginary parts, and then in
Fourier modes with respect to the variable €s, we can write w = w, + 1w; = Zj sin(jes)w, ;(z) +
1> sin(jes)w; j(z) (forgetting for simplicity about the cosine functions). If we take (as a model prob-
1em§ V = 1, then the operators (in the z variables) acting on the real and imaginary components are
respectively £, + £252 and L; + €252, Tt is well-known, see for example [6], that £, has a single nega-
tive eigenvalue, a kernel with multiplicity n — 1 spanned by the functions 9,U(k(5)z), I = 2,...,n (the
generators of the normal translations), while all the remaining eigenvalues are positive. The operator £;
instead has one zero eigenvalue with eigenfunction U(k(5)z) (the generator of complex rotations) and all
the remaining eigenvalues positive.

As a consequence, the kernels of £, and L£; produce a sequence of eigenvalues for L. which behave
qualitatively like €252, and for small values of j these become resonant. With an accurate expansion of
these eigenvalues, one finds that the non-degeneracy assumption on (I3) prevents each of them to vanish:
anyway, a direct application of the implicit function theorem is not possible since a further resonance
phenomenon occurs. This arises from the fact that £, possesses a negative eigenvalue as well, which
generates an extra sequence of eigenvalues of L., qualitatively of the form —1 + €252, j € N. This
resonance is typical of concentration for () along sets of positive dimension, and the only hope to get
invertibility is to choose the values of € appropriately. Indeed, differently from the previous sequence of



eigenvalues, this new one causes a divergence of the Morse index when ¢ tends to zero, and the presence
of a kernel for some epsilon’s is unavoidable. The eigenfunctions corresponding to these eigenvalues will
have faster and faster oscillations along the limit curve ~.

This phenomenon is also present when one looks for solutions of the singularly perturbed problem
—e2Au + u = vP in bounded domains of R”, when Neumann boundary conditions are imposed. In the
papers [9], [12], [13], [14] concentration along sets of dimension k = 1,...,n — 1 has been proved, and
analogous spectral properties hold true. By the Weyl’s asymptotic formula, if solutions concentrate along
a set of dimension d, the counterpart of the latter sequence of eigenvalues behaves like —1 4 €25 %, and the
average distance between those close to zero is of order €?. The resonance phenomenon was taken care
of using a theorem by T. Kato, see [5], page 445, which allows to differentiate eigenvalues with respect
to €. In the aforementioned papers it was shown that when varying the parameter € the spectral gaps
near zero almost do not shrink, and invertibility can be obtained for a large family of epsilon’s.

However when the concentration set is one-dimensional the spectral gaps of the resonant eigenvalues
(with fast-oscillating eigenfunctions) are relatively large, of order e, and the profile of the corresponding
eigenfunctions can be analyzed by means of a scalar function on [0, L] (see below in the introduction and in
Subsection .2.3]). This fact indeed allows sometimes to bypass Kato’s theorem and to use a more direct
approach, employed in [15] to study existence of constant mean curvature surfaces of cylindrical type
embedded in manifolds, and in [3] for studying solutions of () in R2. We can partially take advantage
of these techniques, see the comments in Section Bl but some new difficulties arise due to the fast phase
oscillations in ([@). We describe them below, together with the strategy of the proof.

By the above discussion, we expect to find three possible resonances: two of them for small values

of the index j (with eigenvectors roughly of the form et O U(k(3)z)sin(ejs), I = 2,...,n, and
je—itE? U(k(s)z) sin(ejs) respectively) and a third one for j of order 1, precisely when —e2j2 coincides
with the first eigenvalue of L,.

To understand this behavior, we first study the spectrum of a model operator similar to (), where we
assume V =V > 0 and 1o,e to coincide with the function in (). For this case we characterize completely
the spectrum of the operator and the properties of the eigenfunctions, see Subsection2.3] and in particular
Proposition 25 The condition on the smallness of A appears precisely here (and only here), and is used
to show that the resonant eigenvalues are only of the forms described above. Removing the smallness
assumption might indeed lead to further resonance phenomena, see Remark 2.7] for further comments.

We next consider the case of non-constant potential V': since this has a slow dependence in s along .,
one might guess that the approximate kernel of L. (see (I6])) might be obtained from that for constant V|
introducing also a slow dependence in s of the profile of these functions. With this criterion, given a small
positive parameter ¢, we introduce a set Ks (see (7)) and the previous formulas) consisting of candidate

approximate eigenfunctions on L., once multiplied by the phase factor e=iH% More comments on the

specific construction of this set can be found in Subsection 23] especially before (G7).

In Proposition 2.9 we show that this guess is indeed correct: in fact, we prove that the operator L. is
invertible provided we restrict ourselves to the subset H. of functions which are orthogonal to e~* K g 5
This property allows us to solve the equation up to a lagrange multiplier in Ky, see Proposition 214l For
technical reasons, we prove invertibility of L. in suitable weighted norms, which are convenient to deal
with functions decaying exponentially away from v.. As done in [3], [9] and [12], this decay allows us to
shift the problem from the whole manifold M, to the normal bundle N+, via a localization method, see
Subsection

Compared to the other results in the literature which deal with this kind of resonance phenomena,
the approximate kernel here depends genuinely on the variable s (in [9], [12], [13], [I4], [I5] the problem is
basically homogeneous along the limit set, while in [3] it can be made such through a change of variables).
To deal with this feature, which mostly causes difficulties in Proposition 2.9 we localize the problem in
the variable s as well. Multiplying by a cutoff function depending on s, we show that orthogonality to
K implies approximate orthogonality to the set Kg, see ({0) and the previous formulas, which is the
counterpart of Ks for a potential freezed at some point in 7.: once this is shown, we use the spectral
analysis of Proposition




Section Blis devoted to choose a family of approximate solutions to (I4)): since we have many small eigen-
values appearing, it is natural trying to look for functions which solve (Id)) as accurately as possible. Our
final goal is to annihilate the Lagrange multiplier in Proposition [Z14], and to do this we choose approxi-
mate solutions \ile (in the notation of SectionB]) which depend on suitable parameters: a normal section
®, a phase factor f5 and a real function 3. The latter parameters correspond to different components of
Ks, and are related to the kernels of £,(+¢%52) and £;(+£2j2), see the above comments. The function 3
in particular is highly oscillatory, and takes care of the resonances due to the fast Fourier modes.

Differently from [I0] (see in particular Section 4 there), where the expansions were only formal, we need
here to derive rigorous estimates on the error terms, and to study in particular their Lipschitz dependence
on the data @, f, and 8. Proposition collects the final expression for —A, ¢ + V(ex)y — [P~ 1y
on the approximate solutions ‘1’2,52 the error terms 2A’s are listed (and estimated) before in that section,
together with their Lipschitz dependence on the parameters.

Finally, after performing a Lyapunov-Schmidt reduction onto the set Ky, see Proposition 1] we study
the bifurcation equation in order to annihilate the Lagrange multiplier. In doing this we use crucially the
computations in Part I, [I0], together with the error estimates in Section Bl In particular, for ® and f,
we find as main terms respectively the operator J in (I3]) and the one in the left-hand side of (II3]), both
appearing when we performed formal expansions: these operators are both invertible by our assumptions,
and therefore we are able to determine ® and f; without difficulties.

The operator acting on 3 instead is more delicate, since it is qualitatively of the form

(17) —263"(3) + A\5)p on [0, L],

with periodic boundary conditions, where X is a negative function. This operator is precisely the one
related to the peculiar resonances described above. In particular it is resonant on frequencies of order %,
and this requires to choose a norm for 8 which is weighted in the Fourier modes, see (I25) and Subsection
423 For operators like that in (7)) there is in general a sequence of epsilon’s for which a non-trivial
kernel exists. Using Kato’s theorem though, as in [12], [I3], [14], [9] and [7], we provide estimates on
the derivatives of the eigenvalues with respect to €, showing that for several values of this parameter the
operator acting on  is invertible. In this operation also the value of the constant A, see (II), has to be
suitably modified (depending on ¢), in order to preserve the periodicity of our functions. Once we have
this, we apply the contraction mapping theorem to solve the bifurcation equation as well.

The results in this paper and in [I0] are briefly summarized in the note [I1].

Notation and conventions

Dealing with coordinates, capital letters like A, B, ... will vary between 1 and n while indices like j,, . ..
will run between 2 and n. The symbol ¢ will stands for the imaginary unit.

For summations, we use the standard convention of summing terms where repeated indices appear.

We will often work with coordinates (3,7, . ..,¥,_;) near the curve v, where s is the arc-length parameter
of v and the ¥;’s are Fermi normal coordinates (see the next section). The dilated curve v, := %7 will
be parameterized by s = %5, and we also denote by y the scaled normal coordinates. The length of v is
denoted by L. When dealing with functions (or normal sections) depending on the variables s or 5, the
notation prime will always denote the derivative with respect to 5. When we differentiate with respect

to s, we usually adopt the symbol Os.

For simplicity, a constant C' is allowed to vary from one formula to another, also within the same line.



For a real positive variable r and an integer m, O(r™) (resp. o(r™)) will denote a complex-valued function

for which [2C)| remains bounded (resp. ‘M‘ tends to zero) when r tends to zero. We might also

rm rm

write 0. (1) for a quantity which tends to zero as € tends to zero.

Sometimes we shall need to work with integer indices j which belong to sets depending on e. e.g.
{0,1,...,[1/¢]}, where the latter square brackets stand for the integer part. For convenience, we will
often omit the to add the square brackets, assuming that this convention is understood.

2 Lyapunov-Schmidt reduction of the problem

In this section we show how to reduce problem (I4) to a system of three ordinary (integro-)differential
equations on R/[0,L]. We first introduce a metric on the normal bundle N+v. of 7. and then study
operators which mimic the properties of the linearization of (I4]) near an approximate solution. Next, we
turn to the reduction procedure: this follows basically from a localization method, since the functions we
are dealing with have an exponential decay away from .. We introduce a set K consisting of approximate
(resonant) eigenfunctions of the linearized operator L.: calling H. the orthogonal complement of this set

. - F(es . - .
(which has to be multiplied by a phase factor close to et )) we show in Proposition 214 that L. is
invertible on the projection onto this set, once suitable weighted norms are introduced.

2.1 A metric structure on N+,

In this subsection we define a metric g. on N+., the normal bundle to 7., and then introduce some basic
tools which are useful for working in local coordinates on this set.

First of all, we choose a local orthonormal frame (E;); in N+ and, using the notation of Subsection 2.2
in [9], we set VggEj = ﬂ; (0s)Er, j,l=1,...,n— 1. If we impose that the E;’s are transported parallely
via the normal connection V¥, as in Subsection 2.1 of [10], we find that ﬂé (05) = 0 for all j,l. As a
consequence, see formula (18) in [9], we have that if (V7);, j =1,...,n— 1 is a normal section to +y, then
the components of the normal Laplacian ANV are simply given by

(18) (ANVY = A, (V7)) = 02V, j=1,...,n—1.

We next define a metric § on N as follows. Given v € N+, a tangent vector W € T, Ny can be
identified with the velocity of a curve w(t) in N+ which is equal to v at time ¢ = 0. The metric § on N+
acts on an arbitrary couple (W, W) € (T,,Nv)? in the following way (see [4], page 79)

~ ~ DN DN e
g(VV, W) =g (W*WW*W) + < v v >
N

7'15:0’ 7'15:0

In this formula 7 denotes the natural projection from N+ onto v, Dd—]\;w the (normal) covariant derivative
of the vector field w(t) along the curve = w(t), and w(t) stands for a curve in N+ with initial value v and
initial velocity equal to .

Following the notation in Subsection 2.1 of [10] we have that, if w(t) = w’(t)E;(t), then

DNw  duw(t)
@ - o Bl

Therefore, if we choose a system of coordinates (3,7) on N+ defined by
GPERXR™ = TE (),

we get that
gll(gv y) = gll(g) + yly] <VglEla vglE]>N = gll(g) = 15



and

gﬂ(gay) = 0; gl_j(ga y) = 6Ea
where we have set &; = 6%1. We notice also that the following co-area type formula holds, for any smooth
compactly supported function f: Nv — R

(19) / ;= / ( / V(g)f(@)c@) 5.

This follows immediately from the fact that det § = det g, and by our choice of (3,7).
Since in the above coordinates the metric § is diagonal, the Laplacian of any (real or complex-valued)
function ¢ defined on N~ with respect to this metric is

Ayp = 2.6+ 832_]¢ in N~.

We endow next N, with a natural metric, inherited by g through a scaling. If T, denotes the dilation
x +— ez, we define a metric g. on N+, simply by

In particular, choosing coordinates (s,y) on N+, via the scaling (3,7) = &(s,y), one easily checks that
the components of g. are given by

(9)11(s,9) = g11(5) = 15 (9)u(s,y) = 0; (92)1(s,y) = d1;.
Therefore, if 9 is a smooth function in N+, it follows that in the above coordinates (s, y)
ANg.tp = 20 + 07, in Nv..
In the case ¥(s,y) = e’ifsu(s, y), for f=Ahe (see [B)) and for u real, we have clearly that
Ag.p = eﬂfsafsu - Qifefifsasu - erﬂ'fASu + eiifsﬁjzju.

Similarly to (I9) one easily finds

(20) [ g = / 5 ( / » f(y)dy> ds.

2.2 Localizing the problem to a subset of the normal bundle N~.

We next exploit the exponential decay of solutions (or approximate solutions) away from v. to reduce
([@4)) from the whole scaled manifold M, to the normal bundle N~.: this step of the proof follows closely
a procedure in [3]. We first define a smooth non-increasing cutoff function 77 : R — R satisfying

() =1, for t < 0;
7(t) =0, for t > 1;
7(t) € [0,1], for every t € R.

3

Next, if (s,y) are the coordinates introduced above in N+., and if ®(es) is a section of N+, using the
notation of Subsection 3.1 in [10] we define

z=1y— B(es).
We will assume throughout the paper that ® satisfies the following bounds

(21) [®floo + |12]]o + £l 27| < Ce



for some fixed constant C' > 0. Next, for a small § > 0 and for a smooth function K (es) > 0, both to be
determined below and letting h, k : [0, L] — R be as in the introduction, we set

—0

(22) Jo. =75 2)oe =7 (K<ss> <|z| - ;f(gs))) e B (h(es)2),

where f (to be defined later) is close to the function f (also defined in the introduction). For 7 € (0,1),
we let S. : C?7(M.) — C7(M.) be the operator

(23) Se(¥) = g0 + V(e)p — [¥P~1y in M.

If we let 155 denote an approximate solution of ([[4]) (we will take later 1/;8 equal to 1;0,5, with some small
correction), then setting ¥ = 1. + ¢, we have S.(¢) = 0 if and only if

LE(&) :SE(QZJ&)'*'NE(Q;) in M.,
where L. ((;3) stands for the linear correction in ¢, namely
(24) La(é) = _Aggé + V(Ex)é - |156|p_1(5 —(p— 1)|1/~’8|p_31/~’6%(1/~1ag) in M,

and where the nonlinear operator N.(¢) is defined as
(25) Ne() = |9 + 6P (e + ) — [P~ e — [P0 — (p — 1)Ie >0 R(P:0).
Then, in the coordinates (s, z) we can write

where, with an abuse of notation, we assume ¢ defined on N+, (through the exponential map normal to
ve) and where the correction ¢ is defined on the whole M.. In this way we need to solve the equation

(26) L.(7.(2)¢) + Le(p) = S-(¥e) + N-(7.(2)p + ) in M..

We will require ¢ to be supported in a cylindrical-shaped region in N+, centered around the zero section.
For technical reasons, convenient for proving the results in the next subsection, we define

5
(27) DE{(S,Z)GN’}/E Dz < K(;)l},

and then the subspace of functions in N+,
Hp = {u € L?*(Nv:;C) : w is supported in Ea} .

Using elementary computations, we see that (26]) is satisfied if (tautologically) the following two conditions
are imposed

L(@) = [Sedh) + N((2)6 + )]
(28) + |1;6|p_190 + (- 1)|1;E|p—31;€%(156¢) in Daa ¢p€Hp

e )

(29)  Lge=(1=7.2) [Se(h) + N1 ()0 + 0)| + 2V, 7 (2) - Vo6 + By 7)o in Mo,
where

(30) Lj o=—Dg 0+ V(ex)p—(1-T7.(2)) [Ilﬁel”‘lw + (p— D[P 2R D) | -



We have next an existence result for equation (29): in order to state it we need to introduce some notation.
For a regular periodic function p : [0, L] — R, for m € N and 7 € (0,1) we define the weighted norms

(31) Ielp = suwp [P plonr @], z=(s2)
zeD,
We also recall the definition of k(es) in (I0).

Proposition 2.1 Let k2(5) < ki(3) < ko(3), K(3) be smooth positive L-periodic functions in 3, and

€ (0,1). Then, if V(5), K%(3) > k3(3) and if ||1/J€Hc;0, ||S€(1/)€)Hc;0 <1, there exists a positive constant

C depending on 8,7, k, ko, k1 and ko such that given any ¢ with ||q§||c;,f < 1 problem 239) has a unique
1

solution ¢(¢) whose restriction to D, satisfies

(32) le(@)ler,, <C (e~ Iollcar) -

Moreover, if 91,92 satisfy | S(¥)llog, <1, 5= 1,2, if 9llcp <1, 5 =1,2, and if ¢;(¢5), j = 1,2,

are the corresponding solutions, for the restrictions to D, we also have
=3 inf F2tko ~ ~
(83) llp(61) = p(@2)ller,, < C (7 MR S.(W0) = S.(02)ey, + e 61 = éalcar) -

Remark 2.2 (a) The choice of the norm in [BI)) is done for considering functions which grow at most
like e *E)1 | and in particular functions which decay at infinity if p is positive. In the left-hand side of
B2)) we have a negative exponent, representing the fact that ¢ can grow as |z| increases. However (we will
take later ko, k1, ko, K very close), the coefficients in the right-hand side are so tiny that ¢ is everywhere
small in D, and indeed with an even smaller bound for |z| close to zero. This reflects the fact that the

1nf 1+ °2

5. katko
inf =25

ISPz, +e

mf 1+ 2

support of the right-hand side in [29)) is K( 5 < |z| < £ (;;)1 , 50 @ should decay away from this set.

(b) We introduced the functions ko, k1 cmd ko for technical reasons, since we want to allow some
flexibility for the (exponential) decay rate in |z|.

PROOF. We prove the result only when the manifold M in () is compact. For the modifications needed
for M = R" see Remark (d).
Consider a smooth non-decreasing cutoff function x : [0, 1] — [0, 1] satisfying

x(t) =0 for t < 1,
x(t)=t for t > %
0<x(t)<4 for allt
0<x"(t) <16 for all t.

Next, given a large constant B (to be specified later) depending only on V' and ks, we define X (5, |z|) as

Bx (%‘) for |z| < B;
H for B< 2| < ¢ S) -1
-3 1 -3 1 s
2. 120) = |z] i—ki(g) -5 —2x (|z| - —kEQ(E) — 5) for —ka( ) 1< | | < k2(s) + 1;
) = -3
k‘i—(g) 7|z| fork()+1<||<2k25) B;
2%—\2\ -3

Bx(—2%—) f0r2k G ) B_§|Z|§2k€2(§);
0 for |2] > 2:5 6k

By our choice of x, the function y satisfies the following inequalities (where, here, the gradient and the
Laplacian are taken with respect to the Euclidean metric)

V. < 1 g 022

10



Using the above coordinates (s, z), we define next the barrier function u: M, — R as

576

u(s, Z) — ekz(sS)X(ss,Z) for |Z| < 2]62(5,9)’

and we extend u identically equal to 1 elsewhere. By our choice of x, this function is indeed smooth and
strictly positive on the whole M.. We consider next the linear equation (motivated by (30))

Lje=7 on M,

where ¥ : M, — R is Holder continuous (with supp(d) CC D, see [B5) below). Since the operator L.
is uniformly elliptic, the latter equation is (uniquely) solvable, and we would like next to derive some
pointwise estimates on its solutions. To this aim we define

p(x)
= —=, € M..
'U(ZL') u(x) &€ g
With this notation, we have that
uly v—vAgu—2Vyv-Vgu=1 on M..

Using the expression of the metric coefficients in the coordinates (s, z), see Lemma 2.1 in [10], 2I)) and
the properties of the cutoff function x, one easily checks that

_ -3
Ay < (k2(3)%2 + 0og(1) +0-(1))u  for |z]| < AL
=0 elsewhere,

where 0.(1) — 0 as ¢ — 0 and 0p(1) — 0 as B — +o00. Therefore we obtain that the function v satisfies

u

](% —k33) +os(1) +o-()o| < U for 2| <25,
EJ;EU = % elsewhere.

Since we assumed V' (3) > k2(5)?, we obtain that V —k2(5)2 +05(1) +0-(1) is strictly positive (provided B

is sufficiently large and e sufficiently small) for |z| < 2%(_2), and hence the function v satisfies a uniformly
elliptic equation with a non-negative coefficient in the zero-th order term with right-hand side given by

%. Therefore from the maximum principle we derive the estimate

¥
max |v| < C’maxu,
M. M. u

where C' depends on the uniform lower bound of the above coefficient. The latter estimate clearly implies

0
lp(z)| < Cu(z) max —, for every x € M..
€ u

We define next the weighted norm

I¢llm r = sup || £]

cEM. (B (x))

which is equivalent (with constants depending on B only) to || - [[cm on the set D.. Using the explicit
—FRk2
form of the function u and standard elliptic regularity estimates one can improve the latter inequality to

(34) Iell2,7u < Clldfo,ru-

11



The proof of the proposition will now follow from this linear estimate and the contraction mapping
theorem: in fact, defining

Goe(p) = (1 =7.(5,2)) |Sc(ve) + N-(7.(2)¢ + 90)} 2V, 7.(2) - Vg ¢ + Dy, 7 (2),
equation (29) is equivalent to
(35) =1L Goe().

First of all, notice that Ew is invertible since we are assuming M (and hence M) to be compact, see
the beginning of the proof. Secondly, to apply (B4]), we need to estimate ||Gg.c(¢)|lo,ru, together with its
Lipschitz dependence in ¢: our goal indeed is to apply the contraction mapping theorem.

Let us consider for instance the term (1 — 7.(5,2))S-(¢). Using the fact that (1 —7.) is zero for

2| < % that S, we is zero for |z| > £ and that ks < K, we obtain
) K( )

SE(Q/;E)

5. ¢ kotko
inf =4

<C sup

0,7,u

< Ce ¢
C7(B1(z))

(36) H<1 —7.)S- ()

EATAIES
5+1}
K(ss

Now to estimate the remaining terms of G4 . we notice that

- Cle[P2[7.(2)p + o> it 7.(2)¢+ @l < |9 ;
INe(e(2)¢ + )| < { 7.(2)p + o|P otherwise.

Since p > 1, we can find a number ¢ € (0,1) such that p — 2+ 1 — ¢ > 0, so the last formula implies
(B87) N2+ ) < C (|l (7)1 + IV ()0 + lel) + 7. (2)17 + el )

Using the fact that ||1/~)€||c;0, ||¢||C,1’1’ < 1 and reasoning as for ([B6), after some computations we deduce

(assuming ||¢||leo < 1, which will be verified later)

—e~% inf k2tko T %in 2
1Goc(@lorn < C (6 SRS () ey, +em ||¢||clf
_ P 1+ 2 (p—1)kg+ky+ko
(38) S 1
+ O (e ORIl ) o
Similarly, for two functions 1, @2 with ||¢1]/co, [|¢2]lec < 1 and with finite || - ||o,,u nOrm we have

e % (p—1—¢)inf ko _ _
(39)  Gge(wr) = Gyelp2)lloru < (6 S EImOMER 4 o |[B + JlalBS 1) ler — e2ll0,7,u-

We now consider the map ¢ — Gy () in the set

5. ¢ katkg
inf =25

B={p: Iellora<Cr (e I @e)llez, +e K gl )

where C is a sufficiently large positive constant: notice that if ¢ € B then ||¢|lcc = 0-(1). From (B8],
B3] it then follows that this map is a contraction from 9B into itself, endowed with the above norm,
and therefore a solution ¢ exists as a fixed point of G4 .. The fact that ky < K implies that the norm
II - ||czk2 is equivalent to || - [lo.r.. in D. (see also the comments in Remark 22), so we obtain (32). A
similar reasoning, still based on regularity theory and elementary inequalities, also yields (33]). B

12



Remark 2.3 (a) From elliptic regularity theory it follows that in [B2)-B3) the norm || - ||czk2 can be
replaced by the stronger one || - HCZ’,Z , yielding an estimate in the norm || - HCT/k for any 7' € (1,1).
—R2 —R2

(b) In the case M = R™ the above proof needs to be slightly modified: in fact the invertibility of Ed;g
will be guaranteed provided we work in an appropriate class of functions Y decaying exponentially at
infinity. To guarantee this condition, we can vary the form of the barrier function u in order that it both
remains a super-solution of L; =0 and decays exponentially to zero at infinity. This is indeed possible
using the uniform positive lower bound on V', see [2)): we omit the details of this construction.

As a consequence of Proposition 21] we obtain that solvability of () is equivalent to that of (28]).

Proposition 2.4 Suppose the assumptions of Proposition 2] hold, and consider the corresponding ¢ =
@(@). Then ¢ = e +7.(2)¢ + p(¢) solves [I4) if and only if ¢ € Hp,_ satisfies

(40) Le(¢) = Se(9) in D,
with

(41)  Se(¢) = S=(vhe) + Ne(M(2)$ + 9(9) + [$=["" () + (p = Vb P> R(P=p(9))  in D,
where 7., Se and N are given in 22)), 23) and @23)) respectively.

2.3 Construction of an approximate kernel for L.

We perform here some preliminary analysis useful to understand the spectral properties of L.. More
precisely in this subsection we consider a model case, when the domain D, (see ([21)) is replaced by
[0, L/e] x R"~! and the profile of approximate solutions is independent of the variable s (only the phase
varies, periodically in s). As in formula (8]), we consider positive constants V., h,k satisfying

(42) h=(F247)7 P=(247)"
Our goal is to study the following eigenvalue problem, which models our linearized equation

Leuw=Xu in[0,L/e] x R"L;

(43) Lew=—Agu+Vu— P U(ky)P " u— (p — DAP U (ky)P e~ R(e o),

and in particular we would like to characterize the small eigenvalues and the corresponding eigenfunctions.
First of all we can write u as

uw=e 5 (u, 4 iuy),

for some real u, and u,;. With this notation, we are reduced to study the coupled system

—Ngoup+ (V + F2)u, — ph?=1U (ky)P'u, — Qf% =Mu, in [0,L/e] x R*1;
—Agoui + (V + fAu; — hP~ U (ky)P =ty + 2f %= = My, in [0, L/e] x R*~L,

Making the change of variables y — ky and using ([@2), we are reduced to

2 F Ous . —
(44) { 7];—12685“; — Ay, + up — pU (y)P~ L, —i—f% = ]%ur in [0, L/e] x R"™1;

71%_12 %25“; — Ay +u; — Uy)Pluy 4 2L 0 — Ay, in [0,L/e] x R*~ L

k2 Os k2
It is now convenient to use a Fourier decomposition in s of u, and wu;, writing

2me] 2me]
w=3" <cos < ”;”) 3 () + sin <%) ur,s,j(w) . sel0,L/dye Ry

J
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2meg 2mey
u; = Z (cos ( wzjs) Ui, (y) + sin (%) Ui7s,j(y)) ) s€[0,L/e],y € R" L
J

In this way the functions u, c j, Ur.s,j; Ui,c,j, Ui,s,; satisfy the following systems of equations

4m2e?4° 47rf6 A . —1.
—Aytre; + (14 7 Ur,e.j — PU(Y)P " re,j — Ui,s,j = 2 Urcy 1M R™™5

L2k2 Lk?
2_2 1 . —
7Ayui,s,j + {1+ 47228];2] ) Uij,s,j — U(y>p Lufz 5,j 42£§J Ur,c,j = ]%Ui,s,j in R" 17
2_.2:2 . —
—Ayur s i+ (1 + 472222] ) Upsj — PUY)P  up sy + 2 Lk2 Uie,j = i%um,j in R*—1;
2.2 .2 . —
—Ayticj+ (1 + ) Wies = U@ iy + 2oy, = Aui ey R
If we set 22—';] = q, 2{ = p and A= then the latter two systems are equivalent to the following one
(45) —Ayu+ (14 a®)u—pU(y)P 'u+ pav = du in R* %
—Ayv+ (1+a?)v—U(y)P~ v+ pou = Av in R*1L.

The equivalence with the second system is obvious: for the first one it is sufficient to switch the sign
of the second component. We characterize the spectrum of the last system in the next proposition: the
value of p is fixed, while « is allowed to vary. We remark that it is irrelevant for our purposes to take «
positive or negative, since we can still switch the sign of one of the two components.

Proposition 2.5 Let 14,0, and 7, denote the first three eigenvalues of (AT). Then there exists po > 0
such that for p € [0, po] the following properties hold

a there exists ag > 0 such that n, is simple, increasing and differentiable in « for a € [0, ap], %770% >0
for a € (0,ap], no < 0 and 1y, > 0;

b the eigenvalue o, is zero for a = 0 with multiplicity n, it satisfies > 0 for a small positive and
stays uniformly bounded away from zero if a stays bounded away from zero;

doy
o

C To 18 strictly positive and stays uniformly bounded away from zero for all a’s;

d the eigenfunction u, corresponding to g is simple, radial in y, radially decreasing and depends smoothly
on a; for a = 0 the eigenfunction of [@Rl) corresponding to ny < 0 is of the form (Z,0) with Z radial
and radially decreasing, while those corresponding to og = 0 are linear combinations of (V,,U,0),

j=1....,n—1, and (0,U);

e let @ be the unique a for which ng = 0 (see a): then the corresponding eigenfunction is of the form
(Z,W) for some radial functions Z,W satisfying the following decay |Z| + |W| < Ce~ 0Dl for
some constants C,7n > 0.

PROOF. This result is known for p = 0, see e.g. Proposition 4.2 in [9] and Proposition 2.9 in [12].

For ;1 # 0 sufficiently small the functions a — 74, o — 04 and a — 7, will be C'-close to those
corresponding to p = 0: therefore, to prove a-d it is sufficient to show that 74, 0, are twice differentiable
in « for o small, that 66 68"“ =0, and that 6—772—, 68 % > 0.

We prove this statement only formally, but a rigorous proof can be easily derived. Differentiating

(46) { —Ayua + (14 a?)uq — pU(y)P Mg + pave = natta  in R™Y

—Ayva + (1 + a®)vg — U(y)P" g + patg = nava in R*~1

with respect to a we find
(47)
{ Ayaau; (1+a2>66u; ( )p 18ua Jr‘uaava +2aua+uva 777(1671& +_7]_ua in Rnfl;

~Ay G+ (L+ o) G ~ Uy~ 16”“ + pa B 4 200, + g = na P + Gl in R"1,

Oa
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To compute s S at a = 0 it is sufficient to multiply the first equation by uq, the second by v, to take
the sum and integrate: if we choose 66““ and 6”“ so that [5, . Up 2 B + Vo G 6”“ = 0 (choosing for example

J(u2 +v2) =1 for all a’s), then with an mtegratlon by parts we find that

0
ana|a 0/ uh + vl = 2#/ Upg-
Rn—1 Rn—1

Using the fact that v9 = 0, see d, we then obtain %Ll o = 0. The same argument applies for evaluating
Ba'a

| 4—0, since the eigenfunctions corresponding to g = 0 always have one component vanishing.
To compute the second derivative with respect to a we differentiate (@) once more at o = 0, obtaining

2

Ayaaffé’ + 9t — pU(y)7 Tt 4 22 + 2up = Ty in R
2

—A, %;g + %;2& Uy~ 18 va 4 2uaua + 20 = %Lvo i RA-1.

As for the previous case we get

920, vy Oug
L |a:0:2+2u/ (Uo la=0 + V07— |a= 0)
Rn—l

oo Ox

so, using the smallness of p, the claim follows.

For the second derivative of o, the procedure is similar, but notice that in this case we might obtain
a multivalued function, due to the multiplicity (n) of og, see b. However, if in the last formula we plug
in the corresponding eigenfunctions, see d, we still obtain a sign condition for each of the two branches
of o, (one of them will have multiplicity n — 1 by the rotation invariance of the equations). B

Remark 2.6 Using the same argument in the previous proof one can show that
0
D =2a+ 2u/ ZaWe.
aa Rn—1

Remark 2.7 Proposition[2.0is the only result where the smallness of the constant A is used, see Theorem
[Z1 Remark that V =V implies f = Ah®, and that = 2%, so the smallness of A is equivalent to that
of u. Notice that by @), @), when A — 0, h and k stay uniformly bounded and bounded away from zero.

We believe that dropping this smallness condition might lead to further resomance phenomena in
addition to these encountered here (see the introduction and the last section,).

Remark 2.8 Considering @) with o, replacing 1, and for o = 0 one finds that L0 aau; la=0 = —pvo

and L9922 |,_g = —pug, where Lov = —Ayv +v — pU(y)P~tv, LIv = —Ayv +v — U(y)P~ v. Since for
a=0 we " have (w0, v0) = (0;U,0) o (uo,vo) (0,U) (seed) and

(48) £ (- U = 5V ) = £0U) = 20,0,

see Subsection 3.2 in [10], one finds respectively that

Oy I _ Oug B 1 1
da |oz =0 — 2yJU(y)7 a—ala—o—ﬂ(p1U+ 2VU(y) y)

These expressions, together with (59) in [§] and some integration by parts allow us to compute the explicitly

2
66;’2“ , whose values along the two branches are

D?oq 2 207 20—p+1) . oo 2
oa2  (p—1) ((p71)72A9h )’ da2  (p—1)

(0= 1) = 24202741,
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Therefore, we find that the second derivatives of the eigenfunctions satisfy respectively the equations

0%uy, 2 R R
(49) ﬁg 902 = p—i 1 ((p _ 1) _ 2A29h20’—19+1) ij _ QVJU _ 4A2h20_p+1ij;
2 fal ~ ~
(50) ?%”; = Ll ((p -1) - 2A20h2“’p+1) U —2U — 8A2h27—rHiy.
Je p—

These formulas will be used crucially later on. Below, we will denote for brevity

s 182ua . W 1821}&
(51) Wj.756a2, ]71,...,71*1, w.—§aa2.

The factor % arises in the Taylor expansion of the eigenfunctions in «, and j is the index in ([E9).

We next consider the case of variable coefficients, which can be reduced to the previous one through a
localization argument in s. To have a more accurate model for L. the constants k and f in ([@4) have to
be substituted with the functions k(es) and f(es) satisfying (). Precisely, in N+, we define

if(zﬁ) 7Z-f(25)

(52) Liu = —Ay ut+V(es)u—h(es)P U (k(es)y)P tu—(p—1)h(es)? U (k(es)y)P e~ R(e )

(recall the definition of g. in Subsection 2} in particular, working with the coordinates (s, y) integrals will
be computed using the co-area formula ([20)). Before proving rigorous results, we first discuss heuristically
what the approximate kernel of L! should look like. Using Fourier expansions as above (freezing the
coefficients at some 3), the profile of the functions which lie in an approximate kernel of L! will be given

by the solution of (recall ({@3]))

k()

—Ay+ (1+a?)v—U(y)P~ o+ 2%0&; =\ in R"1,

(53) { —Ayu+ (14 a?)u—pU(y)P~tu+ 200y = Ay in R™ 1

where \ is close to zero. For a small (low Fourier modes), Proposition 28 d gives the profile V,U (k(3)y)
or iU (k(3)y) (recall also the scaling in y before (44))). The remaining part of the approximate kernel is the
counterpart of that given in Proposition e: for variable coefficients it is uniquely defined a function
a(3) such that

(54) Na(s) = Oa

where 7, here stands for the first eigenvalue of (E3). We denote by (Zum)(k(5)y), Was) (k(5)y)) the
components of the relative eigenfunction.

We next consider two bases of eigenfunctions for the weighted eigenvalue problems (the operators J
and T are defined in (I3)), (I69) and are self-adjoint)

(55) J¢i(3) = h(3) A, (3); Twj = h(s)"7pjw;.

Because of the weights on the right-hand sides, we can choose these eigenfunctions to be normalized so
that fOL hPpip = §;; and fOL h™wjw; = d;;: this choice will be useful in Subsections L.2.] 122
These heuristic arguments suggest that the following subspaces K 5, K2 5, where J is a small positive

constant, once multiplied by e~ L2 consist of approximate eigenfunctions for L! with eigenvalues close
to zero (this will be verified below, in the proof of Proposition 9] see also Remark [Z.1T])

p+1

56)  Kuo = span {1(es) (g (691, V,U00) +ielel o900 S Ulh) - St 00 )

(57) Ky 5 = span {h(ss)é <wj(ss)iU(ky) + @w;(ss)ﬁ(y) - —Qw’/(ss)ﬂﬁ(ky)) } ,
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j:(),...,g,where
. 1 1

Here U = (U;)j=1....n_1 is the counterpart of ¥ in (5I)) substituting & with h(3) (the same holds for 20).
The choice of the weights (as powers of h) in (B3] and in K 1,6, K25 are again done for technical reasons,
and will be convenient below, see in particular Subsections [£2.1] and

We also need to construct an approximate kernel with the profile (Z, W), see Proposition e. To
this aim we introduce the functions (recall (54]))

(58) Ql,a(g) = Zi 5)’ QQ a Wa 5)9 QS,a(g) = Za(E)Woz(E)v
Rn—1 ) Rn—1 ®) Rn—1

and consider the following eigenvalue problem (with periodic boundary conditions)

v

240 2 2
2 — kPl = ——
Q3.
142

¢ on [0, L].

By the Weyl’s asymptotic formula we have that the eigenvalues 7; (counted with multiplicity) have the
qualitative behavior o; ~ —1 + £%j2 as j — +o0. Hence, there is a first index j. (of order 1) for which
v;. > 0. Setting v; = j_4; and denoting by ; the eigenfunctions corresponding to v;, then we have

2

A . oy O
(59) -2 —kPa’¢ = &js vj = Coej + O(%5%) + O(e)  if |j| < -

1+2f/Q3a

where ¢ > 0 is any given pos1t1ve (small) constant. Notice that the family (§;); can be chosen normalized

in L? with the weight W (this follows from (B9) and the Courant-Fischer formula). Next we set

1 Ql «@ 7

60 i=—— 11— ’ ; .
(60) b= "ta < k202 + 2 kaQs ”ﬂ> =5
By our choices, the functions 3; and &; satisfy (this system will be useful in Subsection F.3)

—2B) — Ka?B; — 2 &2 (e8 + kafy) = ;5 + (0(v2) + O(e))Bj; L
(61) 2¢n 2.2 /QSa / 2 for |J| < —.

—€ 5 —k7a®; + 2f (Eﬂj — kag;) =v;& + (O(v g) + 0(¢€))§; €
Our next goal is to introduce a family of approximate eigenfunctions of L! which have the profile (from
now on, we might denote (Z,s), Was)), see (64), simply by (Za, Wa))

0Z, . . OW,
(62) V3 = (ﬂj + qj)Za + ’Yj% + ’L&jWa + Zl@-% :

the functions §;,§; are as in (59)-(60), while ¢;,v; and &; are small corrections to be chosen properly so
- f(es) - f(es
that L;(eﬂf = v3j) = z/jeﬂf - )1)37]', up to an error o(v;) + O(e).

With simple computations, using [@g]), (@7), Remark [26] and (61), one finds that

j£es) f(es) f(es)
e 1/, —i——= —1
et (Ls(e = uzg) et Us,j)

= Z 2f'gs = [2Q1,075k + (€€ + kaBy)] + Wa2f' (—v;k — (€€ + Bika) — kag;)
0Z,, 3W
+ 8—04( ey — a®k*v;) + '(—er) — kayj)
/QS,&

+iZ2f (—kik — kag; + sﬁg + sq;) +iWa2f o (2Q2,0kk;j + kagj — ef3})

2,

Wa
(=&’ — &®Kkj) + Za(—22q] — o’K?q)

024 0
+ z%Qf'(fkomj +ev;) +i .

da
+ (0(F) + 0()& + (0(F) + O(e)) 5.
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To make the coefficients of the terms Z,, W, and iW,, in the second and fourth lines vanish we choose

1 ) 1
4 ko) o
20, o G T RaB): R = 5

Using (60) we get

1
N =— (kag; — 0)); g = —5(65} + Bika + kv;j).

(©3) o 1 1 v
oL . P S
BT TNk ke 1 2f RaQs 7T 2k 4 oy Qe

&+0W)E
these equations and (B9) imply the relations —527§'—a2k27j = O(V?)ﬁj, —eK)—kay; = O(V?)ﬁj, —kak;+
evj = O(v3)&; and —e*kY — a®k*rj = O(v)¢;. Similarly one finds

1 1
4 ;= i ;.
(64) aj 5]2kk?a+2f/Q37aV]
This also yields —y;k — (&} + fika) — kaq; = O(v})B;, —rjk — kag; + B} + eqj = O(v})¢; and
—e%q} — a®’k?q; = O(v7)B3;, so we obtain

2
_ifes) _ids)

65) e uy) = e 4 (067) + 0 +(00) + 05 forlj] < <,

which was our claim. We next define

2 2
(66) K35 = SPG”{(ﬁj +45)Za +%‘% +i&W; +ifij% D)= —%, e %} :

In the K ;’s we added some corrections to the approximate eigenfunctions which take into account the
variation of the profile with the frequency, see the derivation of {H) and Remark In K5 and K5
the corrections are up to the second order (in €j), while in K3 s only up to the first: the reason is that
the corresponding eigenvalues have a quadratic dependence in €5 for K; s and K» s (they correspond to
Mo in Proposition 2.5]), and an affine dependence in €j for K3 5 (corresponding to p, in Proposition 2.5)).
Since the former dependence is more delicate in the indices, we need a more accurate expansion of the
eigenfunctions. We finally set

(67) Ks = span {K1 s, K25,K35} .

2.4 Invertibility of L. in the orthogonal complement of K

Z@) is a good candidate for the span of the eigenfunctions of L! with small

. . . .  f(es) ..
eigenvalues, it seems plausible to invert L! on the orthogonal complement to et Ks: this is the

content of the next result. We recall the definition of the constant A in the introduction.

Since K (multiplied by e~

Proposition 2.9 There exists Ay sufficiently small such that for any A € [0, Ag] the following property
holds. For § > 0 small enough there exists C > 0 (independent of §) such that if

(68) R [ e ugdv, =0 for all v € Ky,
N~e

one has |II.LY(P)||2(ny.) = C10%(|@ L2(n+.). Here 11 denotes the projection in L*(N~.) onto the

orthogonal complement of the set {e‘iﬂzs) v veE K(;}.

Before starting with the proof, which relies on a localization argument and the spectral analysis of
Proposition [Z3] we introduce some notation and a preliminary Lemma. We fix § € [0, L] and we denote
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by f, h, k, & the values of f'(5),h(3),k(8), a(3) respectively, so that the counterpart of (I0) holds true.
For a large constant Cj to be fixed later, we also define

N . N o ; N 2 NS
K5 = span {(cpj (e5), VyU(ky)) +ic(@(es), y>£U(k:y) — ﬁ@;’(gs), W(ky)}} ;
N A 2 ! 2 2 N
Ks 5 = span { (cbj(as)iU(ky) + %(ES)@;(ES)U(y) — %Qé’(as)ﬂﬁ(lﬂy)) } :
_ s
7=0,..., Toe and
~ ~ R 52 52
K315 = span {cos(&js)Zdj (ky) —isin(bys)Wa, (ky) @ j=—=—,..., ~—} ;
C()E C()E
~ ~ R 62 62
K395 = span {sin(djs)Z@j (ky) +icos(ays)Wa, (ky) = j=—=—,..., N—} ,
CoE CoE
where
2 1 N 1 “ akL 2me
69 U= ———Uk —VU(ky) - : A = | —— 4+ 5| 222
(69) (hpl(pl) (ky) + Sz VU (ky) y) a; [2m il T

(again, the latter square bracket stands for the integer part, and this choice makes the functions L/e-
periodic). In the above formulas (¢;); are the eigenfunctions of the normal Laplacian with the flat metric
on 7, and @; those of 9% on [0, L]: the symbols Za;, Wa, stand for the components of the eigenfunctions
of (@3)) corresponding to 74,. In analogy with (67) we also define

(70) f(é = span {K1,6, f(z,é, K3,1,5, Ks,w} .

Given a small constant 77 > 0 to be chosen later (of order \/¢), we consider then a smooth cutoff function
Xn (depending only on s) with support near £ and with length of order 2. For example, one can take
Xn(s) = x(%(s — §/€)) for a fixed compactly supported cutoff x which is 1 in a neighborhood of 0. The

next result uses Fourier cancelation, and is related to Lemma 2.7 in [12].

Lemma 2.10 There exists Cj sufficiently large (depending only on V, L and Agy) with the following
property. For any given integer number m there exists Cp, > 0 depending on m and x,, such that for

i< 52 i
il < Gz and for |l > = one has

1 Cy,
<=
g

™

‘ [ s)at) costas)ds [77(1 )+ Hr

i } [ e sintas)ds

12 2

ProOF. We clearly have that (cos(&;s))” = —&7 cos(@;s): therefore, integrating by parts, after some
manipulation we obtain that
vos)ds  — 1
Xnbi(s) cos(@;s)ds = a2 h2g2 b X
’ L2f e

(71) X {/anl(s)cos(@js) <k2a2 —k2a% + “ Y )

1+ 2f—%301f 14 2f1Gsa
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By (69) the numbers &; satisfy &; ~ ké + 2”sz for |j| < éf—;, while by B9) |v] > %6'052 for |I| > §

Notice also that 1+ 2f’ % is uniformly bounded above and below by positive constants when Ag tends

to zero (see for example the comments in Remark [Z7)). By these facts and the properties of x,, we find

\ [ vty costassis

which yields the statement for m = 1 (similar computations can be performed to deal with the sin
function). The factor % inside the brackets arises from the fact that we are integrating over the interval
[0, L/¢], and by the normalization of &; (see the comments before (5J)). To obtain it for general m, it is
sufficient to iterate the procedure for (7)) m times and integrate by parts. B

a2

e ul

ProOOF OF PROPOSITION [2.9] The proof mainly relies on a localization argument and Lemma 210 If
n = /e and X, is as in Lemma 210, we show next that the function x,¢ is almost orthogonal to e 5K
if € is sufficiently small. We consider for example a function © € K3 5 of the form

U= bj [COS(@jS)Za(ES) (k(g)y) - iSin(djS)Wa(ss) (k(g)y)] .

Cpe

We are going to evaluate the real part of the integral [ N~y e—if SHx,d: first of all, since |k(3) — 12:| < Cn
and |&; — a(3)| < C(n + &%) on the support of x,, we have that

| Zaes) (k(B)y) — Za, (ky)|| p2@n-1y = O(n + 62) in supp(xy,),
so, clearly
(72) R e Poxgd=R [ e P oxd+ 00+ ) xndllz v 19l 22w
N~e Nre
22
We next write w(s) = xn(s) chzoi 52 bj sin(é;s), and notice that
Coe
52 52
Coe Coe
(73) W' (s) = x;(s) Z bj sin(@;s) + xy(s) Z bjéj cos(d;s)
=4 ==
52 52 52
Coe o€ R
= kaxy(s Z b; cos(d;s) + x5 (s Z i sin(djs) — xn(s) Z bj(ka — é&;) sin(a;s).
-776{?5 ‘]:7005 jz*éjs

Using this formula and the same argument as for ([72)) we get (recall our notation before ([62]))

~ 1 = "
(74) Xn?0 = Ew’(s)ZQ —iw(s) Wy + O(n + 52)||X77U||L2(Ny5)-
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Notice that, by the explicit form of w and &;, for any integer m one has ||1I)||§{m([0 1se) < COm ||w||L2([O L/e]):
therefore, if we write @ with respect to the basis £ as (notice the shift of index before (B9))

oo

(75) w(s) = Z bi&i(es),

l=—je

we also find that

oo

(76) Z (14 )™ 87 < Conll @1 Frm 0,1 /ey < Cmll@172(0,1,/e) < ComllBll72(nn-

l=—je

Differentiating (75)) with respect to s and using the definition of &; together with (G0) we find that

= Y begiles) = Y bi(—ka+O0w))Bies).
I=—j. I=—j.
The last formula and (7)) imply
Xnﬁ = - Z Bl(BlZa + i&lWa) + Z BlO(Vl)ﬁlZa + 0(77 + 62)||X776||L2(N’ya)
l=—Je l==je
(77) = = > bwsu+ Y bi(vsy — BiZa —i&Wa) + Y bOW)BZa + O+ 6%) | xnDl L2 (.-
l:_js l:_js l:_js
In the support of x,, there exists 6 € R such that f = fs+ 0+ O(n), which yields

/ de b= | 5eT T 0B+ Ol L2 uppo 19122 (-
Nre N~e

Now, recalling that n = 1/ and that we have orthogonality between ¢ and emiHE from the last two

formulas we obtain that

(78) /N 'Eeiifsxvza = A1+ A+ Az + 0(77 + 52)||¢||L2(supp(xn)) H"AJHLZ(N%);
Ye

A = —/ e_ifsa Z Iv)lvg,l; Ao :/ e_ifsa Z 61(?13,1 — 1 2o — i&Wa);
supp(xn) supp(xn)

52 I=—j
[1|>°~ Je

Ag :/ eiifsa Z BlO(l/l)ﬂlZa
supp(xn)

l=—je

To estimate these terms we notice first that, by the normalization of &; before (60), the coefficients by in
([ can be computed as

. L/e w(s COE L/e sin(&
by :5/ % g / (& JQZ &i(es)ds
0 1+2f%e . 1+2f’ 8
- C’Ua

Using this formula, Lemma 2.10] and the Holder inequality we find that for any integer m

52 52
Coe 2 Coe
(79) 612 < Cm€2m+2 20: |l;]| < Cm€2m+1 20: 62 < Cm52m+2||ﬁ||%2(N ); |l| > ﬁ
= ., = ., i= Ve c
T Coe T Coe
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From the explicit expression for the functions vz ;5 the above term A; can be estimated as

1 con 1
A1 <CO(2 Y U+ 1)07) * 1912 sumpin -

52
[1|>°=

As before, the factor 1 inside the brackets arises from the fact that we are integrating over [0, L/e].

Using the fact that C~tel| < |v| < C(|el] + €21?) for |I| > 56—2 (which follows from the Weyl’s
asymptotic formula for the eigenvalue problem in (B9)), (@) and (79), one finds that for any large integer
m and any d € (1,m/8)

Z 1+ |Vz|2)2512 < Cm€11+2m—8d||,&||%2(N%); Z (1+ |Vz|2)2512 < Cm&_(d—l)(m—4)||@||%2(N%)_
2 Li|<e— |l ze=4

By the arbitrarity of m it follows that for any m’ € N
|Ax] < Core™ ([0 L2 (v 19| L2 (supp(xn))-

Dividing the set of indices [ into {|I] < g} and {|I| > %} and using similar arguments (taking also into

account (63)) and (G64])) we get

-

1 9 .
|A2| + |A3| < C||¢||L2(supp(xn)) <g Z (V12 + Vl4)bl2) < 052”¢”L2(SU;DP(XT;))HUHLZ(N%)'
l=—j¢
Therefore, using (72) and (78) one finds
R eiifsﬁ)(na = 0(77 + 52)||¢||L2(supp(xn)) ”{)HLZ(N%); NS IA{S,L&-

N~e

Similar estimates hold for ¢ € spcm{f(m, IA(275, IA(3,275}, so we obtain
(80) / e_ifsﬁxna =0(0% + Ml 22 (supp(xa) 191 L2(N.)  for every © € Ks.
N~ye

Next we let L. denote the operator in () with coefficients freezed at 3. Since e~if K5 consist of all
the eigenfunctions of L. (up to an error o(6?)) with eigenvalues smaller in absolute value than 62, see
Proposition 25 and Remark 228 from (80) we then deduce

7 —ifs 52
(81) L™ xn®) L2y = 5 X0 llL2(vm0) + O + M1l L2 auppion))

for some fixed constant C' independent of §.

It is now possible to choose the cutoff function x (see the comments before Lemma [ZI0) so that it
is even, compactly supported in [—2,2], x = 1 in [—1,1], and so that x(2 —¢) + x(¢t) = 1 for t € [1,2].
With this choice, we can find a partition of unity (xy,;); of [0, L/e] consisting of translates of x,, (plus a
negligible scaling), with j running between 1 and a number of order % For each index j we choose a
point 3; in the support of x, ; and we denote by I:j the operator corresponding to [A3]) with coefficients
freezed at §;. Then, using (BI]), with easy computations one finds

1E2005a v = B D X8l g,y = 122 LiCns® 22y + OISR a (v,
J J

54 2 54
2 G Z ||Xn,j¢||L2(N%) + OVl 72 (nmey = E||¢||%2(N%) +O(VolPll 72 (n
J
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for some C' independent of §. To complete the proof we need to bound from below the norm of II. L1,
showing that ||HEL;¢||L2(N%) > ‘SC ||¢||L2(N,Y )- To see this, by the last formula it is sufficient to have

=)
(82) (L1¢, € )LZ(N%) = 0(52)||¢||L2(N75)||v||L2(N'yE) fOI‘ any v S K(;.
We prove this claim for v € K s only: for the other K 5’s the arguments are similar, see Remark [2.17]
below for more details. Setting v = v, + iv; one finds (see (I3]))
1 i | ifes) _ites) [(0%v, 0% ) - ifes) ov,. . 0v;
Liem7 e v)=e" (Lrvp +iLiv;) — c (W—i— Fe) +2if'e E—’—Z% .

When differentiating v with respect to s, we either hit the functions ¢;’s (and their derivatives) or other
functions like k(es) or f'(es) (see the definition of K; s above). The latter ones have a slow dependence
in s and therefore these terms can be collected within an error of the form O(e)||v||£2(n+.)-

However, by our choices of the second and the third parts of the elements in K7 5 (see Remark 2.8
in particular formulas @8), (@9) and (G)), terms containing zero-th or first order derivatives of ¢; will
have coefficients bounded by e, while the only term containing second derivatives of ¢; will be a linear
combination (in j) of the expressions

—e2h(es) T (1 — Z{ fh(?)"_e) (] (e5), V,U(k(3)y)), j=0,..., g

The remaining terms will contain third and the fourth derivatives of ¢; only (multiplied respectively by
g3 and €*). Therefore, if we set

/
p+ 2

015 = h(es) " (s (e8), VU k) + it (9 0) U ) — S50 00, 00k )

by the above comments and the fact that Jp; = h(es)?\;¢; (see (B5)) we have

s )
iden) fes) a
1 —g A=)
(83) L ( E ajuj) =e e E Ajajuij + R(v); UZE a;jvi,
=0

=0

where R(v) contains terms of order € or linear combinations of third and fourth derivatives of ¢, (es), so
using Fourier analysis one can derive the estimate

(84) IR®)|| 12 (xrey < C(= Za e+%%)%)% < Cle + 8%)|v] L2 (nve)»

for some constant C' > 0. Therefore, using ([83) and (84) we obtain

e
(Lig,e " < V)L2(Ny.) = O(e + 53)||¢||L2(N75)||U||L2(ng),

which yields (82]) and concludes the proof. B

Remark 2.11 The last step in the proof of Proposition 2.9 is nearly identical for v € Ky 5 except that,
still by the computations in Remark[Z38, in the counterpart of ([B3) we will obtain p; instead of A\; (see
2

52
(EH)). When considering Ks 5, settingv =3 ¢ a;vs ; (see (68)) one finds

j==%
2
(85) L} (e_i@v) — it Z viajvs; + R(v);
-
§ 1
IR()]|> < c(é PG +52j2)2)2 < Cle+ 6ol p2(n.)-
j==4

23



2.5 Invertibility of L. in weighed spaces

Our goal is to show that the linearized operator L. (see (24])) at approximate solutions is invertible on
spaces of functions satisfying suitable constraints. We begin with some preliminary notation and lemmas:
we first collect a decay properties of Green’s kernels in Euclidean space. Let us consider the equation

(86) —Autu=f in R"™1,

where f decays to zero at infinity. The solution of the above equation can be represented as
u(z) = Go(lz —y[).f(y)dy,
Rn—1

where Gy : Ry — Ry is a function singular at 0 which decays exponentially to zero at infinity. Using the
notation of Subsection and standard elliptic regularity theory, one can prove the following result (the
choice a > % for the Holder exponent is technical, and is used in the proof of Lemma 2.T3]).

Lemma 2.12 Let Q > 0, a > %, let0 <7<1,0<¢<1andlet f € C* Then equation [BE) has

a (unique) solution u of class C%* which vanishes on 9Bz(0). Moreover, there exist 5o > 0 sufficiently
close to 1 and Cy sufficiently large (depending only on n, o, min{Q, 1} and <) such that for o < ¢ < 1

lull gz, < va0||f||Cg-
Let now 7,5 € (0,1) (to be fixed later). For any integer m we let 6??’7 denote the weighted Holder space

(87) 52"’7{““"1%@: sup e<'y'||u||cm<31<y»<+°°}'
yERn—1

We also consider the following set of functions L/e-periodic in s

(88) D@7 ={ui[0.L/e] xR €+ s uls, ) € A0, L/l T}
and for [ € N, we define similarly the functional space
(89) H@™) = {u:[0,L/e] xR - C : s u(s,) € H([0,L/e];C™)} .

The weights here are suited for studying functions which decay in y like e~¥|, as the fundamental solution
of —Agn-1u+u = 0. The parameter ¢ < 1 has been introduced to allow some flexibility in the decay rate.
When dealing with functions belonging to the above three spaces, the symbols || - [[gm., || - ||z2 @y

[l Il ‘@) will denote norms induced by formulas (&), (88) and ([89). Also, we keep the same notation

for the norms when considering functions defined on subsets of [0, L/e] x R"~1.
We next consider some positive constants v, f h, k which satisfy the relations in (). If 6 and Ky are
as in the previous subsection and § as in Section [} letting

Dp.=[0,L/e] x B._5,,(0) C[0,L/e] x R""!,

we define the space of functions
{(b R o(s,y)e —ifs (s y/\/_) forallvef(g}.
DL €

This conditions represents, basically, orthogonality with respect to K (multiplied by the phase factor),
when the function ¢ is scaled in y by v/V. This is a choice made for technical reasons, which will be
helpful in Proposition 21741 We next have the following result, related to Proposition 2.9 once we scale y.

24



Lemma 2.13 Let % <7 <1 andcs € (0,1). Then, for § small there exists a positive constant C,
depending only onp, 7, s, L, V and f, such that the following property holds: forf small, for e — 0 and
for any function b € 32(62) there exist u € H., and v € Ky such that, in Dy .

_192 _h? _(p— 1) 2N\ p—1 =i fsp(p—ifsar
> 05u . —Ayju+u Uyk/\/7 y—(p—1) = U(yk/\/;)p e s R(e " 5T)
(90) =b+e Py
u=~0 on 0Dy .,

(notice that v above is intended scaled in y) and such that we have the estimates

c : —ifs
(91) ”u”?(@f”) + ”u”ﬁl(éiﬁ) + ||u||ﬁz(52) < ] ulenlg(s 6+ e f UHZZ(E:);

(92) v/l 2en) S < Cllbllz €D

PROOF. First of all we observe that a solution to (@) of class L? exists. In fact, replacing Dy, . with
[0, L/e] x R™1, this would simply follow from Proposition 29 with V = V. However, since the functions
in Ks decay exponentially to zero as |y| — +oo the Dirichlet boundary conditions do not affect the
solvability property: for more details see for example [I3], Lemma 5.5. Notice that indeed, by (@) and

Proposition e, the elements of K5 decay at the rate e_i”y', and by (&) k> \/5 In particular
llollz2 @ s finite and ([@2) holds. We also have (@) replacing the left-hand side by the L? norm of u.

We divide the rest of the proof into two steps.
Step 1: u € 32(62) and HuHZz(gT) < %HbHZzGT). We set u = e~ /%y and ¢ = e’ifs(b + ), sov

satisfies
—Av+(1 +f2/V)v+2zf/V8 U(yk /TP~

~(p - VELU(k/ VTP RE@ in B, 5,,(0),
v=0 on 9B_ 5,,(0).

We now use a Fourier decomposition in the variable s: setting

o(s,y) = > ¢(y)e=; v(s,y) =Y v;(y)e’es,

J J

(here we are assuming for simplicity that L = 27) we see that each ¢; belongs to sz, that

1 C
(93) Ylall; - el XMl = 2l < 2 lbllry
J

and that each v; solves

g+ (1 BEEEERE ) oy B

(94) ~(p = VU (yk/V VP R@) = ¢ in B_5,,(0),
v; =0 on 9B_ 5 ,(0).

From elliptic regularity theory, we find that for any R > 0 there exists a constant C' depending only on
R, p and 7 such that ||v;]|cr(Br) < Cllejlla + Cllvjl|z2. Now we choose R (depending on p and <) so
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yk/\/_ 1(1 =) for |y| > £, and a smooth radial cutoff function ¥ such that
x(y) =1 for |y| < L& and x(y) = 0 for ly| > R. Next, we write equation ([@4) as

large that

{ —Ayv; + (1 + %) v; — (1 —x% U(y/;’/\/‘T/)p_lvj =+ XpW%U(yk/ﬁ)p_l

v; =0 on dB_ 5 4(0).
We notice that the first linear coefficient of v; is bounded below (uniformly in j) by 1. Therefore, using

the Green’s representation formula, the maximum principle and our choice of R (see Lemma 2.12)) for
any ¢’ < ¢ we then have the estimate

lvjller, < Clleilier + llvillz)
for some fixed constant C' depending only on p, ¢ and 7. Taking the square and summing over j we get

lull &, = 0] +Cllvllzs < [b]12

< C|o]2

L*(C) L’y = L*(C) L’y

We next want to replace in the last formula ¢’ with ¢. Rewrite ([@0) as

V@iu—A utu=_<:= %U(yl%/\/?)p_l

+(p — 1)TU yk:/\/7 r=le=ifsR(e=ifsm) + b 4 e~if5y;
u=20 on 0Dy ..

Using the same procedure as above, write ¢(s,y) = >, ¢;(y)e®s and u(s,y) = DU (y)eties.
We consider now the function UP~!u;: by (), if we choose ¢’ + % > ¢, it follows from the above
%

estimates that ||E||fz(52) is finite and that

ZIICJHC \bIIL @)

Moreover u; satisfies

—AUj + (1 —|— #) uj = Ej n Bg*3+1(0)’
u; =0 on dB_5,4(0).

Also, it is easy to show

lullZe gery + Il gy + 1l

L*(C: cl)

(95) _ _Z |:HUJH227' 1+€ >Hu]||6i’7 +(1+€2j2+€4j4)||1£j||%::| ’

and therefore we are reduced to find estimate ||u;]|% ., ||u;||%... and ||u;]|%~, done in the next step.
J o> J ch Alrel
< < <

Step 2: proof concluded. We now set a; = 1+ #, and v;(y) = u; (IL%) Then, from a change

of variables we have the equation

{ ~Avy() vy (0) = B0) = 58 () 0B g (0)

v; =0 on 8BE(6,3+1)(0).
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Notice that a; > 0 stays bounded from below independently of j, and therefore by a scaling argument
(and some elementary inequalities) one finds

swp B —F2) = —  sup ot/ v — e/ v

y,2€B1(x) a; y,zEBl/ﬁ(z

(96) < 9 s [Gw/VE) - 4D

Qj y,z€B1(x)

Cllejlier — slal
< % sup |y —z[Te V%
2
a; y,2€B1(x)
where C' depends on 7 only, and hence we get
. c .
(97) Il < == lgler
aj aj

Now Lemma T2 implies that [[vjf|zz- < %%HE]-HGT. From this estimate, we will obtain next some
</\/a_j a; .
control on u; by scaling back the variables.

We consider an arbitrary € R™~!: similarly as before we have

luj(y) —u;(2)] [v; (Vazy) — v;( ajz)|.

sup = sup
y,2€ B1(x) |y - ZlT y,2€ B1(x) |y - Z|T

Since a; can be arbitrarily large, we cannot evaluate the difference v;(,/a;y) —v;(,/a;z) directly using the
weighted norm in the definition (87) (as we did for the first inequality in ([@6])), since the two points N
and ,/a;z might not belong to the same unit ball. We avoid this problem choosing [,/a;] (the integer part
of \/a; ) points (y'); lying on the segment [\/a_jy, \/@z] at equal distance one from each other, and using
the triangular inequality. Now the distance of two consecutive points 3' and y'*! will stay uniformly
bounded from above, and the minimal norm of the y'’s is bounded from below by C~*,/a;(|z| — 1).

Therefore, adding [,/a;] times the inequality and using ([@7)) we obtain

() — aps C. /e T _ e Usl=D)
R it v T
y,2€B1(x) |y - ZlT |y - ZlT a; 2 | 4/Gj <
C _ . Cc _ . C _ -
< GH_T%(? <|I|ch||6z < a—je <|I|||ch6: < a_je C\I\HCJ‘H@z,

J
since we chose 7 > % and since a; is uniformly bounded from below. Similarly, taking first and second
derivatives we find that

|Vu;(y) — Vu(2)] _ C

sup < —e~gllzrs

y2€ B (x) |y _ Z|7‘ a; Jie?
20 () — V2.

sup W V] ¢ et

y,2€B1(x) |y - Z| :

where, again, C depends only on 7. Recalling that a; = V + &2 42, we have in this way proved that

C c

2 ~ 2 . 12 ~ 2 . 12 <2
sl <CIG I sl < pramlaliEs Nl < qammpllE

Now the conclusion follows from (33)), ([@5), the last formula and the fact that

el @) = © g o+ vl ey,
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see the beginning of Step 1. B

We next consider the operator L. in D., see (), acting on a suitable subset of H p. (verifying an
orthogonality condition similar to ([G8])). We want to allow some flexibility in the choice of approximate
solutions: to do this we consider a normal section ® to v which verifies the following two conditions

pi1 . J
(98) o c span{h T j= 0,...,2}; 1@l 20,2y < c16.

Here (y;); are as in (B3], while ¢; is a large constant to be determined later. Notice that by (@8] we have
12" || 210,27 < C, which implies ||®"|[z < C, so also ([ZI) holds true. This will allow us, in the next
section, to apply Proposition 2l Next, we define the variables

(99) z=y— P(es).
In the above coordinates (s, z), we will consider the approximate solution

~ _l.f'(gs) ~ ~
(100) Ye=ce s Me (h(ES)U(k(ES)Z) + U1(S, z)) = Yo,e + VYe,
where es = 5, and where f, U satisfy, for some fixed C' > 0 and 7 € (0,1)
(101) If - fllr2(0,0)) < Ce*; U1|(s,2) < Ce(1 +|2|9)e ¥l
(102) | hU () + 1P~ = RO )P~ < C= in D

With this choice of 9., we are going to study the analogue of Lemma 213 for L., see 24), using a
perturbation method.

To state our final result we need to introduce some more notation. Recalling the definition in (87),
still using the coordinates (s, z), for 7 € (0,1) and ¢ > 0 we define the function space

(103) (CZ"VT) {u D. —C : s—u(s,-/\/V(es)) € L*([0, L/¢]; CZL{T)} :
Also, for m € N, we define similarly
(104) HZ(C:"/T):{U:[BEH(C : s u(s,-/\/V(es)) € HY([0, L/e]; CWT}.

We next let . Kjs be the counterpart of K (see (G1)), when we replace the coordinates y by z. Finally, we
denote by H. the following subspace of functions

(105) H. = {qﬁEHDE : %[ e =0 forallvef((g}.
D.

Defining

(106) I llev =1l HLZ(C?;(,) +1- HHI(C;"’;) + 1 a2 ez,

we have then the following result (recall the definition of D, in (27)).

Proposition 2.14 Suppose 0 < ¢ <1 and 3+ < 7 < 1. Suppose Ve is as in ([O0), with f,U; satisfying
@@I). Then, if K%(es) = V(es), if A and § are sufficiently small, in the limit € — 0 the following
property holds: for any function b € L? (CT, ) there exist & € H., and © € Ky such that

—Ag i+ V(ex)i — |G lP Vi — (p— )PP 0 RWT) = b+ e X5 in D,

(107) -
=0 on 0D,
is solvable, and such that for every ¢’ << there exists some C > 0 for which we have the estimates
C Y -
(108) lallev < 55 mf b+ e~ 5 5 cr V)i l2llz2(cr ) < ClbllL2cr -
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Proor. We divide the proof into two steps.

Step 1: solvability of (I07). First of all we notice that, from Proposition and from elliptic
regularity results, if H. denotes the subspace of function in H2(N+.) satisfying (68)), then the operator
L} is invertible from (H., || - || g2(n+.)) onto (II.L*(N~e), || - || L2(n+.)); moreover the norm of the inverse

operator is bounded by 6%.
By the comments at the beginning of the proof of Lemma[ZT3 we also deduce the following property.

Given b € L? ({|y| < (e 0+ 1)/K(ss)}) there exist u € H? ({|y| < (e 1)/K(€s)}) and v € K such
that

Leu = —Aggu—i—V(Es)u—h(es)pflU(k:( )y)pflu
(109) —  (p—Dh(es) Ulkles)yy e R ) = b ey in {Jy] < (7 + 1/KY;
R ge i HEY vdVy, =0 for every v € Kj.

{lyl<(=%+1)/K}

Again, we have the estimates
(110)
c
lull 2 gy <=1y /) < 5200 Lagqyi<esrnmns 1llzqyiceen/xp) < CPl L2y <501y /50

Using a perturbative argument, we show that we can recover the same invertibility result for (I0T) where,

compared to (I09), we need to substitute y with z, A; with Az, f with f and e~ (=

In fact, let us denote by II, and II, the orthogonal projections in L? onto the orthogonal complements

of the sets {e‘iﬂzs)v : v € Ky}, {e_if(zs) v : v e K;} with respect to the scalar products induced by

the metrics g. and g. respectively. By (@8)), Lemma 3.1 in [10] and (I0T) for every u € H 2(D.) and every
b€ L*(D.) one has

1Lt = Leull pap,) < Cler)elull gap,); [MLyb = ILbll 12 p.y < Clen)ellbll 2.,

where C(cq) is a positive constant which depends on 7, V' and the constant ¢; in (@8]).
From (I:I:IIII) and the last formula we deduce the solvability of (I07), together with the estimates

||U||H2(D y = ||b||L2(D y and ||U||L2(D )< C||b||L2(D )

Step 2: proof of (I08). Recall that the coordinates y (see the beginning of this section) are not
global, since they are defined locally in s by normal parallel transport: the same holds of course for the
coordinates z. Therefore, if we prolong the z’s along v., there will be a discontinuity between 0 and L/e.
To reduce ourselves to the periodic case, as in Lemma 213 we apply a rotation R. = R.(es) to the z
axes which makes the coordinates Z := R(es)z periodic in s. To compute the Laplace-Beltrami operator

in the new coordinates Z one should apply the chain rule in this way
0z,u = (Re)j10z,u; aﬁzju = e05(R:)j105,u + (Re); 102, u; o2 RmJRtla

sz Zj zl Zm zt

In particular, since Re is orthogonal, 82 u = RyjRj02 - u = (Re)mi(R:1)j002 s,u =02 ; u, namely

the main term in the Laplacian stays invariant. Taking into account Lemma 3. 1 in [10] and the last
formulas, for ¢” € (¢/,¢) one finds

(111) ||Az u — Agiu||L2(CT” ) < C(Cl ||u||§// V.

We use next a localization argument as in the proof of Proposition 2.9 If §; and x,, are as in that
proof, by (I0T]) we can find 9 € R such that £ st — 9 = O(y/e) in the support of x,, ;. If we set
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Agnz) AZ, . + 02, and if we scale the Z variables by K = /V(es), the function x, ;(s)u(s, 2)
(which is now periodic in ) satisfies the equation

et
- angn J“ - A]Rn 1 (X, ju) + Xt — §/J U zk; /\/ iju

1 —1 S —1 S i - : =~ _7
*(pfl) v, U(zk; /) V)" e iUst0R(e— +97)Xn,jU):fj in {|Z] < (7 +1)/K};
Xn,ju =10 on {|z| = (7% + 1)/K},
where
1 f-(ss) 1 z (5,2) 1 z z z
Fi = yepmie (HQH@(A@E ~Orr bﬁmﬂ*m(w_@gu.vgsxn,j+uA§£Xn,j)
1 ~

1 - _ L
(Vi = V)xn,ju + @WEP_anJU + (p— 1)|¢6|p_2¢6%(¢e>{ndﬂ)

1
V()
A o o

= U(Ekj/\/‘%—)p71e*i(fSJrGj)%(efi(fs+9j)x777jﬂ).
J
In the last formula, the functions b,v, V and v, are intended scaled in Z by V/V(es). Reasoning as

for [B0), from (03] one finds that fDa e—ifis=0; X6 = O(6% + Vol Lz (suppoen 10l L2(5,y for every
o € Ks. Moreover, as for (ITI)) one can show that

V()

XnJU

1A%, = A nsullz e,y < Clee (Imsullz ey, + Ixndulm @, + onsuler, ) -
Therefore, using Lemma 213 (I01)) and (I02]) we obtain the estimate

C
||X777ju||f2(63;f) + ||Xn,ju||ﬁl(5i;7) + ||X777ju||ﬁ2(6:,,) < 5_2||fj||32(5:,,)

C C
(112) < 5_2||X77»jb||f2(62,,) + 5_2||Xn,jﬂ||32(52,,)

+CVe (HUHZZ(53}7,supp(xn,j)) + ”u”ﬁl (CLT supp(xn.s)) + ||u||ﬁ2(6:”75ulﬂp(){n,j))) ’

where the last symbols denote the restrictions of the weighted norms to supp(xn,;). Recall that the
functions in the previous formula have been scaled in Z by y/V (€s): therefore, from the uniform continuity
of V(3), for some C > 0 we have (recall that ¢" € (¢’,¢))

1 — = —
Slxgullew < st v/ VE iz ez + I VI M ey + s VI e, -
A similar inequality holds for the restriction of u to the support of x, ;, together with
b VT Mz, + st VTG gz, < € (Insbllzaeer,y + Ixngzllzzer,) ) -

Using the last two inequalities, taking the square of (I12]) and summing over j, we can bring the last
term in the right-hand side to the left, so we get (I0S]). B

3 Approximate solutions

In this section we construct some approximate solutions to ([4]) which depend on suitable parameters,
and find rigorous estimates on the error terms.

As in the previous subsection, we let y be a system of Fermi coordinates in N-~., and for a normal
section ® of N~. of class H? we define the coordinates (see ([@9))

z=y— P(es), z € R" L

By the results in Subsection 2 we will restrict our attention to the set D..
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Remark 3.1 In the spirit of Proposition [2.4), we will work with approvimate solutions 1/35 supported in
D.. Therefore, using the above coordinates, 1:(s,z) has to vanish for |z| sufficiently large. This can be
achieved by defining formally 1/;8(3, z) on N7ve, and multiplying it by a cutoff function ne as in Subsection
[Z22 However, since the functions we are dealing with decay exponentially to zero as |z| — oo, the effect of
this cutoff on the expansions below is exponentially small in e, and it will turn out to be negligible for our
purposes. Therefore, for reasons of brevity and clarity, we will tacitely assume that 1/35(5, z) is multiplied
by such a cutoff, without writing it explicitly.

Recall that in (23) we defined
Se(¥) = —Agyp + V(ex)y — [Y[P~ 1.

We set fo(3) = f(3) +ef1(3), where f is given in (II) and f; (depending on ® and A) was defined at the
end of Subsection 4.1 in [10]), in order to satisfy the equation

(113) s (% [(p—1)hP~" — 2aA2h2”}) =24 (132;91 — 1) Os(H, ).

This equation is indeed solvable explicitly and the solution is given by

2A(p — 1)k ! p—1 , (p— 1)k
= Dhr i — oAz \ ag L) O A e e

(114) fi=

(we refer to [10] for the definition of A’). If w, and w; are smooth functions of 3 and z we have, formally

_ifo(:S)

Se (e_i@(hU(kz) + e(w, + iwi))) =e ' (e(R,+iR;)) + o(e),

for some quantities R,, R, given in Subsection 3.2 of [I0] (where we refer to also for the derivation of the
last formula). R, and R; can be written as R, = L,w, — F,., R; = L;w; — F;, where

(115)  Fp = —2f finU — 2f?hU (kz)(H, z + ®) — hk(H, VU (kz)) — (VNV, z + ®)hU (k2);

(116) Fi= —[f"hU (kz) + 2 WU (kz) + 2f' hE'VU (kz) - 2] + 2 > _[®} f hkd;U (k=)
J

and where the operators £,., £; are defined in (3. Therefore, for canceling the errors of order & we
require w, and w; to be formally determined by the equations L,w, = F,., Liw; = F;.

Dividing the right-hand sides of (IIH) and (II6) into their even and odd parts (in the variables z),
we obtained that w, = w, + Wy o, and w; = w; ¢ + w;,», Wwhere

p—1 1 gt 1 1
11 = |5——hP(H, ®) + 2 S — — )
(117 ne = | P 0 + 27 fin) (iU + VU () )
—1
(118) Wie = pr’h’|z|2U(k:z); Wi = — Y fhz;U(k2),
J

and where w, , is given implicitly by the equation

(119) Lrwyo = =2(f)°hU (kz)(H, 2) — hk Y~ HI;U (kz) — (VNV, 2)hU (kz).
J
As noticed in Subsection 3.2 in [I0] (see also the introduction here), the solvability of the last equation is

guaranteed by the stationarity condition (I2). Moreover, it is standard to check that w;. , has exponential
decay in z, as for the other correction terms. Defining

i fo(es)

1/31,5 =e = (hU(kz) + ew, + icw;),
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from the expansions in Subsection 3.3 of [10] we can write that

fo(ES)

(120) Se(tpre) = € (Rre+ Rro) +*(Rrey + Rropa)
+ EQ’L'(RLG + Ri,o) + 621.(1%1'761)01 + Ri,o,fl) + 0(62).
In the last formula, the R’s represent the terms of order €2 appearing in the expansion, see Subsection
3.3 of [10], while o(£?) stands for the terms which are formally of higher order. Here indeed we want to
prove rigorous estimates, so we want to be careful in treating the latter term. ~
To allow some more flexibility in the choice of approximate solutions, we substitute the phase fy with

the function f = f + efi + €2f,, where f, is some function of class H2. On ® and f, we assume the
following conditions for some constants cp, ce to be determined later

(121) ||®||H2 S C1€; ||f2HH2 S Co.
Moreover, letting ¢ be as in Subsections 23 and ¢;,w; as in (B3)), we also assume that

p+1 5 5
(122) @Gspan{hicpj : jO,...,g}; fgespan{héwj : jO,...,g}.

To deal with the resonance phenomenon mentioned in the introduction, related to the components in
K3 5 of the approximate kernel, we add to the approximate solutions a function vs like

(123) Vs = 6( ) a(es) + Z&(ES) a(es)

(see (B4) and the lines after), with 3, & given by

(124) Bles) = > b;Bj(es); = > bigies),
j=—2 j=—2

where, we recall, £; solves (BJ) and is related to 5; by (60). Below, we will regard 3 as an independent
variable, and ¢ as a function of 8. Introducing the norm

(125) ||6||u:< Z B(1+15]) )

we will assume later on that
(126) 18]l < c3e?

for some constant c3 > 0 to be specified later.
We will look for approximate solutions of the form

(127) Uy (s,2) = emiHEY {h(es)U (k(e8)2) + € [wy + iw;] + %0 4 vy + ’U(;}.

In this formula f is as above, while ¥ and vy are corrections whose choice is given below, in order to
improve the accuracy of the approximate solutions.

Our goal is to estimate with some accuracy the quantity S (\IJQ ¢): for simplicity, to treat separately
some terms in this expression, we will write ¥ . as

(128) @2,5(57 z) = @1,5(57 2)+ E(s,2) + F(s,2) + G(s, 2),
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where \11175, E, F and G are respectively defined by

_iglhaten) 5

Uy (s, 2) = emitE {h(es)U (k(e8)z) + € [wy + tw;] } =e 1}
E(s,z):= 62671.@’17; F(s,z):= 62671.@’00; G(s,z) = eii@vtg.
To expand S.(¥s ) conveniently, we can write
Se(Woe) = Se(Wy ) + As + Ag + As + Ag,

where s, ..., are respectively the linear terms in the equation which involve E, F and G (see (I128))):
(129) Az = —A E + V(ex)E — |V, P E — (p— 1)| 01 P30, R(T E);

(130) Ay = —AgF + V(ex)F — |‘i’1,8|p_1F - (- 1)|\i/176|1’—31/~]176%(\i11,8f);

(131) Us = —NgG + V(ex)G — V1 PTG — (p— 1)[T1[P3F, RV, G),

and where 2 contains the contribution of the nonlinear part
(132) 2 = _|‘i’2,8|p_1\i/276 + |‘i’1,8|p_1(E +F+ G) + (p - 1)|\i/176|1’_3\i11,8%(\i/176(ﬁ +F + é))

Next we also write (tautologically)

~ 7i52f2(55) ~ ~ 7,L-€2f2(53) ~
(133) SE(‘IILE) =e€ € Sa(’lpl,a) + Qll; §211 = Sa(qll,e) —€ € Sf(wl,a)a
and set
. f(es . fo(es) ~ ~ ~ ~ ~
mQ = 6_1¥ (6Z 05 SE(Q/JI,E) - 52(RT,O + Rr,e) - EQ(RT,o,fl + Rr,e,fl)
(134) — 52i(Ri,e + Ri,o) — EQi(Riyeﬁfl + Ri,o,fl)) s

so that A, represents the terms which are formally of order € and higher in SE(’L/;LE) (multiplied by a
phase factor). Therefore, from the definitions (I29)-(I34) we find that

i f(zs)

S&(\iQ,a) = € (52 (Rr,o + Rr,e) + 52 (Rr,o,fl + Rr,e,fl)

(135) + €%(Rie+ Rio) +%(Rie g + Rz-,o,fl)> 4+ Ay + Ag + Ag + Ay + As + As.

To estimate rigorously the 2;’s, we display the first and second order derivatives of \TIZE

—if'(es)e” He [h(gs)U(k(ss)z) + € [wy + dw;] + %0 + e%vy + Ua}

as \11276

et {sh’U(kz) ehE'VU - 2+ £20,w, + ie205w; + €30, + 30,00 + 851)5] ;

0,0y, = e 1T {h(ss)k(ss)ﬁjU(k(ss)z) + e [0jw, + i0;w;] + £20,T + £20;v0 + ajm} :
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;e

02Uy, = (—f? —icf")(es)e "< [h(as)U(kz(Es)z) + & [wy + iw;] 4+ €20 + 2 + a(ss)Z(kzz)}

it {EQh”U(kz) F22WKVU - 2 + 2hk"'VU - 2 + 2hk2V2U |z, 2] + 302w, + ie30% w;

b4 0 + afsw]

— 2@'?(55)67”(53) |:Eh/U(k/’Z) +ehk'VU - z + 20,w, + ie20,w; + 30,0 + 30509 + asv(;} ;

8?1\11218 = eiif(ES) |:h(€$)k28]2lU(k(€S>Z) + € [3]2-le + Z@?lwz] + 528‘72[54“ 528‘72[1)0 + 8]211)5} N

a§j¢’2,a = _@'f’(gs)e—if(zs) [h(es)kajU(kz(Es)z) + € [0jwy + i0;w;] + 20,0 + 20,0

+  a(es)kd; Z(/@z)} 4ot [Eh’k:ajU(kz) + ehk/0;U + ehkk' 03U + 202w,

LR+ O+ 0+ agj%} .

To simplify the expressions of the error terms, we introduce some convenient notation. For any positive
integer ¢, the two symbols Ry(P, ®’) and Ry (P, @', ") will denote error terms satisfying the following
bounds, for some fixed constants C,d (which depend on g, ¢1, ¢2,c3 but not on ¢, s and 9)

[9q(®, ®)| < Ce?(1 + |2|T)e s i i
[9Rq(@, ) = Ry (@, )] < Cel(1+ |2 )| — @] + @' — @[l "],

while the term R, (®, ', ") (which involves also second derivatives of ®) stands for a quantity for which

R (@, ', @")] < Ce(L + [2|)e M 4+ Cet (14 |2 D)e M@,

9Ry(B, 8, B) — R, (&, 8, 8")] < C=(1 + o) B — B| + |&/ — B}eH
+ Ce A+ o) (j0 + 7|10 — B + [0 — &) + [0 = &”]) eTFI7,
Similarly, we will let 2R,(3) denote a quantity (depending only on S and z) such that
[9Ry(3)] < CeU(1 + |2|)e ™,

and which depends smoothly on 5. In the estimates below, the assumptions (I2I)-([I22)) will be used: one
hand by (I2I) we have L* estimates on @, fo and their first derivatives; one the other by (I22) we have
L? estimates on the higher order derivatives, of the type ||®®]| 2 < Clg—; |®|| 2, for I € N.

We will also use notations like PR, (P, @), fHR, (P, D’), etc., to denote error terms which are products
of functions of 3, like ® or f5, and the above R,’s.

Having defined this notation, we can compute (and estimate) S:(¥s.) term by term.
e Estimate of 2

From the expression of the Laplace-Beltrami operator (see Subsection 3.1 in [10]) it follows that

.22 fo(es) ~ ~ N ~ . ~ . ~
TS (W) — Se(ire) = gt {54(f£)2¢1,a + i3 fiapr +2z€2f£55¢1,a}

N - ~ i _ ~
+ 2229”52]‘5511/1175 + 0a (gm\/det g) g2 foar c.
1

(&

Vdet g
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Using the expressions of w,, w; and the expansions of the metric coefficients in Subsection 3.1 of [10],

. . . . fo(es) .
multiplying the last equation by e’ 22 ne obtains

FiCD) ifotes) [ ie2ra(es) ~ ~ Iyien) ~ ; Joes) ~
e A = e 0 (e E SE(\I/LE) — Sa(wl,a)) = e e SE(\I]LE) _ it SE(’L/]17E)
(136) = Ao+ A = Mo+ Aire+ A0+ A e +A10+ A1,
where
Ay 0 = 22 f fohU; At e = X f3 [2f1hU + 4(H, @) f'RU + 2f w,..] ,
mlmo = ngé [4<Ha Z)fth + 2f/wr,o] )

(137) Ay e =13 fLRU + 2i® £ [f'wie + KU +hE'VU - 25 U140 = 20> f/ fowi o

i1 = (f2)°Ra(D, @) + fiRs(P, D) + 30" Ra(P, D) + f3R4(D, D).

e Estimate of 2,

Reasoning as for the previous estimate, collecting the terms of order ¢ and higher in 55(1/;1,5), we obtain

es)

. f( ~
(138) e e Ay =Ag o+ Ao :=An e + Anpo + Anjie + A2jio + Az 1,
where 25 o = 0 and where the remaining terms are given by
Ao e = 2" F,(3);

o = 2 ME(H, ®) > 010;U +f'hf] > % @)U +2° fPh(H, 8) Y &Y 2,U;

J J J
Up e = 20" f'h Y OO 0)(2;U) + 2ie f'h{H, 2) Y ' 2,U;
4,1 J
U io = i® Y Oz (f'BU + f'HU + f'hk'VU - 2) +ie®" F,(3) + 2ie* f'h(H, ®) Y~ @ 2;U;
J J

As1 = R3(3) + (P + B )R (D, ¥, ") + Ry (D, D', "),

where F,(3) and F,(3) are respectively an even real function and an odd real function in the variables z,
with smooth coefficients in 5 = s, and satisfying the decay property |F,.(3)| + |Fo(3)| < C(1+ |z|%)e~FI=.

e Choice of v and estimate of 23

We choose the function ¥ in such a way to annihilate (roughly) one of the main terms in (I36), namely
2e%f f4hU (kz). Hence we define © so that it solves

(139) L0 = —2f fihU (kz).
Reasoning as for the definition of w, (see [10], Subsection 3.2), ¥ can be explicitly determined as

o= 2f"fshU (kz).
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With this definition, using the above estimates on the metric coefficients and the expressions of error
terms, the linear terms involving F in S.(¥2.) can be written as

(140) ei@ms = A0+ Az := Az 0+ Az e + Az ro + Az se + Az o + As 1,
where
Q[gyo = €2£T’l~);
s pe = 2°fhf] (2(f)°(H, @) + (VNV,®) — p(p — DhP2UP 2w, ) U
+ A (PRS0 (k) — 26413 hU
Usro = 26°f'hf} (2(f)*(H,2) + (VNV,2) — p(p — D" 2UP*w, ) U
+ 28 f/fihk Y HIO;U(kz) — 2 f'hkfy > ®0,U
J J
(141) ;e = 4if'cSos (hf'fgﬁ) + 2 1 f5 (F'h — (p — VWP~ 0P ;) O
Wsio = —2(p—1)ief fohP~ 0P ;.U — 4i53(f')2f5hkz @'0;U
J
As 1 f5 R4(2, @, ") + f5 [Ra(D, @) + Re (@, D', ")] + * £ [R1 (D, D)]

+ Ru(@, ) f; [(1+2f3) +ef] + Rs(@, ) f5 f3 + Re (D, 0, @) (f3)*.

e Choice of vy and estimate of 24

In order to make the approximate solution as accurate as possible, we add a correction €2vp in such a
way to compensate (most of) the terms e?(R,.. + iR; ), see Subsection 3.3 in [10]. We notice that these
terms contain parts which are independent of ®, which we denote them by R%e and R?,o respectively,
and parts which are quadratic in ® or its derivatives, R;I’ . and RE’O respectively. Since we will take ® of
order e, we regard the latter ones as higher order terms, and we add corrections to cancel Rge and R?,O.

Precisely we define Uf_),e and ’URO by

— Erv%e = —3(f)?hU(k2) Z OF g112mz + 2(f) 2 (H, +wr02) + 4(f)2hU (k2)(H, 2)? + 2f'Osw; e
lm
+  f'wie— [W'U(kz) +20°K'VU (kz) - 2 + hk"VU (kz) - z + h(K')*V?U (kz)[2, 2]
(142) + 1> 0R,912mahkP 05U (kz) + kA[(H, 2)H™ — 3~ 02,91121)0mU (k2)
lm l

+ hk Z 812mgmjzl<9jU(kz) + Z Hlﬁlwm) + hk(H, z}HlalU(kz) + <VNV, Wy 0Z)
! 1

— %(p — 1)hp*2U(k,z)p*?wie — %p(p — 1)hp72U(kz)p72w37o + % Z@,Q,LszmzjhU(kz);
.

— L), = 2[f"hU(kz)+ 2f'W'U(kz) + 2f'hk'VU (kz) - 2] (H, z) + > H/0jw; .
(143) + 2(fl)2<Ha wi,ez> + 2flaswr,o + f”wr,o - f/hk Z @U(k/’z) Z alern.gljz’le
7 L,m

1
—  f'hU(k2) <Z 8fmguzm> —f'h Z 812jgljzl U(kz)+ §f’h <Z 8flg11,zl> U(kz)
m YR l

— (p - 1)hp_2U(kZ)p_2wr,owi,e + <VNV5 w’i,ez>'
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We notice that the right-hand side of (I42) is even in z, and hence orthogonal to the kernel of £,. As
a consequence the equation is indeed solvable in uBﬁe, see the comments after (I[5). The same comment
applies to ([43), where the right-hand side which is odd in z. Furthermore the right-hand sides decay
at infinity at most like (1 + |z|%)e~*I*| for some integer d, so the same holds true for v, and v, In
conclusion, after some computations one finds

e

e e Ay =Ago+Ag = Ago+ Aape + Ao+ Asio + g0+ Asa,

where
2[470 = €2£7«’US7€ + iEQEiUO

(144) Ql4,7‘,e = €3F4,7‘,€(§); SZ14,7"70 = €3F4,7‘,O(§); Ql4,i,e = €3F4,i,e(§); m4,i,o = 53F4,i,0(§);
(145)  Agq =Ry (P, ) + (D + ') (1 + f5)R3(P, D) + f/R5(P, D) + (f5)*R6(3) + "Ry (P, D).
As for F,(3) and F,(3) in 2y, the Fy’s depend only on V, vy, M, and are bounded above by C(1+4|z|%)e~*I*I,

e Estimate of s

The term involving vs in S- (W, ) is given by

(146) As = As.0 + As == As.0 + As e + Asro + Asie + Asio + Asa
where
(147) 9[5,0 = 6£rZa(kz) - EQBHZQ(ICZ) - 2€§/Waf/ + 'LfﬁiWa - 1.52§HW0¢ + 21‘56/.]0/Za;
1! 2l 8ZO¢ / !
Usre = —ef'EWa =20 ( =0/ + KV Za(kz) - 2

— 2efl¢ (aaﬂo/ + k'YW, (kz) - z) —(p— 1)eh?2UP"2w; JWy;
a

Usro = eBY HI0;Zo+2:(H,2) [(f)BZa+ B Zo — 228 ' W]
J

+ E(VNV, 2370 —p(p — 1)€hp_2Up_2wT7oﬁZa;

Wsie = ef'BZo— 2e2¢’ (aaﬂo/ + k'VW, (kz) - z)
o
/ 0Za / —277p—2
+ 2€f ﬂ %Oé + k VZa(kZ> 2] — (p — 1>€hp Up ﬂwiyeZa;

Asio = sgz HIO;Weo + 2e(H, 2) [(f)?EWa + 2" Wo + 2¢8' f' Z4]
J
+ e(VNV, 2)EW, — (p — 1)eh?~2UP 2w, oEW,,.

The error term A5 1 = A5 1(8, @, f2) satisfies the following estimates

25,1(8, ®, f2)| < C(e® + 2| f3] + 3| 5] + ¥ ) (1 + |2 =8| + ¢8| + 2|8 + €18"]);
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Clel@ — @] +e|® — &) + %@ — " + | f5 — fol +€*If5 — F3)

x (L [2|De (8] + e8] + 2187 + €%15"))
O +&*|fol + %1 f2| + 7 @”))
(Ut e (18 Bl 4 el — )+ 18— )+ 8 — B,
By the form of the function £, see (£9), (G0) and (I24), its Fourier modes are naively concentrated around

indices of order % As a consequence, L? norms of functions like e3,23", 33", etc. can be controlled
with the L2 norm of 3, see also the comments before (75)).

As.1(8, @, fa) — As.1(6, D, fa)

IN

e Estimate of g

First of all we notice that we are taking ® and f5 in H'([0, L]), and hence they belong to L>([0, L]). As a
consequence, since we have the bound ||8| .« jo,z)) + |8l o< jo,)) + € 18" | o< (jo, 1) + €318 || o= ([0, 7) <
Ce? (which follows from ([[26) and the above comments), one has the estimate

(148) |E| + |F| + |G| < C*(1 + |2|*)e M7,
If then we choose § sufficiently small (recall also the expressions of w,, w; and ([I28))), we deduce that
|\1~12,s - \ill,s| S |\I~11,5| n DE.

This estimate implies that 2s admits a uniform quadratic Taylor expansion in |\112,1 —\111,8| and is bounded
by |V |P72|Wy . — Uy |2 Precisely, we can write

(149) A = Ap,0 + As = A6,0 + Ao e + Ao,r0 + Ao ie + Wosir0 + Ao 1,
where
(150) As,0 = Ap,r.e = As,r,0 = A6,i,e = As,i,0 = 0; As1 = R4(f£’ P, 9, B),

where Ry(f}, ®,d’, ) is a quantity satisfying the estimates

|Ra(f2, @, @', 8)] < O [e* + (£ + 1Bl + el 8'llL=) (18] + el 5'D)] (1 + [2|F)e

|Ra(f3,@,9,8) = Ra(f3, &, %, ) < C (2 +18]+¢ld| + 18]+l F]) (1+ 2| e
X (elo—®| +el@ — &'+ f3— fil + 18— Bl +el — F1).
e Final estimate of Sg(ﬁlgys)

By (I39), in the above notation we have
zM ~ 2,7 ~ 9,7 ~
e = SE(\IIQ,E) = € (Rr,o + Rr,e) +e€ (Rr,o,fl + Rr,e,fl)
6 6
+ Pi(Ric+ Rio) +%i(Ricp + Riog) + Y Ao+ Y Ui
i=1 i=1

Recalling the choices of 7, v?, and v, in (I39) and ([[42), ([43) (and recalling the notation for the R’s
after (I20))) we finally obtain the following result.

Proposition 3.2 Suppose ®, fo and 8 satisfy ((2I), (I22) and (I26) for some ci,c2,c3 > 0. Let
[ =f+efi+e%fa, where f is given in () and fi in (). Let also w, = Wy e + Wy o, With Wy e, Wy,
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given respectively in (IIT), ([I9), and w; = w; e + wi,o, where w; . and w;, are given respectively in
([IR). Let Wo . be defined in (I2T)). Then, as € tends to zero, we have that

SLg - - - - = - - -

8.(Vae) = R+ Ruot Bregy+ Rrop) +€%i(Rie + R, + Rie.py + Rio 1)
(151) + BLZo(k2) + 20" Zo(kz) — 26 Wo f' 4+ €L W,

6
. . L g
+ 2" Wy + 2ief f' Zo + €= E 2,

j=1

where the R’s are as in (I20), where RTe, R;I?O are the terms quadratic in ®, ®" within Rr,e, Ri,o’ and

where the latter error terms are given in (I30), (I38), (I40), (I45), (I46), (I49) respectively.

4 Proof of Theorem [I.1]

In this section we prove our main theorem. First we solve the equation in the H. components, see (03],
using a Lyapunov-Schmidt reduction. Then we turn to the components in K5 and solve the bifurcation
equation as well: in this last step we use crucially the non-degeneracy assumption on vy and an accurate
choice for the values of the parameter €.

4.1 Solvability in the component of H.

In Proposition 241 we showed that problem (Id) is reduced to finding a solution of L. (¢) = S:(¢) in D.,
see ([24), ([AQ) and [AI), if we take K?(es) = V(es). Choosing in Proposition 2T as approximate solution
e = Wy (the function constructed in the previous subsection), we have the following result where, as

usual, § is sufficiently small. We recall Proposition 4] formulas (I03)-(I08) and the definition of K

after (I04)): also, we denote by II. the orthogonal projection onto the set {e*if(zs) v : b€ Ks).

Proposition 4.1 Let ‘i’z,s be as in Proposition[32 Then there exists vs € K, depending on the param-
eters @, fo, B, such that the following problem admits a solution

~ _,f_(ss)

gs¢+v(5x) |‘I’2 P 1¢ (r— 1)|¢/2,6|p_3‘i’2,8%(@2,6¢3) = S’E((b) +e e
¢ S HE, RS Kg.

(152)

Furthermore, if m € N, if ‘i’z,s is an approximate solution corresponding to different ®, fo, B, for a fized
constant C' independent of € and 6, for T = % and 0 < ¢’ < ¢ < 1 sufficiently small, we have

. c o ] N
(153) I9llerv < 3 IMeSe(Vae) 2o, + O™ 0llaer,) < CllSe(Y2e)llzzer )

~ 2 C -~ ~ =
(154) ¢ — ¢||c’,V < 5_2||H6(Sa(\1/276) - SE(\I/ZE))”L?(C;V)-

PRrROOF. The proof relies on Proposition 211 Proposition 2.14] and the contraction mapping theorem.
By Proposition 2.T4, the operator L. (see (24)) is invertible from (Hc,|| - ||o-,v) into L?(CT,,), and the
norm of the inverse is uniformly bounded by C/§%. By this invertibility, (I52) is satisfied if and only if
¢ is a fixed point of the operator F% : (He, || - lov) — (He, | - |lo.v) defined by

Fg) = LM[ML (8:9))] = £ ML (S:(F20) + Nened + 0(6)

B2 T(B) + (p = D[ R(Do0(9)) )|

We recall that, in the last formula, @((,5) is given by Proposition 2.1l while N is defined in (25]).
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Our next goal is to show that F. is a contraction on a metric ball (in the || - ||y norm) of radius
6%||HES€ (W2.)llz2(cr ) + Ce™ for C large enough and m arbitrary integer. Setting for simplicity

Ge(9) = Ne(n:6 + () + V2P 0() + (p = W2 P72 U2, R(P2 0 0(6)),

one clearly finds

IE:@)lzacy ) < & (ISelBaolioer,) + 16D, )

(155) § .
1E-(1) — Fe(dn) Iz, ) < $l1CG(d1) = Ge(d2)llr2(cr -

We next evaluate ||G.(¢ ||L2(C* ), and show that it is superlinear in ||¢||Lz ,) up to negligible terms:
we make first the following claim.

Claim: in the notation (31I), letting k1 (35) )2/ V (3) we have ||¢>|| 13 < C|l¢||er.v for some C > 0.

2 1

, we can apply Pr0p0s1t10n 21 with 7 = 3, ko(3) =

Assuming the claim true and choosing ¢ < (¢ ) 5

sV (35), k1(3) = (¢)*/V(5) and ka(5) = ¢"/V (3), to find

n _ inf k2*ko .3 T in 2+k1 e=°
(156) Il g, <0 (e 0TIl e T ).
k2

— ko

From the expression of w,., w;, 0, v and formula (I48]), one can deduce that |\11275| < Cehol2l:

from the estimates in the proof of Proposition B:2] one also finds that ||S€(@2’€)||L2(C:V) —0ase — 0.

By @B7) (recall that ¢ > 0), the latter bounds on ‘1’2,5, the previous claim and ({I54), if m is an arbitrary
integer and if ¢”’ is sufficiently close to 1 after some elementary computations we deduce

1G@lzzcr,) < € (1815 or ) + 161Ra0r ) +™ (14 1Blz2cr,)) ) -

moreover,

Similarly, if ||¢31||L2(cgv)a ||Q32||L2(cgv) are finite one also finds

1G2(n) = Gel@Dlzzier, < € s {IBIAED) )+ &7 16 - dalser,

where the symbol A stands for the minimum. Formula ([I55) and the latter one show that F. is a
contraction, and we obtain (I53); (I54)) follows similarly.

Proof of the claim. According to our previous notation, the norm || - || v is evaluated using the

variables (s, z), where the 2’s are defined in ([@9). If we want to estimate the || - ||Cl’% norm instead, we
k1
should use lipschitzianity with respect to s and y.

Given 51,52 € R and y1,72 € R ! we want to consider the difference V(ﬁ(sl,yl) — Vé(SQ,yg).
Recalling ([@9)) we can write that

Dsp(s1,51) — Osd(s2,42) = Outb(s51,21 + B(e51)) — Dub(s2, 21 + (e51))
+ (ﬁ( 21+ D(esy)) — GSQA&(SQ, 2o + D(es2)).

By the definition of || - ||c.v, 8s¢ € HY(CL ) < Cz 2(C7 y). This fact, the smoothness of V(3) and
[1P]|oo + [|P|lcc < C(c1)e (which follows from (I21)) imply that if (s1,91), (82,42) € Bi(s,y) then

eIV, (51, 1) = Dels2,92)| < Clen)ll Bl (1o = sal? + [21 = 2% +elss = sal)

A similar estimate holds for the derivatives of (]5 with respect to y, so from (BI]) we get the conclusion. B

To apply Proposition Bl we establish explicit estimates on IT1.S.(¥5.) and TI.(S.(¥g.) — Sg(\'Iilgys)).

Precisely, assuming from now on 7 = %, we have the following result.

27
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Proposition 4.2 Assume ®, f2, 3, ®, fa, 3 satisfy conditions (21, (I22)) and (@26). Then, if ¢ is defined
as in Proposition [{.1) we have the estimates

(157) Ve (|p(B, @, fo)|« < Cler, 2, c3)e™;

(158)  VES*|6(8, @, fo) = (B, @, fo) ||« < Cler, e, c3) |€7]1@ = @)z + €2 fo = fallu= +el|B = Blle|
where C(c1,ca,c3) is a positive constant depending on c1, ca, c3 but independent of € and 4.

Proor. We prove (I57) only: (I58) will follow from similar considerations. To show (I517) we use
Proposition BT}, so we are reduced to estimate [|II. Se(¥2,c)|[r2(cr ), for which we can employ (I5I).
By our assumptions on ®, f5, 8 and by the estimates of the previous subsection, it is easy to see that

< C(Cla C2, 03)53 .

H€2(R;§e + RKO + RT,G,fl + Rr,o,fl) + €2i(Ri1€ + R;'I?o + Ri,e,fl + Ri,o,fl) LZ(C;V) — \/g )

C(Cl, C2, 03)63

_ 6
i ~
Heza ;QLL”LZ(C;V) S \/g

Recall that in the choice of approximate solutions we have formally corrected all the terms of order up
to €2, so we are left with terms of order ¢ and higher. The factor y/z in the denominator arises from
the fact that the length of +. is L/e: this gives a factor % when computing the L? norm squared, and we
need then to take the square root. For the estimates in g, which also require the L°° norm of 8, we can
use the interpolation inequalities

1 1 3 z 3 1
1Bl (jo,L]) < CHB”EZ([QL])||6I||52([01L]) < Ce?; ||51||L°°([0,L]) < C||5l||L2([07L])||5”||L2([01L]) < Cez.

It remains to consider now the other terms in the right-hand side of (I&]), involving the functions Z,
and W,. Let us call i; the operator obtained from L! (see (E2))) by replacing the variables y with z and
f with f . Let us first notice that the terms under interest, with this notation, are nothing but ﬁgiév(s.

Let us now recall the expression of 8 in (I2Z4) and vs in (I23): if 93 ; stand for the functions in K3 s
(see (@A) replacing y with z, we define the function

52
. C - 1
(159) lvs — Bsllev < —=( Y b32(1+5%))7%;
Ve
===
52

_ifes _ifes)

~ ~ 1 1
(160) Li(e™""= ws)=Li(e™ = ¥5)+ O (—) ( Z b?EQ(l +3%))% (in the || - ||L2(C§,v) norm).
Similarly to (80)), recalling the asymptotic of v; (see (59) and the lines before) one finds that

52

Z v;ibjvs j + R,

82
==

_ifes) f(es)

(161) Li(e 7 05) =e?

€

>

8

where ||R1||L2(CZ,V) < %(Z;

2
j )

€

bie*(1 +j2))% < C/¢||B||s- This implies the conclusion, by (I26). m
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4.2 Projections onto Kj

In this section we estimate the projections of the equation onto the components of Kjs. We estimate first
their size and their Lipschitz dependence in the data @, fo and 3. Then we use the contraction mapping
theorem to annihilate the function v in Proposition ], which implies the solvability of (I4)).

4.2.1 Projection onto f(m

We want to evaluate the K 1,5 component of the function 95 in (I52). To do this we consider a normal
section @ to v which satisfies the first relation in (I22)), and the function

Vg 1= h(Es)pT+1 ((Q(ss), V.U (kz2)) +ie(®'(es), z>‘%U(kz) - %(Q”(Es),‘l}(kzz))) .

We then multiply both the left-hand side of [I52) and S.(¢) (see ([@I)) by the conjugate of e’if(?)vg,

integrate over D. and take the real part. When multiplying the left-hand side, we can integrate by parts

==

and let the operator L. act on e """ wvg: using the arguments in the proofs of Proposition 29 (see in
particular (83) and (84))) and of Proposition 2] one finds that

e | Fes)
L(e™ 75 vg) = €775 g + R(va),

where #p € K1 5, and where HR(U2)||L2(C;V) < C(5+53)||v2||L2(C;V) < %(5+53)||Q||L2([0,L})- Therefore,
since ¢ is orthogonal to K, from (I57) we deduce that

C .
- AV, < —=(e + )2l r2qo,pllell L2 (o7 ) < Clers ez, ¢3)8° | 2] L2(po,))-

T Ve
We next have to consider S.(¢), whose main term is S: (¥ .): for this we use formula (I5I). Here we
have three kinds of terms: the R’s, those involving Z,, W, (which coincide with s o, with our notation
in (I47)) and the W’s.

For the R’s, since vg is odd in z, the products with the even terms will vanish. The products of the
odd terms (notice that the two phases cancel and we use the change of variables s — £s) instead give us

(162) ’%R/ s T

- . . . 1 L -
R [ (Bt R STV, + R [ (RS, + i JiwdVs, = <2200 [ (3(@),2) 5+ Fu
D. D. 0
where Cy = [, U(y)?dy and |Ro| < Coel|@|| £2(0,))- To explain why this estimate holds, we notice first
that —p2;9100 (J(®), @) is exactly the first term of vy multiplied by RT,O + RT@ 1, as shown in Subsections
4.1 and 4.2 in [10] (the factor KT in (B8) is needed precisely to cancel the factor 7 in the last formula
of Subsection 4.2 in [I0]). The remaining terms in the last equation are given either by products of the

imaginary part of vp and the imaginary R’s or that of Ry, + R, ,, s, and the last term in vg. In the latter
case for example, we obtain a quantity bounded by

Lje
062/ (|(I)| + |(I)I| + |<I>”|)52Q”ds < 05262||QHL2([0,L])-
0

The last inequality follows from ([I2I)) and the fact that @ satisfies the first condition in (I22)). On the
other hand, the terms involving ®’ once integrated will be bounded by Ce25(|®||12(jo,1)), still by ([22).
Concerning s o, we next claim that for any m € N one has

(163) ’8‘%/ vy As,0d V3,

DE

< Ce™[|@| L2 (0,1 as e — 0.
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To see this, notice that ® satisfies (I22)) while 25 ¢ arises from functions involving vs (in particular 3, see

([24)): since j ranges between fg and g, the main modes of § are much higher than the ones of ®.
Hence, using Fourier cancelation as in Lemma [2.10] one can deduce ([I63)). It is also easy to see that

6
(164) %/~ @ ijdvfk S C(Cl, Co, 03)52”g||[‘2([01[‘]).
D -
£ ]:1
It remains finally to consider the product of v and the last three terms in (@I]). Indeed, since these are

cither superlinear in ¢ (see (7)) or contain ¢(¢) (see [B2)), they are of lower order compared to (IG2).
Using ([I62)-([I64) and the above arguments we finally obtain that, if ¢ is as in Proposition 1] then

-1 L
(165) [ ’D@dV*E = —Ep29 C()/ (3((1)),Q> ds + Ry; |R1| < C(CI;C2;C3)52||QHL2([07L])-
D, 0

Similarly, using the estimates in Section [ one finds that if ¢ corresponds to the triple (@, fo, B), then

. -1 L - .
(166) [ @-dymmiv, = - 20 [ - 8).2) a5+
D. - 20 0
where Rl satisfies
A67) 1Rl < Cler,en.es) (929 — Bllaqo gy + <l fo — Follmeqo.zy + 3118 — Bl ) 1222

4.2.2 Projection onto KQ,(;

For this projection we will be more sketchy since most of the arguments of the previous one can be
applied. If f, satisfies the second condition in ([I22), we consider the function

v, = h(es)} (z £, (90U (k2) + 25%@5)0(1@ - Z'EQiQIEES)Qn(kz)) .

As for the previous case, the main contribution to the projection is given by the product of the first term
in vy and the imaginary parts of S.(Ws,c) listed in (I5I) which are even in z.

We denote by Rze f, the sum of all imaginary even terms of order ¢® appearing in the equation,

namely 25 ; ¢, Az ;e and As ;e = Fu;(35), see (I37), (I40) and (I44)
Ri,e,fQ = 20/ foU 4+ 2hfik'VU - z + 2f' fow;  + f5hU + 4f/85(hf/féﬁ)
+ QthflféU — 2(p — 1)hp_1|U|p_2f’fél~]wi7e + F4,i,e(§) = Ri,e,fg + F4,i,e(§)-
Notice that R; . f, coincides with the function R;. s in (I20) (see Subsection 3.3 in [10] for the precise

expression) if we replace f; with fo. Therefore, from estimates similar to the previous ones (which use
especially the computations in Subsection 4.1 in [10]) we find

L L
(168) / @ vy_dV;, :gQCO/O T(fg)i2d§+52/0 (

DE

F4,i7eU(k:(§))) f, 5+ Ry,
Rn—1

where Co = [p,—1 U(y)*dy, where

h? fs —1 2720
(169) T(f2) = 05 (W [(p = DA~ —204%h }) ;
and where Ry satisfies
(170) |R2| < C(Cl,CQ,C3)5€2||i2||L2([07L]).
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Moreover, if © corresponds to the triple (®, fo, B), then
~ L ~ ~
(171) /~ (0 —0) qu"E = 5200/ T(f2 — f2)i2 ds + Ro,
€ o O
with

(172) |Ra| < Cfcx,c2,3) (5€2||f2 — Fallzrz(o,z)) + 0¢l|® — @[ 20,1} + 018 — BHn) £, lL2(j0,2))-

4.2.3 Projection onto Kg,(;

To compute the last components of the projection we recall our notation in Subsection 2.3] and define

&3
mlm

Bles) = b, 3j(es); Z

52 j= 82
€

As for the previous cases, the main contribution to the projection comes here still from SE(\flgﬁg). In
particular, following the arguments for K; s, when testing on vg, by Fourier cancelation and parity the
major terms are indeed s o, As . and As ; .. With straightforward computations one finds that

L
(173) | omm = [T ap.e8.0 as+ B

where

A(B,E, B,€) = BPBQua — 20" BQ1,a — 26€ ' BQs.0 + E£Qs5.0 — 26" EQ2,0 — e (§8 — £B) Q3.0
+ 20 f€Qs.0 — 2% (B'BQs.0 + £6'Qr.0) — 26K (B'BQ10,0 + £€'Qr1a)
= 2ef'K (£8Qr2.a — BEQ13.0) — 26 f '’ (£8Qs,a — £BQo.a) — (p — 1)eh? 2 (£8 + £8) Qua,a;

_ _ _ 0Z o (s)
Q41,a(3) = Za)LrZas); Q5,0(3) = Was LiWais); Q6,0(3) = Za(s) ;
Rn—1 Rn—1 Rn—1 Jda
W) Was) 3Za<a>
Q7a§: Was Q,ch:/ Zagi; Q,agz Wozs
7 ( ) Rn—1 ( ) 5 8 ( ) Rn—1 ( ) aa 9 ( ) Rn—1 ( ) a

Q10,0( / ZamVilam) * 2 Q11,0( / WasVWa) - 2;

Q12,a( / Zax\VWa) - 2 Q13,0(3) = WamViZag) - 2
]Rn—l

Q14,a(§):/ U (k2)P~w; e Was) Zas)-
Rn—l

(174) |R3| S C(Cla02303)652HQ”L2([0,L])-

After some manipulation using the fact that (Z,,W,) solve {@6) with n, = 0, the normalization
Jon—1(Z2 +W2) =1 and some integration by parts in z we find that

1 L B 1 L B L
(175) S [ aGsson-1 [ mEesoa+ [ nease
where

M(BEBE = Qua(@HE —F0*8) + Qua (PEE — ?K€0)
(176) + 2f'Qz.0 (Eﬂlé — E{lé —kaBp — kafg) ;
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Ay = (BE+EB)a(3); a(3) = [f"Qs,a + 2/ K Q30 + 21 &/ Qo0 — (p — 1)hP Q14,0 -
Now we notice that, by (@), one has

Be+e8=——| D bb(§a+&8) —F Y bbwas + &) |
jl=—22 1=—22

where F| = ]WJFQQ}—,‘;MQSQ Integrating by parts in 5§ and using (59) we find that

L L ’
(177) / M(B.&S Y ds=c | &6 () G)ds + 00l 2oy Bl 0.0
0 0 o
Finally, combining (I73), (I74), (I7H) and (IT7) we deduce
1 L
(78) [ omivs =1 [ e(.p.9 ds+ i,
D - 0
where
(179) R3] < Clex, ez, ¢3)(6% + (€ + 6181|220, 2) 1 Bll 220, 2))-

Analogously we obtain
- 1 [r - - .
(150) | o-dmav =1 [ a(s-pe-Ep0+ e
€ 0
where Rj3 satisfies
(181)  |Rsl < Cler,e2,0)8 (el|® = Bllaraqo.my + 21 F2 = Fallrzqo,ep + 18 = Blls) 1B1z2(0,01)
Remark 4.3 Let us consider the eigenvalue problem in (,€)
L L
| 20689 =v [(@ast+ Qg oral (3.9
0 0

where Q1, Q2 are defined in (B8)). Then the eigenvalue equation is the following

Q1

—e2(B2of) 2026 4 2f/ 82 — kaf) = vE.

2@Q1,08") 12 25 Q3,0 _ A
(182) { e ka2 = 2f"8e (el + kafB) = v;

By (€1)), the couple of functions (8;,§;) constructed in Subsection[2.3 represents a family of approzimate
eigenfunctions corresponding to v = v;.

4.3 The contraction argument

The usual procedure in performing a fixed point argument is to apply to the equation an invertible
linear operator first. From the expansions in the last subsection, we showed that the main terms in the
projections onto K are the operators J, T and Ag (the latter is identified by duality with the associated
quadratic form), see (I65), (I68) and (7). By our non-degeneracy assumption on 7, J is invertible
and the same holds also for T, since it is coercive (and in divergence form). It remains then to invert
Ay, which is the content of the next result: before stating it we introduce some notation. Using the
symbology of Subsection we define the spaces

] 4]

Xlﬁgspan{cpj :jO,...,g}; nggspan{wj :jO,...,g};
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. 52 52
X35 :span{ﬁj 2 :——,...,—},
€ €
with X1 5, X2,5 endowed with the H? norm on [0, L], and X3 with the || - ||y norm.
We also call Y7 5,Y25,Y3,5 the same spaces of functions, but endowed with weighted L? norms: by
the normalization after (55) it is natural to put the weights 2’ and h~7 on Y; s and Y3 5 respectively.

Concerning Y3 5, by Remark (23] we will endow it with the product (3, )y, , fo (Q1,088 + Q2,088)d5s
where, as above, ¢ is related to § by (@) and ([[Z4). Notice that by (B5) J and T are exactly diagonal
from X5 5 to Y1 5 and from X5 5 to Y2 s respectively, while A is nearly diagonal (see also (&)).

Lemma 4.4 Letting Iy, ; denote the orthogonal projection onto Y3 s, there exists a sequence e — 0
such that Ao is invertible from X35 into Y35 and such that its inverse satisfies ||(Ily, ;Ao) || < % for
some fized constant C'.

PRrROOF. First of all we show that there exists ex — 0 such that Iy, ; Ap cannot have eigenvalues in Y3 s

smaller in absolute value than C~1ey: after this, we estimate the (stronger) X3 s norm of its inverse.
To prove the claim we apply Kato’s theorem (see [5], page 445): the latter allows to compute the

derivative of an eigenvalue v(e) of Ily, ;Ag with respect to €. The (possibly multiple) value of this

derivative is given by the eigenvalues of Ily, ;0- Ao, restricted to the v(e)-eigenspace of Ily, ;Ao.
Suppose that 3 satisfies the eigenvalue equation Ily, ;Ao = v3, which is equivalent to

L L
(183) /0 AO(ﬂvgvév é) = V/O (Ql,aﬂé + Q2,a§§) for all (éa é) with é € }/375-

Looking at the powers of ¢ in Ag, see (IT6), we write Ag = Ago + €M1 + €2Ag2: notice that Ag g is
negative-definite and Ag 2 positive-definite. We also point out that, since f’ satisfies (1), for f(es)/e to
be L/e-periodic, when we vary € also A4 needs to be adjusted. Precisely, since the total variation of phase

in (@) is
L/e A
A/ h(es)?ds = / ds = const.,

when differentiating with respect to € we find that aA . Hence, applying Kato’s theorem we find
(184) » e OB B). max OB, )

— min , max , ,

R T et e e
where

fo (Ao1 +2eM0.2) (61,41, 02,82) N lfOL(Qf/Q&oz (ef1& — €€ P2 — kafBi B2 — ka&i&2)
[(Q1,0B182 + Qa.aéi162) e [5(Q1,0B182 + Qa,0é162) ’

and where (81, &1), (82, &2) are functions satisfying (I83): using this, ©(81, 52) can be written as

O(f1,32) =

L[ (Mg — Do) (Bry &1, B 2) + £ [ Aoa(Br, 61y B, 2)

foL(Ql,aﬂlﬂz + @Q2,06162)
" lfoL(Qf/QB,a (eB182 — €61 B2 — ka2 — kai&2)
€ fOL (Q1,00182 + Q2,06182)

v 3 fo (Q1,aB105 + Q2,08185) + = fo [k20?(Q1,a 0182 + Q2,661&2) + 2f'kaQs.o(5152 + &1&2)]
< fo (Q1,00102 + Q2,06162)

1y (21'Qs.c (812 — €162 — kafs i — hoa&a)

< fo (Q1,06182 + Q2,06182)
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Applying (B9), @0) and Q1,6 + Q2,0 = 1 (see (E]) and the lines after [@7])), the last expression simplifies
as

v, lfOL(QQQkQ +L4f’akQ3,a)§1§2 +O(52)1.
5 5 fo 16 €

Since the numerator is symmetric in &1, &>, the infimum of the above ratio is realized by some &y, so by
([I84) and the latter formula we find

L
20%k? + 4f akQs3,4)E2
(185) v v, 1 Jo (20°kK* + 4f'akQs,0)&5 o)t >0y e (202K + 4 0kQs o) — C5>
Oe — ¢ ¢ fOL €2 e " € [0,L] '

Notice that for v and ¢ sufficiently small, the coefficient of % in the above formula is positive and uniformly
bounded away from zero. From (G1]) and the asymptotics in (B9) (which follows from the Weyl’s formula),

one can show that Ily, ;Ao has a number of negative eigenvalues of order g. This fact and (I85) yield
the desired claim, which can be obtained as in [14], Proposition 4.5: since the argument is quite similar,
we omit the details.

The above claim provides invertibility of Iy, ;Ao in Y3 5, and gives

(186) 1My, 5 80) ™" Bllva 5 < ||6||Y3 s for any 3 € Ys.5 :

52

we want next to estimate the X35 norm of (Ily, ,Ag)~'B. Let 8 = > ° , b;3; and suppose [ =
: =
52

YF e l;jﬂj is such that IIy, , Ao = 3, in the sense that
=== ’

L
/0 Ao(B,é,8,€) = / (Q10BB+ Qoat€)  forall (8,€) with § € Vs 5.

° ;2 b;3j, then by (BI]) integrating one finds

52 52

lizujz“)j@jjuo((- SRR ) ( Z b2) )<c(ﬂ§;j5§)5( i b2)

j=—% j=—22

Choosing b; = Bj for j > 0 and b; = —I;j for j < 0, from the asymptotics of v; in (59) we obtain for
CH > 0 sufficiently large that

52

e Y lilt<c Z b2 < C|BII3, ,-

Cr<j<2 j=—22

. ) R . R 5
By (I86) we have || 3]y, < $|1Blvs 5, s0 recalling ([[Z5) we get [|5]%, , = 151; < ClIBIR, , < FIBI3,,,.
which yields the conclusion. B

Proor oF THEOREM [I. 1] Let us introduce the operators
Gr: X156 X Xos x X356 — Yis, 1=1,2,3,

defined by duality as

(G1(®D, f2,8), 2)vy 5 :/,5 0vedVs:  (Ga(® f2,8), [)vas Z/jj 0 vy, dVg, ;

€

47



(G5(®, f2. ), B)ys 5 = / 5 75V,

where © = 9(®, fo, 5) is the function appearing in Proposition ETl

By Proposition 2.4 equation (I4) (or () is solved if and only if & = 0: in the above notations, this is
equivalent to finding (@, f2, 3) such that G;(®, f2,3) = 0 for every | = 1,2,3. If &, is the sequence given
in Lemma 4 then Aq is invertible, and the condition © = 0 is equivalent to the system (we set € = ey)

D =6,(D, f2,0) = —1I7G1(D, f2, B) — eJ(D)]
(187) f2 - .]EQ = QSZ((I)a f2) ﬁ) = _E%T_l |:G2((I)’ f2’ ﬁ) - 52Tf2 - 52 f]R"*l F47ian(k(§)Z)dZ

ﬁ = 63 ((I)anaﬁ) = _E(HYB’JAO)_l I:G3((I)) anﬁ) - %HYB,JAOﬁ] )

where § = —21C03, T = CoT (Co = [pn_r U(y)?dy) and where fo = —T1( [, Fu:.U(k(3)2)dz). By
(I63)- (72), (I78)-(I80) and (IBI) one finds

||®1(0ﬂ070)||X1,5 < CE; ”Qsl(ovoﬂo)”Xz,a < C(S, ||Q53(0,070)||X3,5 < 0652;

moreover if ®, fo, 8 satisfy the bounds (I21)), (I26]), then
_ 3 ~ S _
1,0, 2,) = 02(8, o Dl < Clerscanca) (18 = Bl + el = Fllsas + 219 Flxss )

; 9
5

o B 3 S 3
18.(®, for B) — 6,(B, Jo Bl x5 < Cler, canes) ( 9~ Bllx, . + 0l 5o~ Pl + 18- 5||X3,5) ;

165, f2,8) = 65(®, fo. B)lxs s < Cler,ea,cs) (3@ = Bllx, , +8=%1f2 = Follxas + 818 = Allxs) -

We now consider the scaled norms <+ ¢, = | -llx,. 8211 lg,, = I s €20 g, , = I vy ¢ with
this new notation the last formulas become

(188) 16.(0,0,0)|5,, <C;  8.(0,0,0)] g, , <C6%;  [|65(0,0,0)||g, < C5;
18, (®, f2, ) — &,(®, fQ’B)”Xl,a < C(c1,c2,c3) (5||‘1> - ‘i)Hf(m + 07| f2 — J;2||f(2y5 + 0|8 - BHXH) ;
182(®, f2,8) = 8.(&, fo. Bl g, , < Cler,enres) (6310 = Bllg, , +3lf2 = Foll,, + 6218 Bllg, )

185(®, f2,8) = &5(8, /2, B) 5, , < Clereanes) (3@ = Bllg,  + 6o~ Pllx,, +318- B, ,)-

If C is the constant appearing in (I88]), from the last four formulas we deduce that if § is sufficiently
small then (&,,®,, ;) has a fixed point in {||- |, . <2C}tN{]| '—fglle , < 2062} N{]| - l%,, <206}

This, by the comments before (I8T), leads to a solution of () with the desired asymptotics. ®
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