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The geometry emerging from the symmetries G. De Nittis & G. Panati1 IntrodutionTopologial quantum numbers (see [Tho98℄ for a omplete overview) play a prominent role inquantum physis: they appear, just to mention few examples, in the theory of the QuantumHall E�et (QHE) [TKNN82℄ [BSE94℄ (see [Gra07℄ for a reent review), in the ontext ofmarosopi polarization [Tho83℄ [KSV93℄ [Res92℄ [SPT09℄ and in the topologial approahto quantum pumps [AEGS04℄ [GO08℄.A typial way to ompute a topologial quantum number in presene of symmetries is to�brate the C∗-algebra of physial observables, and the Hilbert spae where it is represented,with respet to the ation of an abelian symmetry group. The prototypial example isprovided by periodi systems and the usual Bloh-Floquet transform.Example 1.1 (Periodi systems, intro). The eletron dynamis in a periodi rystal isgenerated by
Hper := −1

2
△ + VΓ (1)de�ned on a suitable domain (of essential self-adjointness) in the Hilbert spae L2(Rd). Theperiodiity of the rystal is desribed by the lattie Γ := {γ ∈ Rd : γ =

∑d
j=1 nj γj, nj ∈

Z} ≃ Zd where {γ1, . . . , γd} is a linear basis of Rd. The potential VΓ is Γ-periodi, i.e.
VΓ( · − γ) = VΓ( · ) for all γ ∈ Γ. The Zd-symmetry is implemented by the translationoperators {T1, . . . , Td}, (Tjψ)(x) := ψ(x − γj). One de�nes the Bloh-Floquet transform,initially for ψ ∈ S(Rd), by posing

(UBFψ)(k, y) :=
∑

γ∈Γ

e−ik·γ
(
T
nj

j ψ
)
(y), k, y ∈ Rd, (2)where γ =

∑
j njγj (see [Ku93℄ or [Pan07℄ for details). De�nition (2) extends to a unitaryoperator

UBF : L2(Rd) −→
∫ ⊕

B

H(k) dk (3)where B ≃ Td is the fundamental ell of the dual lattie Γ∗ (Brillouin zone) and
H(k) :=

{
ϕ ∈ L2

loc(R
d) : ϕ(y + γ) = eik·γϕ(y) ∀γ ∈ Γ

}
.In this representation, the Fermi projetor Pµ = E(−∞,µ)(Hper) is a deomposable operator,in the sense that UBFPµUBF−1 =

∫ ⊕
B
P (k) dk. Thus, under the assumption that µ lies ina spetral gap, the Fermi projetor de�nes (anonially) a omplex vetor bundle over B,whose �ber at k ∈ B is RanP (k) ⊂ H(k) (Bloh bundle). Some geometri properties ofthis vetor bundle are physially measurable: for example, for d = 2, the Chern numberorresponds to the transverse ondutane measured in multiples of 1

2π (in natural units).As far as the time-reversal symmetri Hamiltonian (1) is onerned, suh Chern number iszero; however, the generalization of this proedure to the ase of magneti translations isrelevant in the understanding of the QHE. ◭⊲This paper addresses the following questions:(I) to whih extent is it possible to generalize the Bloh-Floquet transform? how generalis the deomposition proedure outlined above?(II) how does the topology (geometry) of the deomposition emerges?2



The geometry emerging from the symmetries G. De Nittis & G. Panati(III) to whih extent is this topologial information unique? More preisely, does it dependon the Hilbert spae representation of the algebra of observables?As for question (III), we notie in [DFP10℄ that the datum of a C∗-algebra and a sym-metry group does not haraterize the topologial information. Indeed the rational rotation
C∗-algebra (alias the algebra of the nonommutative torus [Con94℄ [Bo01℄ [GVF01℄) ad-mits two inequivalent representations, respetively in L2(R) (Harper representation) and in
L2(T2) or ℓ(Z2) (Hofstadter representation). Both representations an be �bered with re-spet to a Z2-symmetry, but the orresponding Chern numbers are di�erent. This exampleis desribed in detail in [DFP10℄.Here we investigate more generally how and under whih onditions the symmetries of aphysial system are related to observable e�ets whose origin is geometri (e.g. topologialquantum numbers). Our approah is based on a general framework: H is a separable Hilbertspae whih orresponds to the physial states; A ⊂ B(H) is a C∗-algebra of boundedoperators on H whih ontains the relevant physial models (the self-adjoint elements of Aan be thought of as Hamiltonians); the ommutant A′ (the set of all the elements in B(H)whih ommute with A) an be thought of as the set of all the physial symmetries withrespet to the physis desribed by A; any ommutative unital C∗-algebra S ⊂ A′ desribesa set of simultaneously implementable physial symmetries.Definition 1.2 (Physial frame). A physial frame is a triple {H,A,S} where H is aseparable Hilbert spae, A ⊂ B(H) is a C∗-algebra and S ⊂ A′ is a ommutative unital C∗-algebra. The physial frame {H,A,S} is alled irreduible if S is maximal ommutative (1).Two physial frames {H1,A1,S1} and {H2,A2,S2} are said (unitarily) equivalent if thereexists a unitary map U : H1 → H2 suh that A2 = UA1U

−1 and S2 = US1U
−1.One deals often with triples {H,A,S} whose C∗-algebra S desribes symmetries withan intrinsi group struture. In these ases S is related to a representation of the group in

H, as stated in the following de�nition.Definition 1.3 (G-algebra). Let G be a topologial group and G ∋ g 7→ Ug ∈ U (H) astrongly ontinuous unitary representation of G in the group U (H) of the unitary operatorson H. The representation is faithful if Ug = 1 implies g = e (e is the identity of the group)and is algebraially ompatible if the operators {Ug : g ∈ G} are linearly independent in
B(H). Let S(G) be the unital C∗-algebra generated algebraially by {Ug : g ∈ G} andlosed with respet to the operator norm of B(H). When the representation of G is faithfuland algebraially ompatible we say that S(G) is a G-algebra in H.The answer to question (I) is provided in Setion 6, with a ompletely satisfatory answerin the ase in whih S is a Zd-algebra (Theorem 6.4). Questions (II) and (III) are addressedin Setion 7, in partiular by Theorem 7.9. During the preparation of the paper, we real-ized that this subjet is losely related to von Neumann's omplete spetral theorem and toMaurin's nulear spetral theorem. For the sake of a self-onsistent exposition we deided toreview them in Setion 3 and Setion 4 respetively.(1)We reall that a ommutative C∗-algebra S ⊆ B(H) is maximal ommutative if there is no other om-mutative C∗-algebra in B(H) whih ontains properly S. Clearly the ondition of maximal ommutativityimplies the existene of a unit. 3



The geometry emerging from the symmetries G. De Nittis & G. PanatiIn greater detail, the ontent of the paper is the following:- Setion 3 is devoted to review the von Neumann's omplete spetral theorem (Theorem3.1). This is a general result whih provides an abstrat deomposition of the type (3) forany physial frame {H,A,S}. The theorem provides a haraterization of the base spae forthe deomposition (whih oinides with the Gel'fand spetrum of the C∗-algebra S) andof the measure (basi measure) whih glues the �bers in suh a way that the Hilbert spaestruture is preserved. However, the onstrution of the �ber spaes is abstrat and the�bration is unique only in a measure theoreti sense, so unsuitable to investigate topologialproperties.- Setion 4 ontains a review of the Maurin's nulear spetral theorem (Theorem 4.1), aompletion of the von Neumann's theorem. Maurin exhibits a haraterization of the �berspaes of the deomposition as spaes of ommon generalized eigenvetors for the operators
S. Although the Maurin's result does not provide any algorithm to build the deomposition,it suggests how to generalize formula (2) to more general ases.- Setion 5 onerns the notion of wandering property for a ommutative C∗-algebra gener-ated by a �nite family of independent operators. This notion is of partiular relevane whenthe generators of the C∗-algebra are unitary operators. In this ase the wandering propertyassures that the C∗-algebra is a ZN -algebra with N the number of generators. Moreoverthe Gel'fand spetrum of the C∗-algebra is fored to be the dual group of ZN , i.e. the N -dimensional torus TN .- Setion 6 ontains our �rst novel ontribution: the extension of the formula (17) to thease of a ZN -algebra whih satis�es the wandering property. This generalized Bloh-Floquettransform provides a onrete reipe to deompose the Hilbert spae aording to the vonNeumann and Maurin theorems. The general (algebrai) ontext in whih the Bloh-Floquettransform makes sense allows us to generalize (to �algebrize�) some ustomary notions likethat of loalized Wannier funtions.- Setion 7 is devoted to shows how a non trivial topology (and geometry) emerges in aanonial way from the deomposition indued by the generalized Bloh-Floquet transform.This geometri struture is essentially unique, so the emerging geometrial information is a�ngerprint of the given physial frame.Aknowledgements: It is a pleasure to thank Gianfausto Dell'Antonio for many stim-ulating disussions, and for his onstant advise and enouragement.2 Some guiding examplesWe support the theory with some expliit examples. A more di�ult and physially relevantexample is disussed in [DFP10℄.A simple prototypial exampleExample 2.1 (Symmetries indued by a �nite group). It is well known that every �niteommutative group is isomorphi to a produt group F = Zp1 × . . . × ZpN

, where Zpj
:=

{[0], . . . , [pj − 1]} is the yli group of order pj ∈ N. For every t := (t1, . . . , tN ) ∈ F̂,with F̂ :=
∏N
j=1{0, . . . , pj − 1}, let gt := ([t1], . . . , [tN ]) be a generi element in F. Theset of indies F̂ oinides with the dual group of F. The order of the group is equalsto the order of its dual, |F| = |F̂| = p1 . . . pN . Let U : F → U (H) be a faithful and4



The geometry emerging from the symmetries G. De Nittis & G. Panatialgebraially ompatible unitary representation on a separable Hilbert spae H. In partiular
U1 := U([1],[0],...,[0]), . . . , UN := U([0],[0],...,[1]) is a minimal family of generators for the F-algebra
S(F). Using a multiindex notation we an write Ugt = U t11 . . . U tNN =: U t for all gt ∈ F. Theondition Upj

j = 1 implies that if Uj has an eigenvalue then it should be a root of the unity oforder pj , i.e. a suitable integer power of zj := exp i(2π/pj). Some relevant questions arise ina natural way: is it possible to ompute algorithmially the eigenvalues and the eigenspaesof the generators Uj? Is it possible to diagonalize simultaneously the C∗-algebra S(F) andto ompute its Gel'fand spetrum (the set of the simultaneous eigenvalues)? The answers tothese questions are impliit in the following formula:
Pt :=

1

|F|
∑

gn∈F

z−it·n Ugn :=
1

p1 . . . pN

∑

n∈bF

(e−i 2π
p1
t1)n1 . . . (e−i 2π

pN
tN )nN Un1

1 . . . UnN

N . (4)For all t ∈ F̂ equation (4) de�nes an orthogonal projetion; indeed it is immediate to hekthat: 1) P †
t = Pt (the adjoint produes a permutation of the indies in the sum); 2) PtPt′ =

δt,t′Pt (sine ∑06n6pj−1 zj
tjnj = pj δtj ,0); 3) from the property of algebrai ompatibilityit follows that Pt 6= 0 for all t ∈ F̂; 4) ⊕t∈bF

Pt = P0 = 1; 5) UjPt = zj
tj Pt for all

j = 1, . . . , N . We will refer to Pt as the t-th Bloh-Floquet projetion. The family of theprojetions {Pt}t∈bF
indues an orthogonal deomposition of the Hilbert spae H labelled bythe set F̂. Let H(t) := Ran(Pt), then the map

H
US(F)−→

⊕

t∈bF

H(t) (5)de�ned by (US(F)ϕ)(t) := Ptϕ =: ϕ(t) is alled (disrete) Bloh-Floquet transform.The trans-form US(F) is unitary sine ‖ϕ‖2
H =

∑
t∈bF

‖Ptϕ‖2
H. Every Hilbert spae H(t) is a spae ofsimultaneous eigenvetors for the C∗-algebra S(F), and the orresponding eigenvalues aregenerated as funtions of zt11 , . . . , ztNN . In partiular the Gel'fand spetrum of S(F) (whihoinides with the joint spetrum of the generating family U1, . . . , UN ) is (homeomorphi to)the dual group F̂. Finally the transform US(F) maps the Hilbert spae H into a ��bered�spae over the disrete set F̂. The Hilbert struture is obtained �gluing� the �ber spaes H(t)by the ounting measure de�ned on F̂ (diret integral, Appendix B). The natural proje-tion ⊕t∈bF

H(t)
π→ F̂ indues on the �bered spae also the struture of vetor bundle (with

0-dimensional basis). ◭⊲In the rest of this work we will generalize the previous deomposition to ases in whihthe C∗-algebra of the symmetries is more ompliated than the one generated by a �nitegroup. However, this simple example enodes already many relevant aspets whih appearin the general ases.Two examples of physial frameExample 2.2 (Periodi systems, part one). The Gel'fand-Na��mark Theorem shows thatthere exists a isomorphism between the ommutative C∗-algebra C0(σ(Hper)) and a ommu-tative non-unital C∗-algebra A0(Hper) of bounded operators in H. The elements of A0(Hper)are the operators f(Hper) ∈ B(H), for f ∈ C0(σ(Hper)), obtained via the spetral theorem.Let A(Hper) be the multiplier algebra of A0(Hper) in B(H). This is a unital ommuta-tive C∗-algebra whih ontains A0(Hper) (as an essential ideal), its Gel'fand spetrum isa (Stone-Čeh) ompati�ation of σ(Hper) and the Gel'fand isomorphism maps A(Hper)5



The geometry emerging from the symmetries G. De Nittis & G. Panatiinto the unital C∗-algebra of the ontinuous and bounded funtions on σ(Hper) denoted by
Cb(σ(Hper)) (see Appendix A for details). We assume that A(Hper) is the C∗-algebra ofphysial models.Sine [Ti;Tj ] = 0 for any i, j, it follows that the unital C∗-algebra ST generated bythe translations, their adjoints and the identity operator is ommutative. Moreover, sine
[Hper;Tj ] = 0 it follows that ST ⊂ A(Hper)′. Then the translations ST are simultaneouslyimplementable physial symmetries for the physis desribed by the Hamiltonian (1). Thus
{L2(Rd),A(Hper),ST } is a physial frame. It is a onvenient model to study the propertiesof an eletron in a periodi medium. ◭⊲Example 2.3 (Mathieu-like Hamiltonians, part one). Let T := R/(2πZ) be the one-dimensional torus. In the Hilbert spae L2(T) onsider the Fourier orthonormal basis {en}n∈Zde�ned by en(θ) := (2π)−

1
2 einθ. Let u and v be the unitary operators de�ned, for g ∈ L2(T),by

(ug)(θ) := eiθ g(θ), (vg)(θ) := g(θ − 2πβ), uv = ei2πβ vu (6)with β ∈ R. The last equation in (6) shows that the unitaries u and v satisfy the ommutationrelation of a nonommutative torus with deformation parameter β (see [Bo01℄ Chapter 1or [GVF01℄ Chapter 12 for more details). We will denote by A
βM ⊂ B(L2(T)) the unital

C∗-algebra generated by u, v (u0 = v0 := 1) and their adjoints. We will all A
βM the Mathieu

C∗-algebra (2) and its elements will be alled Mathieu-like operators. This name is due to thefat that the Hamiltonian h := u+u†+v+v† ∈ A
βM appears in the well know (almost-)Mathieueigenvalue equation

(hg)(θ) = g(θ − 2πβ) + g(θ + 2πβ) + 2 cos(θ)g(θ) = εg(θ). (7)The ation of u and v on the Fourier basis is given expliitly by uen = en+1 and ven =e−i2πnβen for all n ∈ Z.We fous now on the ommutant A
βM′ of the Mathieu C∗-algebra. Let s ∈ B(L2(T)) bea bounded operator suh that [s; u] = 0 = [s; vβ] and let sen =

∑
m∈Z

sn,m em be the ationof s on the basis vetors. The relation [s; u] = 0 implies sn+1,m+1 = sn,m and the relation
[s; vβ] = 0 implies e−i2π(m−n)βsn,m = sn,m for all n,m ∈ Z. If β /∈ Q then e−i2π(m−n)β 6= 1unless n = m, hene sn,m = 0 if n 6= m and the ondition sn+1,n+1 = sn,n implies that s = s1with s ∈ C. This shows that in the irrational ase β /∈ Q the ommutant of the Mathieu
C∗-algebra is trivial. To have a non trivial ommutant we need to assume that β := p/q with
p, q non zero integers suh that gd(q, p) = 1. In this ase the ondition s ∈ A

p/qM ′ impliesthat sn,m 6= 0 if and only if m−n = kq for some k ∈ Z, moreover sn,n+kq = s0,kq =: s′k for all
n ∈ Z. Let w be the unitary operator de�ned on the basis by wen := en+q, namely w = (u)q.The relations for the ommutant imply that s ∈ A

p/qM if and only if s =
∑

k∈Z
s′k wk. Thenin the rational ase the ommutant of the Mathieu C∗-algebra is the von Neumann algebragenerated in B(L2(T)) as the strong losure of the family of �nite polynomials in w. Wewill denote by S

qM the unital ommutative C∗-algebra generated by w. Observe that it doesnot depend on p. The triple {L2(T),A
q/pM ,SqM} is an example of physial frame. ◭⊲(2)Suh a algebra is a representation of the rotation C∗-algebra and in partiular is faithful when β /∈ Q[Bo01℄. Sine in this paper we fous on properties whih do depend on the representation, we will adoptdi�erent names for images of the same abstrat C∗-algebra under unitarily inequivalent representations.

6



The geometry emerging from the symmetries G. De Nittis & G. PanatiFinally, we introdue some notation whih will be useful in the following.Remark 2.4 (Notation). The N -dimensional torus TN := RN/(2πZ)N is parametrizedby the ube [0, 2π)N : for every t = (t1, . . . , tN ) in the ube, z(t) := (z1(t), . . . , zN (t)), with
zj(t) := eitj , is a point of TN . The normalized Haar measure is dz(t) = dt1...dtN/(2π)N . �♦3 The omplete spetral theorem by von NeumannThe omplete spetral theorem is a useful generalization of the usual spetral deompositionof a normal operator on a Hilbert spae. It shows that symmetries redues the desription ofthe full algebra A to a family of simpler representations. The main tool used in the theoremis the notion of the diret integral of Hilbert spaes (Appendix B). The �spetral� ontentof the theorem amounts to the haraterization of the base spae for the deomposition(the �set of labels�) and of the measure whih glues together the spaes so that the Hilbertspae struture is preserved. These information emerges essentially from the Gel'fand theory(Appendix A). The de�nitions of deomposable and ontinuously diagonal operator arereviewed in Appendix B.Theorem 3.1 (von Neumann's omplete spetral theorem). Let {H,A,S} a physial frameand µ the basi measure arried by the spetrum X of S (see Appendix A). Then there exista) a diret integral H :=

∫ ⊕
X H(x) dµ(x) with H(x) 6= {0} for all x ∈ X,b) a unitary map FS : H → H, alled S-Fourier transform (3),suh that:(i) the unitary map FS intertwines the Gel'fand isomorphism C(X) ∋ f

G7−→ Af ∈ S andthe anonial isomorphism of C(X) onto the ontinuously diagonal operators C(H), i.e.the following diagram ommutes
f ∈ C(X)

G

xxqqqqqqqqqq

''PPPPPPPPPPPP

S ∋ Af
FS ...FS

−1
// Mf (·) ∈ C(H)(ii) the unitary onjugation FS . . .F−1

S
maps the elements of A in deomposable operatorson H; more preisely there is a measurable family x 7→ πx of representations of A on

H(x) suh that FS A FS
−1 =

∫ ⊕
X πx(A) dµ(x);(iii) the representations πx are irreduible if and only if the physial frame {H,A,S} isirreduible.Remark 3.2. For a omplete proof of the above theorem one an see [Mau68℄ (Theorem25 in Chapter I and Theorem 2 in Chapter V) or [Dix81℄ (Theorem 1 in Part II, Chapter 6).For our purposes it is interesting to reall how the �ber Hilbert spaes H(x) are onstruted.For ψ,ϕ ∈ H let µψ,ϕ = hψ,ϕ µ the relation whih links the spetral measure µψ,ϕ withthe basi measure µ. For µ-almost every x ∈ X the value of the Radon-Nikodym derivative

hψ,ϕ in x de�nes a semi-de�nite sesquilinear form on H, i.e. (ψ;ϕ)x := hψ,ϕ(x). Let Ix :=(3) Aording to the terminology used in [Mau68℄. 7



The geometry emerging from the symmetries G. De Nittis & G. Panati
{ψ ∈ H : hψ,ψ(x) = 0}. Then the quotient spae H/Ix is a pre-Hilbert spae and H′(x)is de�ned to be the its ompletion. By onstrution H′(x) 6= {0} for µ-almost every x ∈ X.Let N ⊂ X be the µ- negligible set on whih H′(x) is trivial or not well de�ned. Then
H :=

∫ ⊕
X H(x) dµ(x) with H(x) := H′(x) if x ∈ X \N and H(x) := H if x ∈ N where H isan arbitrary non trivial Hilbert spae. �♦The previous theorem provides only a partial answer to our motivating questions. Firstly,it provides only a partial answer to question (I), sine no expliit and omputable �reipe�to onstrut the �ber Hilbert spaes is given. More importantly, Theorem 3.1 onerns ameasure-theoreti deomposition of the Hilbert spae, but it does not selet a topologialstruture, yielding no answer to question (II). In more geometri terms, the elements of∫ ⊕

X H(x) dµ(x) an be regarded as L2-setions of a �bration over X, while the topologialstruture is enoded by the (still not de�ned) spae of ontinuous setions. We will showin Setion 7 that the Bloh-Floquet transform provides a natural hoie of a subspae of∫ ⊕
X H(x) dµ(x) whih an be interpreted as the subspae of ontinuous setions, thus yieldinga topologial struture.Given the triple {H,A,S}, the diret integral deomposition invoked in the statementof Theorem 3.1 is essentially unique in measure theoreti sense. The spae X is unique upto homeomorphism: it agrees with the spetrum of C(H) in suh a way that the anonialisomorphism of C(X) onto C(H) may be identi�ed with the Gel'fand isomorphism. As for theuniqueness of the diret integral deomposition, the following result holds true (see [Dix81℄Theorem 3 in Part II Chapter 6).Theorem 3.3 (Uniqueness). With the notation of Theorem 3.1, let ν be a positive measurewith support X, ∏x∈X K(x) a �eld of non-zero Hilbert spaes over X, K :=

∫ ⊕
X K(x) dν(x),

C(K) the ommutative unital C∗-algebra of ontinuously diagonal operators on K and C(X) →
C(K) the anonial isomorphism. Let W be a unitary (antiunitary) map from H onto Ktransforming Af ∈ S into M ′

f (·) ∈ C(K) for all f ∈ C(X), i.e. suh that the �rst diagramommutes.
Mf (·) ∈ C(H)

77
FS ...FS

−1

ooooooooooo gg

PPPPPPPPPPPP

S ∋ Af

W ...W−1 ''NNNNNNNNNNN
oo G

f ∈ C(X)

wwoooooooooooo

M ′
f (·) ∈ C(K)

H??
FS

~~
~~

~~
~

W (·)

���
�

�

�

�

�

�

H

W ��@
@@

@@
@@

KThen, µ and ν are equivalent measures (so one an assume that µ = ν up to a resalingisomorphism). Moreover there exists a deomposable unitary (antiunitary) W (·) from H onto
K, suh that W (x) : H(x) → K(x) is a unitary (antiunitary) operator µ-almost everywhereand W = W (·) ◦ FS, i.e. the seond diagram ommutes.Corollary 3.4 (Unitary equivalent triples). Let {H1,A1,S1} and {H2,A2,S2} be twoequivalent physial frames and U the unitary map whih intertwines between them. Let H1and H2 denote the diret integral deomposition of the two triples and let FS1 and FS2 bethe two S-Fourier transforms. The unitary map FS2 ◦ U : H → H2 transforms Af ∈ Sinto M ′

f (·) ∈ C(H2) for all f ∈ C(X). Then there exists a deomposable unitary operator
W (·) : H1 → H2 suh that W (x) : H1(x) → H2(x) is a unitary map µ-almost everywhere and
W (·) = FS2 ◦ U ◦ FS1

−1. 8



The geometry emerging from the symmetries G. De Nittis & G. PanatiFor sake of ompleteness, we also point out that two C∗-algebras S1 and S2 in A′ whihare unitarily or anti-unitarily equivalent orresponds to deompositions whih are equivalent(in the sense below).Corollary 3.5 (Unitary equivalent symmetries algebras). Let {H,A,S1} and {H,A,S2}be physial frames suh that S2 = US1U
−1 with U a unitary (anti-unitary) operator in H.Let H1 and H1 denote the diret integral deomposition of the two triples and let FS1 and

FS2 be the two S-Fourier transforms. The unitary (anti-unitary) map FS2 ◦ U : H → H2transforms Af ∈ S into M ′
f (·) ∈ C(H2) for all f ∈ C(X). Then there exists a unitary(anti-unitary) deomposable operator W (·) : H1 → H2 suh that W (x) : H1(x) → H2(x) is aunitary (anti-unitary) map µ-almost everywhere and W (·) = FS2 ◦ U ◦ FS1

−1.4 The nulear spetral theorem by MaurinThe omplete spetral theorem by von Neumann shows that any physial frame {H,A,S}admits a representation in whih the Hilbert spae is deomposed (in a measure-theoretiallyunique way) in a diret integral FS : H →
∫ ⊕
X H(x) dµ(x), the elements of S are diagonalizedsimultaneously and the C∗-algebra A is deomposed on the �bers. The ontribution ofMaurin is a haraterization of the �ber spaes H(x) as ommon generalized eigenspaes for

S. In this sense the map FS|x restrited to the point x ∈ X is a sort of generalization ofthe projetion (4). The key ingredient for the Maurin's theorem is the notion of (nulear)Gel'fand triple. A Gel'fand triple {Φ,H,Φ∗} onsists of a separable Hilbert spae H, a norm-dense subspae Φ ⊂ H suh that Φ has a topology for whih it is a nulear spae and theinlusion map ı : Φ →֒ H is ontinuous. Identifying H with its dual spae H∗ one has thethe inlusion ı∗ : H →֒ Φ∗ where Φ∗ is the topologial dual of Φ and ı∗ is the adjoint of themap ı. The duality pairing between Φ and Φ∗ has to be ompatible with the salar produton H, namely 〈ψ1, ψ2〉 = (ψ1, ψ2)H whenever ψ1 ∈ Φ∗ ∩ H and ψ2 ∈ Φ. In some sense thestruture Φ→֒H→֒Φ∗ provides an �enlargement� (rigging) of the spae H. In Appendix Cthe reader �nd a short review about the theory of nulear spaes and the notion of Gel'fandtriple.Assume the notation of Theorem 3.1. Let {ξk(·) : k ∈ N} be a fundamental familyof orthonormal measurable vetor �elds (see Appendix B) for the diret integral H de�nedby the S-Fourier transform FS. Any square integrable vetor �eld ϕ(·) an be written in aunique way as ϕ(·) =
∑

k∈N
ϕ̂k(·) ξk(·) where ϕ̂k ∈ L2(X, dµ) for all k ∈ N. Equipped withthis notation, the salar produt in H reads

〈ϕ(·);ψ(·)〉H =

∫

X

dim H(x)∑

k=1

ϕ̂k(x) ψ̂k(x) dµ(x).For any ϕ ∈ H let ϕ(·) := FSϕ be the square integrable vetor �eld obtained from ϕ by the
S-Fourier transform. Denote with Af ∈ S the operator assoiated with f ∈ C(X) throughthe Gel'fand isomorphism. One heks that

̂(FSAfϕ)k(x) = (ξk(x); f(x)ϕ(x))x = f(x) ϕ̂k(x) k = 1, 2, . . . ,dim H(x). (8)Suppose that {Φ,H,Φ∗} is a Gel'fand triple for the spae H. If ϕ ∈ Φ then the map
Φ ∋ ϕ 7→ ϕ̂k(x) := (ξk(x);ϕ(x))x ∈ C is linear and moreover it is possible to show thatit is ontinuous with respet to the nulear topology of Φ. This means that there exists afuntional ηk(x) ∈ Φ∗ suh that

〈ηk(x);ϕ〉 := ϕ̂k(x) = (ξk(x);ϕ(x))x k = 1, 2, . . . ,dim H(x). (9)9



The geometry emerging from the symmetries G. De Nittis & G. PanatiSuppose that Af : Φ → Φ is ontinuous with respet to the nulear topology. Then fromequations (8) and (9) and the sesquilinearity of the dual pairing between Φ and Φ∗ one hasthat
〈Af ηk(x);ϕ〉 = 〈ηk(x);Afϕ〉 = f(x) ϕ̂k(x) = 〈f(x)ηk(x);ϕ〉 k = 1, 2, . . . ,dim H(x) (10)for all ϕ ∈ Φ. Hene,

Af ηk(x) = f(x) ηk(x)as a linear funtional. In this sense ηk(x) is a generalized eigenvetor for Af . These argumentsjustify the following statement:Theorem 4.1 (Maurin's nulear spetral theorem). With the notation and the assumptionsof Theorem 3.1 let {Φ,H,Φ∗} be a nulear Gel'fand triple for the spae H suh that Φ is
S-invariant, i.e. eah A ∈ S is a ontinuous linear map A : Φ → Φ. Then:(i) for all x ∈ X the S-Fourier transform FS|x : Φ → H(x) suh that Φ ∋ ϕ 7→ ϕ(x) ∈

H(x) is ontinuous with respet the nulear topology for µ-almost all x ∈ X;(ii) there is a family of linear funtionals {ηk(x) : k = 1, 2, . . . ,dim H(x)} ⊂ Φ∗ suh thatequations (9) and (10) hold true for µ-almost all x ∈ X;(iii) with the identi�ation ηk(x) ↔ ξk(x) the Hilbert spae H(x) is (isomorphi to) a vetorsubspae of Φ∗; with this identi�ation the FS-Fourier transform is de�ned on the denseset Φ by
Φ ∋ ϕ

FS |x7−→
dim H(x)∑

k=1

〈ηk(x);ϕ〉 ηk(x) ∈ Φ∗ (11)and the salar produt in H(x) is formally de�ned by posing (ηk(x); ηj(x))x := δk,j;(iv) under the identi�ation in (iii) the spaes H(x) beome the generalized ommon eigen-spaes of the operators in S in the sense that if Af ∈ S then Af ηk(x) = f(x) ηk(x)for µ-almost every x ∈ X and all k = 1, 2, . . . ,dim H(x).For a proof we refer to [Mau68℄ (Chapter II). The identi�ation at point (iii) of theTheorem 4.1 depends on the hoie of a fundamental family of orthonormal measurablevetor �elds {ξk(·) : k ∈ N} for the diret integral H, whih is learly not unique. If
{ζk(·) : k ∈ N} is a seond fundamental family of orthonormal measurable �elds for H thenthere exists a deomposable unitary map W (·) suh that W (x)ξk(x) = ζk(x) for µ-almost all
x ∈ X and all k ∈ N. The omposition U := FS

−1◦W (·)◦FS is a unitary isomorphism of theHilbert spae H whih indues a linear isomorphism between the Gel'fand triples {Φ,H,Φ∗}and {Ψ,H,Ψ∗} where Ψ := UΦ is a nulear spae inH with respet the indued topology of Φby the map U (i.e. de�ned by the family of seminorms p′α := pα◦U−1) and Ψ∗, the topologialdual of Ψ, is tUΦ∗, in view of the ontinuity of U : Φ → Ψ. The isomorphism of the Gel'fandtriples is ompatible with the diret integral deomposition. Indeed if ϑk(x) ↔ ζk(x) is theidenti�ation between the new basis {ζk(x) : k = 1, 2, . . . ,dim H(x)} of H(x) and a familyof linear funtionals {ϑk(x) : k = 1, 2, . . . ,dim H(x)} ⊂ Ψ∗ then equation (9) implies thatfor any ϕ ∈ Ψ

〈ϑk(x);ϕ〉 := (ζk(x);ϕ(x))x =
(
ξk(x);W (x)−1ϕ(x)

)
x

= 〈ηk(x);U−1ϕ〉 = 〈Uηk(x);ϕ〉. (12)10



The geometry emerging from the symmetries G. De Nittis & G. PanatiProposition 4.2. Up to a anonial identi�ation of isomorphi Gel'fand triples (globalhange of basis) the realization (11) of the �ber spaes H(x) as generalized ommon eigen-spaes is anonial in the sense that it does not depend on the hoie of fundamental familyof orthonormal measurable �elds.From Proposition 4.2 and Corollaries 3.4 and 3.5 it follows that:Corollary 4.3. Up to a anonial identi�ation of isomorphi Gel'fand triples (globalhange of basis) the realization (11) of the �ber spaes H(x) as generalized ommon eigen-spaes is preserved by a unitary transform of the triple {H,A,S} or by a unitary equivalenthoie of the ommutative C∗-algebra S.Theorem 4.1 assumes the existene of a S-invariant nulear spae and the related Gel'fandtriple. If S is generated by a ountable family, suh nulear spae does exist and there is analgorithmi proedure to onstrut it.Theorem 4.4 (Existene of the nulear spae [Mau68℄). Let {A1, A2, . . .} a ountable familyof ommuting bounded normal operators on the separable Hilbert spae H whih generate(together with their adjoints and the identity) the ommutative C∗-algebra S. Then thereexists a ountable S-yli system {ψ1, ψ2, . . .} whih generates a nulear spae Φ ⊂ H suhthat: a) Φ is dense in H; b) the embedding ı : Φ →֒ H is ontinuous; ) the maps Amj : Φ → Φare ontinuous for all j,m ∈ N.Remark 4.5. For the proof of Theorem 4.4 see [Mau68℄ (Chapter II, Theorem 6). Wereall that a ountable (or �nite) family {ψ1, ψ2, . . .} of orthonormal vetors in H is a S-yli system for S if the set {A†bAaψk : k ∈ N, a, b ∈ N∞�n} is dense in H, where N∞�nis the spae of sequenes in N whih are de�nitely zero and Aa := Aa11 A
a2
2 . . . AaN

N for someinteger N . Any C∗-algebra S (not neessarily ommutative) has many S-yli systems.Indeed one an start from a generi orthonormal vetor ψ1 ∈ H to build the losed subspae
H1 spanned by the ation of S on ψ1. If H1 6= H one an hoose a seond orthonormalvetor ψ2 in the orthogonal omplement of H1 to build the losed subspae H2. Sine His separable, this proedure produes a ountable (or �nite) family {ψ1, ψ2, . . .} suh that
H = H1 ⊕H2 ⊕ . . .. Obviously this onstrution is not unique. The nulear spae Φ laimedin Theorem 4.4 depends on the hoie of a S-yli system and generially many inequivalenthoies are possible. �♦5 The wandering propertyAn interesting and generally unsolved problem is the onstrution of the invariant subspaesof an operator or of a family of operators. Let S be a C∗-algebra ontained in B(H). If
ψ ∈ H then the subspae S[ψ] generated by the ation of S on the vetor ψ is an invariantsubspae for the C∗-algebra. The existene of a partiular deomposition of the Hilbert spaein invariant subspaes depends on the nature of the C∗-algebra. The problem is reasonablysimple to solve for the C∗-algebras whih satisfy the wandering property.Definition 5.1 (wandering property). Let S be a ommutative unital C∗-algebra gener-ated by the ountable family {A1, A2, . . .} of ommuting bounded normal operators and theiradjoints (with the onvention A0

j := 1) in a separable Hilbert spae H. We will say that Shas the wandering property if there exists a (at most) ountable family {ψ1, ψ2, . . .} ⊂ H oforthonormal vetors whih is S-yli (aording to Remark 4.5) and suh that
(ψk;A

†bAaψh)H = ‖Aaψk‖2
H δk,h δa,b ∀ h, k ∈ N, ∀ a, b ∈ N∞�n, (13)11



The geometry emerging from the symmetries G. De Nittis & G. Panatiwhere Aa := Aa11 A
a2
2 . . . AaN

N , δk,h is the usual Kroneker delta and δa,b is the Kroneker deltafor the multiindies a and b.Let Hk := S[ψk] be the Hilbert subspae generated by the ation of S on the vetor
ψk. If S has the wandering property then the Hilbert spae deomposes as H =

⊕
k∈N

Hkand eah Hk is an S-invariant subspae. We will refer to Hk as wandering subspaes andto {ψ1, ψ2, . . .} as the wandering system. In these subspaes eah operator Aj ats as aunilateral weighted shift and this justi�es the use of the adjetive �wandering� (see [NF70℄Chapter 1, Setions 1 and 2). The wandering property implies many interesting onsequenes.Proposition 5.2. Let S be a ommutative unital C∗-algebra generated by the (at most)ountable family {A1, A2, . . .} of ommuting bounded normal operators and their adjoints ina separable Hilbert spae H. Suppose that S has the wandering property with respet thefamily of vetors {ψ1, ψ2, . . .}, then:(i) the generators an not be selfadjoint nor nilpotent;(ii) if the generators are invertible then S must be �nitely generated;(iii) every generator whih is unitary has no eigenvetors;(iv) if the generators are unitary then S is a ZN -algebra for some positive integers N .Proof. To prove (i) observe that equation (13) implies that Aaj = 1 if an only if a = 0; then
Aj an not be nilpotent. Moreover the ondition Aj = A†

j implies that Ajψk = 0 for all ψkin the system and the S-yliity imposes Aj = 0. To prove (ii) suppose that the generators
A1, A2, . . . are invertible. Then ϕ(k)

a1 := Aa11 ψk, ϕ(k)
a1,a2 := Aa11 A

a2
2 ψk, ϕ(k)

a1,a2,... := Aa11 A
a2
2 . . . ψkare all independent non zero vetors in H. Then the ardinality of a basis of Hk is theardinality of N + N2 + N3 + · · · . Sine H is separable any basis of Hk must be at mostountable, hene one must stop after a �nite number of steps. This shows that the numberof invertible generators is neessarily �nite. If the generators of S are unitary then from (ii)it follows that they must be in a �nite number, i.e. {U1, U2, . . . UN}, and (i) implies thatthey are not nilpotent. The map ZN ∋ a := (a1, . . . , aN ) 7→ Ua := Ua11 . . . UaN

N ∈ U (H) isa faithful unitary representation of ZN on H. Sine ZN is disrete the representation is also(strongly) ontinuous. To prove (iii) observe that if {U,A1, A2, . . .} is a set of ommutinggenerators for S with U unitary, then eah vetor ϕ ∈ H an be written as ϕ =
∑

n∈Z
Unχnwhere χn =

∑
k∈N

αkA
a(k)ψk. Evidently Uϕ =

∑
n∈Z

Unχn−1 and equation (13) implies that
‖ϕ‖2

H =
∑

n∈Z
‖χn‖2

H. If Uϕ = λϕ, with λ ∈ S1, then a omparison between the omponentsprovides χn−1 = λχn, i.e. χn = λ−nχ0 for all n ∈ Z. This ontradits the onvergene of theseries expressing the norm of ϕ. To prove (iv) we need only to show that the representation isalgebraially ompatible. Suppose that ∑a∈ZN αaU
a = 0; then from equation (13) it followsthat 0 = (U bψk;

∑
a∈ZN αaU

aψk)H = αb for all b ∈ ZN , and this onludes the proof. �Proposition 5.2 shows that the wandering property fores a ommutative C∗-algebragenerated by unitary operators to be a ZN -algebra. This is exatly what happens in theases in whih we are mostly interested.Example 5.3 (Periodi systems, part two). The ommutative unital C∗-algebra ST de�nedin Example 2.2 is generated by a unitary faithful representation of Zd on L2(Rd), given by
Zd ∋ m 7→ Tm ∈ U (L2(Rd)) where m := (m1, . . . ,md) and Tm := Tm1

1 . . . Tmd

d . The C∗-algebra ST has the wandering property. Indeed let Q0 := {x =
∑d

j=1 xjγj : −1/2 6 xj 612



The geometry emerging from the symmetries G. De Nittis & G. Panati
1/2, j = 1, . . . , d} the fundamental unit ell of the lattie Γ and Qm := Q0 +m its translatedby the lattie vetor m :=

∑d
j=1mjγj . Let {ψk}k∈N ⊂ L2(Rd) be a family of funtionswith support in Q0 providing an orthonormal basis of L2(Q0) up to the natural inlusion

L2(Q0) →֒ L2(Rd). This system is ST -yli sine L2(Rd) =
⊕

m∈Zd L2(Qm). Moreover, itis wandering under the ation of ST sine the intersetion Q0 ∩ Qm has zero measure forevery m 6= 0. The ardinality of the wandering system is ℵ0. Proposition 5.2 assures that
ST is a Zd-algebra. Moreover, as a onsequene of Proposition 5.8, the Gel'fand spetrumof ST is homeomorphi to the d-dimensional torus Td and the normalized basi measure isthe Haar measure dz on Td. ◭⊲Example 5.4 (Mathieu-like Hamiltonians, part two). The unital ommutative C∗-algebra
S
qM ⊂ B(L2(T)) de�ned in Example 2.3 is generated by a unitary faithful representation ofthe group Z on the Hilbert spae L2(T). Indeed, the map Z ∋ k 7→ wk ∈ U (L2(T)) is aninjetive group homomorphism. The set of vetors {e0, . . . , eq−1} ⊂ L2(T) shows that the

C∗-algebra S
qM has the wandering property. In this ase the ardinality of the wanderingsystem is q. Proposition 5.2 assures that S

qM is a Z-algebra. Moreover, Proposition 5.8 willshow that the Gel'fand spetrum of S
qM is homeomorphi to the 1-dimensional torus T andthe normalized basi measure on the spetrum oinide with the Haar measure dz on T.The �rst laim agrees with the fat that the Gel'fand spetrum of S

qM oinides with the(Hilbert spae) spetrum of w, the generator of the C∗-algebra, and σ(w) = T. The laimabout the basi measure agrees with the fat that the vetor e0 is yli for the ommutantof S
qM (whih is the von Neumann algebra generated by A

p/qM ). Indeed, a general result(see Appendix A) assures that the spetral measure µe0,e0 provides the basi measure. Todetermine µe0,e0 let P(w) :=
∑

k∈Z
αkw

k be a generi element of S
qM. From the de�nition ofspetral measure it follows

α0 = (e0;P(w)e0) =

∫

T

P(z) dµe0,e0(z) =
∑

k∈Z

αk

∫ 2π

0
eikt dµ̃e0,e0(t). (14)where the measure µ̃e0,e0 is related to µe0,e0 by the hange of variables T ∋ z 7→ t ∈ [0, 2π)de�ned by z := eit aording to Remark 2.4. Equation (14) implies that µ̃e0,e0 agrees with

dt/2π on C(T), namely the basi measure µe0,e0 is the Haar normalized measure. ◭⊲It is easy to yield examples of ommutative unital C∗-algebras whih have the wanderingproperty but whih are generated by a family of non unitary or non invertible operators.Example 5.5. With the notations of Example 2.3 let w̃ the operator de�ned on the Fourierbasis {en}n∈Z of L2(T) by w̃ en = w[n] en+q where [n] means n modulo q and w[n] ∈ C areomplex oe�ients. The operator w̃ is a bilateral weighted shift ompletely haraterized bythe fundamental weights w0, . . . , wq−1. The adjoint of w̃ is de�ned by w̃† en = w[n−q] en−q =

w[n] en−q and an easy omputation shows that w̃ is normal, indeed w̃†w̃ en = w̃w̃† en =
|w[n]|2en. If |w[j]| 6= 1 for some j = 0, . . . , q − 1 then w̃ is not unitary. However, theommutative unital C∗-algebra S̃

q
T generated by w̃ has the wandering property with respetto the �nite system of vetors {e0, . . . , eq−1}. ◭⊲Example 5.6. Let H := L2(T) ⊕ L2(T), e(1)n := en ⊕ 0 and e

(2)
n := 0 ⊕ en where

{en}n∈Z is the Fourier basis of L2(T) aording to the notations of Example 2.3. Obviously
{e(1)n , e

(2)
n }n∈Z is a basis for H. The operators w(1) := w ⊕ 0 and w(2) := 0 ⊕ w are notinvertible, are normal and ommute. Let Wq be the ommutative C∗-algebra generated by

w(1), w(2) and their adjoints. It is immediate to hek that Wq has the wandering propertywith respet the the �nite system of vetors {e(1)n , e
(2)
n }n=0,...,q−1. ◭⊲13



The geometry emerging from the symmetries G. De Nittis & G. PanatiIn the relevant ases of ommutative unital C∗-algebras generated by unitary operatorsthe wandering property provides a useful haraterization of the Gel'fand spetrum and thebasi measure. We state �rst the following useful result.Lemma 5.7. Let S(G) ⊂ B(H) be a G-algebra generated by the unitary representation
G ∋ g 7→Ug ∈ U (H) of the ommutative disrete group G on the separable Hilbert spae H.Then the Gel'fand spetrum X of S(G) is homeomorphi to the dual group Ĝ.Proof. Let ℓ1(G) be the set of sequenes c := {cg}g∈G suh that ‖c‖ℓ1 :=

∑
g∈G |cg| < +∞.Equipped with the onvolution produt (c ∗ d)g :=

∑
h∈G chdg−h, it beomes a ommutativeBanah ∗-algebra. The algebrai ompatibility of the representation of G on H implies thatthe map ℓ1(G) ∋ c

F7−→ F (c) ∈ B(H), de�ned by F (c) :=
∑

g∈G cg Ug
−1, is injetive. Let

L1(G) be the image of ℓ1(G) in B(H) via F . It is a dense unital ∗-subalgebra of S(G).Moreover F (c)F (d) = F (c ∗ d) for all c, d ∈ ℓ1(G) and L1(G) beomes a Banah unital ∗-algebra isomorphi to ℓ1(G) when is endowed whit the norm |||F (c)||| := ‖c‖ℓ1 . This impliesthat the Gel'fand spetrum of L1(G) oinides with the Gel'fand spetrum of ℓ1(G) whihis exatly the dual group Ĝ (see Remark A.1). Notie that ‖F (c)‖B(H) 6 |||F (c)||| for all
c ∈ ℓ1(C). The injetion L1(G) →֒ B(H) is a faithful representation of the Banah ∗-algebra
L1(G) on the Hilbert spae H. Then ‖ · ‖B(H) provides the universal C∗-norm and S(G)is the (unique up to isomorphism) enveloping C∗-algebra of L1(G) (see [Dix82℄ Setion 2.7).The equality between the Gel'fand spetra of S(G) and L1(G) (see [Dix82℄ Proposition 2.7.5)onludes the proof. �Proposition 5.8. Let S be a unital ommutative C∗-algebra in a separable Hilbert spae
H generated by a family {U1, . . . , UN} of unitary operators. Assume the wandering property.Then:(i) the Gel'fand spetrum of S is homeomorphi to the N -dimensional torus TN ;(ii) the basi measure of S is the normalized Haar measure dz on TN .Proof. The laim (i) follows from Proposition 5.2 whih assures that S is a ZN -algebra andLemma 5.7 whih implies that the Gel'fand spetrum of S is ẐN ≃ ẐN = TN (see [Rud62℄Examples 1.2.7). To prove (ii) let {ψk}k∈N be the wandering system of vetors for S and
µk := µψk,ψk

the spetral measure de�ned by ψk. The Gel'fand isomorphism agrees with theidenti�ation of the generator Uj ∈ S with zj ∈ C(TN ). For all Ua := Ua11 . . . UaN

N it followsthat
δa,0 = (ψk;U

aψk) =

∫

TN

za dµk(z) :=

∫ 2π

0
. . .

∫ 2π

0
za11 (t) . . . zaN

N (t) dµ̃k(t), (15)where the measure µ̃k is related to µk by the hange of variables TN ∋ z 7→ t ∈ [0, 2π)Nde�ned by z := eit aording to Remark 2.4. Equation (15) shows that for all k the spetralmeasure µ̃k agrees with dz(t) := dt1...dtN/(2π)N . Let Af be the element of S whose image viathe Gel'fand isomorphism is the funtion f ∈ C(TN ). Then
(U bψj;AfU

aψk)H = δj,k(ψk;AfU
a−bψk)H =

∫

TN

f(z) δj,k z
a−b dz.So the spetral measure µUbψj ,Uaψk

is related to the Haar measure dz by the funtion δj,k za−b.Let ϕ :=
∑

k∈N,a∈NN αa,k U
aψk be a generi vetor in H then a diret omputation showsthat µϕ,ϕ(z) = hϕ,ϕ(z) dz, where hϕ,ϕ(z) :=

∑
k∈N

|F (k)
ϕ (z)|2 with F (k)

ϕ (z) :=
∑

a∈NN αk,az
a.14



The geometry emerging from the symmetries G. De Nittis & G. PanatiSine F (k)
ϕ ∈ L2(TN ) it follows that |F (k)

ϕ |2 ∈ L1(TN ). Let h(M)
ϕ,ϕ (z) :=

∑M
k=0 |F

(k)
ϕ (z)|2. Sine

h
(M+1)
ϕ,ϕ > h

(M)
ϕ,ϕ > 0 and ∫

TN h
(M)
ϕ,ϕ (z) dz =

∑M
k=0

∑
a∈NN |αk,a|2 6 ‖ϕ‖H for all M , it followsfrom the monotone onvergene theorem (see [RS73℄ Theorem I.10) that hϕ,ϕ ∈ L1(TN ).This onludes the proof. �Not every ommutative C∗-algebra generated by a faithful unitary representation of ZNhas a wandering system. In this situation, even if the spetrum is still a torus, the basimeasure an be inequivalent to the Haar measure.Example 5.9. Let Rα the unitary operator on L2(R2) whih implements a rotation aroundthe origin of the angle α, with α /∈ 2πQ. Clearly RNα = RNα 6= 1 for every integer N , henethe ommutative unital C∗-algebra Rα generated by Rα is a unitary faithful representationof Z. The Gel'fand spetrum of Rα, whih oinides with the spetrum of Rα, is T. Indeed,the vetor ψN (ρ, φ) := eiNφf(ρ) (in polar oordinates) is an eigenvetor orresponding to theeigenvalue eiNα. The spetrum of Rα is the losure of {eiNα : N ∈ Z}, whih is T in viewof the irrationality of α. The existene of eigenvetors exludes the existene of a wanderingsystem (see Proposition 5.2). Moreover, sine Rα has a point spetrum it follows that thebasi measure an not oinide with the Haar measure. Indeed, the spetral measure µψN ,ψNorresponding to the eigenvetor ψN is the Dira measure onentrated in eiNα. ◭⊲6 The generalized Bloh-Floquet transformThe purpose of this setion is to provide a general algorithm to onstrut the diret integraldeomposition of a ommutative C∗-algebra whih appears in the von Neumann's ompletespetral theorem. The idea is to generalize the onstrution of the Bloh-Floquet projetions(4) but the problem is to �nd a onsistent reinterpretation of the in�nite sum. Maurin'snulear spetral theorem shows the way to irumvent this obstale. Bloh-Floquet proje-tions should be reinterpreted as �projetors on an appropriate distributional spae�. In thisapproah a relevant role will be played by the wandering property. We will onsider a om-mutative unital C∗-algebra S on a separable Hilbert spae H generated by the �nite family

{U1, U2, . . . , UN} of unitary operators and whih admits a wandering system {ψk}k∈N ⊂ H.Aording to the results of Setion 5, S is a ZN -algebra with Gel'fand spetrum TN andwith the Haar measure dz as basi measure. Further generalizations will be disussed at theend of this setion.Constrution of the nulear spaeConsider the orthonormal basis {Uaψk}k∈N,a∈ZN , where {ψk}k∈N is the wandering system,and denote as L ⊂ H the family of all �nite linear ombinations of the vetors of suh basis.For every integer m > 0 denote as Hm the �nite dimensional Hilbert spae generated by the�nite set of vetors {Uaψk : 0 6 k, |a| 6 m}, where |a| := |a1|+ . . .+ |aN |. Obviously Hm ⊂
L. Let denote with Dm the dimension of the subspae Hm. If ϕ =

∑
k∈N,a∈ZN αk,aU

aψk isa generi element of H then the formula
p2
m(ϕ) := Dm

∑

06k,|a|6m

|(Uaψk;ϕ)H|2 = Dm

∑

06k,|a|6m

|αk,a|2 (16)de�nes a of seminorm on L for every m > 0. From (16) it follows that pm 6 pm+1 forall m. The ountable family of seminorms {pm}m∈N provides a loally onvex topology forthe vetor spae L. Let denote with Σ the pair {L, {pm}m∈N}, i.e. the vetor spae L15



The geometry emerging from the symmetries G. De Nittis & G. Panatiendowed with the loally onvex topology indued by the seminorms (16). Σ is a ompleteand metrizable (i.e. Fréhet) spae (see [Tre67℄ Chapter 10 Example III). However, for ourpurposes, we need a topology on L whih is stritly stronger than the metrizable topologyindued by the seminorms (16).The quotient spae Φm := L/Nm, with Nm := {ϕ ∈ L : pm(ϕ) = 0}, is isomorphito the �nite dimensional vetor spae Hm, hene it is nulear and Fréhet. This followsimmediately observing that the norm pm on Φm oinides, up to the positive onstant √Dm,with the usual Hilbert norm. Obviously Φm ⊂ Φm+1 for all m > 0 and the topology of Φmagrees with the topology inherited from Φm+1, indeed pm+1|Φm
=
√

Dm+1

Dm
pm. We de�ne Φto be ⋃m∈N

Φm (whih is L as a set) endowed with the strit indutive limit topology whihis the stronger topology whih makes ontinuous all the injetions ım : Φm →֒ Φ. The spae
Φ is alled a LF-spae (aording to the de�nition of [Tre67℄ Chapter 13) and it is a nulearspae sine it is the strit indutive limit of nulear spaes (see [Tre67℄ Proposition 50.1). Wewill say that Φ is the wandering nulear spae de�ned by the ZN -algebra S on the wanderingsystem {ψk}k∈N.Proposition 6.1. The wandering nulear spae Φ de�ned by the ZN -algebra S on thewandering system {ψk}k∈N veri�es all the properties stated in Theorem 4.4.Proof. A linear map  : Φ → Ψ, with Ψ is an arbitrary loally onvex topologial vetorspae, is ontinuous if and only if the restrition |Φm

of  to Φm is ontinuous for eah
m > 0 (see [Tre67℄ Proposition 13.1). This implies that the anonial embedding ı : Φ →֒ His ontinuous, sine its restritions are linear operators de�ned on �nite dimensional spaes.The linear maps Ua : Φ → Φ for all a ∈ NN are also ontinuous for the same reason. Finally
Φ is norm-dense in H sine as a set it is the dense domain L. �The seminorms (16) are ontinuous with respet the strit indutive limit topology whihde�nes Φ. This means that the strit indutive limit topology whih de�nes Φ is strongerthan the topology indued by the seminorms (16) whih de�ne the Fréhet spae Σ. Thespae Φ is omplete (see [Tre67℄ Theorem 13.1) but not metrizable (sine every Φm is losedin the topology of Φm+1).The transformWe are now in position to de�ne the generalized Bloh-Floquet transform US for the C∗-algebra S. The Gel'fand spetrum of S is TN and the Gel'fand isomorphism assoiates tothe generator Uj the funtion zj ∈ C(TN ) aording to the notation of Remark 2.4. Forall t ∈ [0, 2π)N and for all ϕ ∈ Φ we de�ne (formally for the moment) the Bloh-Floquettransform of ϕ at point t of the torus:

Φ ∋ ϕ
US |t7−→ (USϕ)(t) :=

a∈ZN∑

a∈ZN

z−a(t) Uaϕ (17)where we posed za(t) := za11 (t) . . . zaN

N (t) and Ua := Ua11 . . . UaN

N . The linear ombinationwhih appears in equation (17) suggests that (USϕ)(t) is a ommon generalized eigenvetorfor the elements of S, indeed a formal omputation shows that
Uj(USϕ)(t) = zj(t)

∑

a∈ZN

z−1
j (t)z−a(t)UjU

aϕ = eitj (USϕ)(t). (18)16



The geometry emerging from the symmetries G. De Nittis & G. PanatiTheorem 6.2 (Generalized Bloh-Floquet transform). Let S be a ZN -algebra in the sepa-rable Hilbert spae H with generators {U1, . . . , UN} and wandering system {ψk}k∈N, and let
Φ the orresponding nulear spae. Under these assumptions the generalized Bloh-Floquettransform (17) de�nes an injetive linear map from the nulear spae Φ into its topologialdual Φ∗ for every t ∈ [0, 2π)N . More preisely the transform US|t maps Φ onto a subspae
Φ∗(t) ⊂ Φ∗ whih is a ommon generalized eigenspae for the ommutative C∗-algebra S;i.e. equation (18) holds true in Φ∗. The map US|t : Φ → Φ∗(t) ⊂ Φ∗ is a ontinuous linearisomorphism, provided Φ∗ is endowed with the ∗-weak topology.Proof. We need to verify that the right-hand side of (17) is well de�ned as linear funtionalon Φ. A generi vetor ϕ ∈ Φ is a �nite linear ombination ϕ =

∑�n
k∈N

∑�n
b∈ZN αk,b U

bψk (theomplex numbers αk,b are di�erent from zero only for a �nite set of the values of the index
k and the multiindex b). Let φ =

∑�n
h∈N

∑�n
c∈NN βh,c U

cψh be another element in Φ. Thelinearity of the dual pairing between Φ∗ and Φ and the ompatibility of the pairing with theHermitian struture of H imply
〈(USϕ)(t);φ〉 :=

�n∑
k∈N

�n∑
b,c∈ZN

αk,bβk,c



∑

a∈ZN

za(t) (Ua+bψk;U
cψk)H


 (19)where in the right-hand side we used the orthogonality between the spaes generated by ψkand ψh if k 6= h. Without further onditions equation (19) is a �nite sum in k, b, c (this issimply a onsequene of the fat that ϕ and φ are �test funtions�) but it is an in�nite sumin a whih generally does not onverge. However, if we use the wandering property of thesystem {ψk}k∈N one has that (Ua+bψk;U

cψk)H = δa+b,c and the sum (19) beomes the �nitesum
〈(USϕ)(t);φ〉 :=

�n∑
k∈N

�n∑
b,c∈ZN

αk,bβk,c z
c(t)z−b(t). (20)Let Cϕ;k :=

∑�n
b∈ZN |αk,b| and Cϕ := maxk∈N{Cϕ;k} (whih is well de�ned sine the setontains only a �nite numbers of non-zero elements). An easy omputation shows that
|〈(USϕ)(t);φ〉| 6

�n∑
k∈N

Cϕ,k




�n∑
c∈ZN

|βk,c|


 6 Cϕ

�n∑
k∈N

�n∑
c∈ZN

|βk,c| .Let m > 0 be the smallest integer suh that φ ∈ Φm. The number of the oe�ients
βk,c di�erent from zero (the number of the non-zero omponents of φ) is smaller than thedimension Dm of Φm. Using the Cauhy-Shwarz inequality one has

|〈(USϕ)(t);φ〉| 6 Cϕ
√
Dm




�n∑
k∈N

�n∑
c∈NN

|βk,c|2



1
2

= Cϕ pm(φ). (21)The inequality (21) shows that the linear map (USϕ)(t) : Φ → C is ontinuous when it isrestrited to eah �nite dimensional spae Φm. Sine Φ is endowed with the strit indutivelimit topology, this is enough to assure that (USϕ)(t) is a ontinuous linear funtional on Φ.Sine the (21) does not depend on t it follows that (USϕ)(t) ∈ Φ∗ for all t ∈ [0, 2π)N and for all
ϕ ∈ Φ. The linearity of the map US|t : Φ → Φ∗ is immediate and from equation (20) it followsthat (USϕ)(t) = 0 (as funtional) implies that αk,b = 0 for all k and b, hene ϕ = 0. Thisprove the injetivity. To prove the ontinuity of the map US|t : Φ → Φ∗, beause the strit17



The geometry emerging from the symmetries G. De Nittis & G. Panatiindutive topology on Φ, we need only to hek the ontinuity of the maps US|t : Φm → Φ∗for all m > 0. Sine Φm is a �nite dimensional vetor spae with norm pm we need to provethat the norm-onvergene of the sequene ϕn → 0 in Φm implies the ∗-weak onvergene
(USϕn)(t) → 0 in Φ∗, i.e. |〈(USϕn)(t);φ〉| → 0 for all φ ∈ Φ. As inequality (21) suggests, itis enough to show that Cϕn → 0. This is true sine ϕn :=

∑
0<k,|b|6m α

(n)
k,b U

bψk → 0 in Φmimplies α(n)
k,b → 0. Finally, sine the map U−a = (Ua)† is ontinuous on Φ for all a ∈ ZN then

Ua : Φ∗ → Φ∗ de�nes a ontinuous map whih extends the operator Ua originally de�ned on
H. In this ontext the equation (18) is meaningful and shows that Φ∗(t) := US|t (Φ) ⊂ Φ∗is a spae of ommon generalized eigenvetors for S. �The deompositionThe wandering system {ψk}k∈N generates under the Bloh-Floquet transform a speial familyof elements of Φ∗, denoted as

ζk(t) := (USψk)(t) =
a∈Z

N∑

a∈ZN

z−a(t) Uaψk ∀ k ∈ N. (22)The injetivity of the map US implies that the funtionals {ζk(t)}k∈N are linearly independentfor any t. If ϕ =
∑�n

k∈N

∑�n
b∈ZN αk,b U

bψk is a generi element in Φ then a simple omputationshows that
(USϕ)(t) =

�n∑
k∈N

�n∑
b∈ZN

αk,b
∑

a∈NN

z−a(t) Ua+bψk =
�n∑
k∈N

fϕ;k(t) ζk(t) (23)where fϕ;k(t) :=
∑�n

b∈ZN αk,b z
b(t). The equalities in (23) should be interpreted in the senseof �distributions�, i. e. elements of Φ∗. The funtions fϕ;k : TN → C, for all k ∈ N, are �nitelinear ombination of ontinuous funtions, hene ontinuous. Equation (23) shows that anysubspae Φ∗(t) is generated by �nite linear ombinations of the funtionals (22). For all

t ∈ [0, 2π)N we denote by K(t) the spae of the elements of the form ∑
k∈N

αk ζk(t) with
{αk}k∈N ∈ ℓ2(N). This is a Hilbert spae with the inner produt indued by the isomor-phism with ℓ2(N). In other words the inner produt is indued by the �formal� onditions
(ζk(t); ζh(t))t := δk,h. All the Hilbert spaes K(t) have the same dimension whih is theardinality of the system {ψk}k∈N.Proposition 6.3. For all t ∈ [0, 2π)N the inlusions Φ∗(t) ⊂ K(t) ⊂ Φ∗ holds true.Moreover the generalized Bloh-Floquet transform US|t extends to a unitary isomorphismbetween the Hilbert spae H ⊂ H spanned by the orthonormal system {ψk}k∈N and the Hilbertspae K(t) ⊂ Φ∗ spanned by {ζk(t)}k∈N (assumed as orthonormal basis).Proof. The �rst inlusion Φ∗(t) ⊂ K(t) follows from the de�nition. For the seond inlusionwe need to prove that ω(t) :=

∑
k∈N

αk ζk(t) is a ontinuous funtional if {αk}k∈N ∈ ℓ2(N).Let φ =
∑

06h,|c|6m βh,c U
cψh be an element of Φm ⊂ Φ then, from the sesquilinearity of thedual pairing and the Cauhy-Shwarz inequality it follows that

|〈ω(t);φ〉|2 6

(
∑

k∈N

|αk| |〈(USψk)(t);φ〉|
)2

6 ‖α‖2
ℓ2

∑

k∈N

|〈(USψk)(t);φ〉|2 (24)where ‖α‖2
ℓ2 :=

∑
k∈N

|αk|2 < ∞. From equation (19) it is evident that 〈(USψk)(t);φ〉 = 0if ψk /∈ Φm, then equation (21) and Cψk
= 1 imply |〈ω(t);φ〉| 6 ‖α‖ℓ2

√
m pm(φ). This18



The geometry emerging from the symmetries G. De Nittis & G. Panatiinequality shows that ω(t) is a ontinuous funtional when it is restrited to eah subspae Φmand, beause the strit indutive limit topology, this proves that ω(t) lies in Φ∗. Let ωn(t) :=∑
06k6n αk ζk(t). Obviously ωn(t) = (USϕn)(t) ∈ Φ∗(t) sine ϕn :=

∑
06k6n αk ψk ∈ Φ.Moreover the inequality (24) an be used to show that (USϕn)(t) → ω(t) when n → ∞with respet the ∗-weak topology of Φ∗. This enables us to de�ne ω(t) := (USϕ)(t) for all

ϕ :=
∑

k∈N
αk ψk ∈ H. Obviously the generalized Bloh-Floquet transform ats as a unitaryisomorphism between H and K(t) with respet to the Hilbert struture indued in K(t) bythe orthonormal basis {ζk(t)}k∈N. �Theorem 6.4 (Bloh-Floquet spetral deomposition). Let S be a ZN -algebra in the sepa-rable Hilbert spae H with generators {U1, . . . , UN}, wandering system {ψk}k∈N and wander-ing nulear spae Φ. The generalized Bloh-Floquet transform US, de�ned on Φ by equation(17), indues a diret integral deomposition of the Hilbert spae H whih is equivalent (inthe sense of Theorem 3.3) to the deomposition of the von Neumann's theorem 3.1. Moreoverthe spaes K(t) spanned in Φ∗ by the funtionals (22) provide an expliit realization for thefamily of ommon eigenspaes of S appearing in Maurin's theorem 4.1.Proof. Proposition 5.8 assures that the Gel'fand spetrum of S is the N -dimensional torus

TN and the basi measure agrees with the normalized Haar measure dz. On the �eldof Hilbert spaes ∏t∈TN K(t) we an introdue a measurable struture by the fundamen-tal family of orthonormal vetor �elds {ζk(·)}k∈N de�ned by (22). For all ϕ ∈ Φ thegeneralized Bloh-Floquet transform de�nes a square integrable vetor �eld (USϕ)(·) ∈
K :=

∫ ⊕
TN K(t) dz(t). Indeed equation (23) shows that (USϕ)(t) ∈ K(t) for any t and

‖(USϕ)(t)‖2
t =

∑�n
k∈N

|fϕ;k(t)|2 is a ontinuous funtion (�nite sum of ontinuous funtions)hene integrable on TN . In partiular
‖(USϕ)(·)‖2

K =

∫

TN

‖(USϕ)(t)‖2
t dz(t) =

∑

k∈N

∫

TN




�n∑
b,c∈ZN

αk,bαk,c z
c−b(t)




︸ ︷︷ ︸
=|fϕ;k(x)|2

dz(t) = ‖ϕ‖2
H.In view of the density of Φ, US an be extended to an isometry from H to K. To prove that

US is unitary we need surjetivity. Any square integrable vetor �eld ϕ(·) ∈ K is uniquelyharaterized by its expansion on the basis {ζk(·)}k∈N, i.e. ϕ(·) =
∑

k∈N ϕ̂k(·) ζk(·) where
{ϕ̂k(t)}k∈N ∈ ℓ2(N) for all t ∈ [0, 2π)N . The ondition ‖ϕ(·)‖2

K =
∫
TN

∑
k∈N

|ϕ̂k(t)|2 dz(t) <
+∞ shows that ϕ̂k ∈ L2(TN ) for all k ∈ N. Let ϕ̂k(t) :=

∑
b∈ZN αk,bz

b(t) be the Fourierexpansion of ϕ̂k. Sine ∑k∈N

∑
b∈ZN |αk,b|2 =

∑
k∈N

‖ϕ̂k‖2
L2(TN )

= ‖ϕ(·)‖2
K
< +∞ it followsthat {αk,b}k∈N,b∈ZN is an ℓ2-sequenes and the mapping

ϕ(·) =
∑

k∈N

∑

b∈ZN

αk,b z
b(·) ζk(·) US

−1

7−→ ϕ :=
∑

k∈N

∑

b∈ZN

αk,b U
bψk (25)de�nes an element ϕ ∈ H starting from the vetor �eld ϕ(·) ∈ K. It is immediate to hekthat US maps ϕ in ϕ(·), hene US is injetive. If Af ∈ S is an operator assoiated with theontinuous funtion f ∈ C(TN ) via Gel'fand isomorphism, then USAfUS

−1ϕ(·) = f(·)ϕ(·),i.e. US maps Af ∈ S in Mf (·) ∈ C(K). This allows us to apply the Theorem 3.3 whihassures that the diret integral K oinides, up to a deomposable unitary transform, withthe spetral deomposition of S established in Theorem 3.1. �The generalized Bloh-Floquet transform US an be seen as a �omputable� realizationof the abstrat S-Fourier transform FS. From Proposition 6.3 and from some general results19



The geometry emerging from the symmetries G. De Nittis & G. Panation the theory of the diret integral (see [Dix81℄ Part II, Chapter 1, Setion 8) one obtainsthe following identi�ations:
H US ...US

−1
//
∫ ⊕

TN

K(t) dz(t) ≃
∫ ⊕

TN

H dz(t) ≃ L2(TN ,H). (26)Sine the dimension of H is the ardinality of the wandering system hosen to de�ne theBloh-Floquet transform and onsidering that the Theorem 3.3 assures that the diret integraldeomposition is essentially unique (in measure theoreti sense) it follows:Corollary 6.5. Any two wandering systems assoiated to a ZN -algebra S have the sameardinality. Any two wandering systems for S are intertwined by a unitary operator whihommutes with S.Example 6.6 (Periodi systems, part three). In the ase of Example 2.2 the Bloh-Floquettransform is the usual one (see [Ku93℄, [Pan07℄)
(UST

ϕ)(y, t) :=
∑

m∈Γ

z−m(t)Tmϕ(y) =
∑

m∈Γ

e−im1t1 . . . e−imdtdϕ(y −m),where m :=
∑d

j=1mjγj , for all ϕ in the wandering nulear spae Φ ⊂ L2(Rd), built a-ording to Proposition 6.1 from any orthonormal basis of L2(Q0). The �ber spaes in thediret integral deomposition are all unitarily equivalent to L2(Q0) hene the Hilbert spaedeomposition is
L2(Rd)

UST
...UST

−1

//
∫ ⊕

Td

L2(Q0) dz(t).

◭⊲Example 6.7 (Mathieu-like Hamiltonians, part three). In this ase the wandering nulearspae Φ is the set of the �nite linear ombinations of the Fourier basis {en}n∈Z and for all
g(θ) :=

∑�n
n∈Z

αneinθ in Φ the Bloh-Floquet transform is
(US

qM g)(θ, t) :=
∑

m∈Z

e−imt wmg(θ) =
�n∑
n∈Z

αn

(
∑

m∈Z

ei[nθ+m(qθ−t)]

)
.The olletion ζk(·; t) ∈ Φ∗, given by ζk(θ; t) := eikθ∑m∈Z

eim(qθ−t) with k = 0, . . . , q − 1,de�nes a fundamental family of orthonormal �elds. The �ber spaes in the diret integraldeomposition are all unitarily equivalent to Cq hene the Hilbert spae deomposition is
L2(T)

U
S

qM ...US
qM−1

//
∫ ⊕

T

Cq dz(t).The images of the generators u and v under the map US
qM . . .U−1

S
qM are the two t dependent

q × q matries
u(t) :=




0 eit
1

. . .. . . . . .
0 1 0




v(t) :=




1 e−i2π p

q . . . e−i2π p

q
(q−1)



.For all t ∈ T the matries u(t) and v(t) generates a faithful irreduible representation of the

C∗-algebra A
p/qM on the Hilbert spae Cq (see [Bo01℄ Theorem 1.9). ◭⊲20



The geometry emerging from the symmetries G. De Nittis & G. PanatiRemark 6.8 (Wannier vetors, part one). Equation (25) in the proof of Theorem 6.4 pro-vides a reipe to invert the unitary map US : H → K. Aording to (25) US
−1 maps thefundamental vetor �elds ζk(·) into the wandering vetors ψk, and it intertwines multiplia-tion by the exponentials za(·) with the unitary operators Ua. We will say that US

−1(ϕ(·))is the Wannier vetor assoiated to the vetor �eld ϕ(·). We will denote by the symbol Fthe set of all the vetor �elds ∏t∈TN K(t). Let Γ∞(F) be the set of square integrable vetor�elds ϕ(·) ∈ K whose omponent funtions ϕ̂k(·) are of lass C∞(TN ). Similarly let Γω(F)be the set of square integrable vetor �elds whih omponent funtions are analyti, i.e. oflass Cω(TN ). Obviously US(Φ) ⊂ Γω(F) ⊂ Γ∞(F) ⊂ K ⊂ F. By ordinary Fourier theory,one sees that if ϕ(·) ∈ Γ∞(F) then the sequene of oe�ients {αk,a}k∈N,a∈ZN whih de�nesthe omponent funtions ϕ̂k(·) deays faster than any polynomial. Similarly if ϕ(·) ∈ Γω(F)then the sequene {αk,a}k∈N,a∈ZN has an exponential deay. In analogy with the ordinaryBloh-Floquet theory [Ku93℄, these onsideration suggest the name of super-polynomiallyloalized Wannier vetors for the elements of Γ∞
S := US

−1(Γ∞(F)) and exponentially loalizedWannier vetors for the elements of ΓωS := US
−1(Γω(F)). �♦Remark 6.9 (Further generalizations). It is natural to try to generalize the results of thissetion to more general situations, like a ommutative unital C∗-algebra S generated by a�nite family {A1, . . . , AN} of ommuting bounded normal operators and their adjoints. Wean also suppose that the generators Aj are invertible and that S has a wandering system

{ψk}k∈N. Under these assumptions Proposition 6.1 and Theorem 6.2 hold true with somesmall hanges. In other words one an show that there exists a nulear spae Φ obtained asindutive limit of the �nite dimensional Hilbert spaes Hm spanned by {(A†)aAbψk : 0 6

k, |a|, |b| 6 m} on whih the generalized Bloh-Floquet transform is well de�ned by
Φ ∋ ϕ

US |t−→ (USϕ)(t) :=
∑

a,b∈NN

1

f
a
(t)f b(t)

(A†)aAbϕ (27)where fj ∈ C(X) is the ontinuous funtion assoiated to the generator Aj ∈ S by theGel'fand isomorphism. The invertibility of the generators implies 0 < |fj(x)| 6 ‖Aj‖B(H).However, to extend also the Bloh-Floquet spetral deomposition (i.e. the ontent of The-orem 6.4) to this ase we need a positive answer to the following, to our knowledge open,question.Question. Let S be a ommutative unital C∗-algebra on the separable Hilbert spae Hgenerated by the �nite family {A1, . . . , AN} of ommuting bounded normal operators (andtheir adjoints). Let fj ∈ C(X) the funtion whih represents Aj ∈ S via the Gel'fandisomorphism. Suppose that S has a wandering system {ψ1, ψ2 . . .}. Under whih onditionsthere exists a positive regular Borel measure µ on X suh that
∫

X
f
b
(x)fa(x) dµ(x) :=

∫

X
f
b1
1 (x) . . . f

bN
N (x)fa11 (x) . . . faN

N (x) dµ(x) = δa,b (28)for all a, b ∈ NN? Under whih onditions the measure µ is also basi for S? �♦7 Emergent geometryFrom a geometri viewpoint, the �eld of Hilbert spaes F :=
∏
x∈X H(x) an be regarded asa pseudo vetor-bundle E

π−→ X, where
E :=

⊔

x∈X

H(x) (29)21



The geometry emerging from the symmetries G. De Nittis & G. Panatiis the disjoint union of the Hilbert spaes H(x). The use of the pre�x �pseudo� refers to thefat that more ingredients are needed to turn E
π−→ X into a vetor bundle. First of all, themap π must be ontinuous, whih requires a topology on E . As a �rst attempt, one mightonsider E

π−→ X as a sub-bundle of the trivial vetor bundle X ×Φ∗ π−→ X, equipped withthe topology indued by the inlusion, so that E
π−→ X beomes a topologial bundle whose�bers are Hilbert spaes. However, nothing ensures that the Hilbert spae topology de�ned�berwise is ompatible with the topology of E , a neessary ondition to have a meaningfultopologial theory.Geometri vs. analyti viewpointWe begin our analysis with the de�nition of topologial �bration of Hilbert spaes. Following[FD88℄ (Chapter II, Setion 13) we haveDefinition 7.1 (Geometri viewpoint: Hilbert bundle). A Hilbert bundle is the datum ofa topologial Hausdor� spaes E (the total spae) a ompat Hausdor� spae X (the basespae) and a map E

π−→ X (the anonial projetion) whih is a ontinuous open surjetionsuh that:a) for all x ∈ X the �ber π−1(x) ⊂ E is a Hilbert spae;b) the appliation E ∋ p 7−→ ‖p‖ ∈ C is ontinuous;) the operation + is ontinuous as a funtion on S := {(p, s) ∈ E × E : π(p) = π(s)}to E ;d) for eah λ ∈ C the map E ∋ p 7−→ λ p ∈ E is ontinuous;e) for eah x ∈ X, the olletion of all subset of E of the form U (O,x, ε) := {p ∈
E : π(p) ∈ O, ‖p‖ < ε}, where O is a neighborhood of x and ε > 0, is a basis ofneighborhoods of 0x ∈ π−1(x) in E .We will denote with the short symbol Eπ,X the Hilbert bundle E

π−→ X. A setion of
Eπ,X is a funtion ψ : X → E suh that π ◦ ψ = idX . We denote by Γ(Eπ,X) the set of allontinuous setions of Eπ,X . As showed in [FD88℄, from De�nition 7.1 it follows that: (i)the salar multipliation C × E ∋ (λ, p) 7→ λ p ∈ E is ontinuous; (ii) the topology of Erelativized to a �ber π−1(x) oinides with the norm topology of π−1(x); (iii) the set Γ(Eπ,X)has the struture of a (left) C(X)-module. The de�nition of Hilbert bundle inludes all therequests whih a �formal� �bration as (29) needs to ful�ll to be a topologial �bration with atopology ompatible with the Hilbert struture of the �bers. In this sense the Hilbert bundleis the �geometri objet� of our interest.However, the struture that emerges in a natural way from the Bloh-Floquet deom-position (Theorem 6.4) is more easily understood from the analyti viewpoint. Swithingthe fous from the total spae E to the spae of setions F, the relevant notion is that ofontinuous �eld of Hilbert spaes, aording to [Dix82℄ (Setion 10.1) or [DD63℄ (Setion 1).Definition 7.2 (Analyti viewpoint: ontinuous �eld of Hilbert spaes). Let X be a om-pat Hausdor� spae X and F :=

∏
x∈X H(x) a �eld of Hilbert spaes. A ontinuous strutureon F is the datum of a linear subspae Γ ⊂ F suh that:a) for eah x ∈ X the set {σ(x) : σ(·) ∈ Γ} is dense in H(x);b) for any σ(·) ∈ Γ the map X ∋ x 7→ ‖σ(x)‖x ∈ C is ontinuous;22



The geometry emerging from the symmetries G. De Nittis & G. Panati) if ψ(·) ∈ F and if for eah ε > 0 and eah x0 ∈ X, there is some σ(·) ∈ Γ suh that
‖σ(x) − ψ(x)‖x < ε on a neighborhood of x0, then ψ(·) ∈ Γ.We will denote with the short symbol FΓ,X the �eld of Hilbert spaes F endowed with theontinuous struture Γ. The elements of Γ are alled ontinuous vetor �elds. The onditionb) may be replaed by the requirement that for any σ(·), ̺(·) ∈ Γ, the funtion X ∋ x 7→

(σ(x); ̺(x))x ∈ C is ontinuous. Condition ) is alled loally uniform losure. Loallyuniform losure is needed in order that the linear spae Γ is stable under multipliation byontinuous funtions on X. This ondition implies that Γ is a (left) C(X)-module. A total setof ontinuous vetor �elds for FΓ,X is a subset Λ ⊂ Γ suh that Λ(x) := {σ(x) : σ(·) ∈ Λ}is dense in H(x) for all x ∈ X. The ontinuous �eld of Hilbert spaes is said to be separableif it has a ountable total set of ontinuous vetor �elds.The link between the notion of ontinuous �eld of Hilbert spaes and that of Hilbertbundle is very strong, as showed by the following result.Proposition 7.3 (Equivalene between geometri and analyti viewpoint [DD63℄ [FD88℄).Let FΓ,X be a ontinuous �eld of Hilbert spaes over the ompat Hausdor� spae X. Let
E (F) :=

⊔
x∈X H(x) be the disjoint union of the Hilbert spaes H(x) and π the anonialsurjetion of E (F) in X. Then there exists a unique topology T on E (F) making E (F)

π−→ Xa Hilbert bundle over X suh that all the ontinuous vetor �elds in F are ontinuous setionsof E (F). Moreover, assumed the ompatness of X, it follows that every Hilbert bundle omesfrom a ontinuous �eld of Hilbert spaes.Proof. For the details of the proof, see [DD63℄ (Setion 2) or [FD88℄ (Chapter II, Theorem13.18). One has to equip the set E (F) :=
⊔
x∈X H(x) with a topology whih satis�es theaxioms of De�nition 7.1. Suh a topology T is generated by the basis of open sets whoseelements are the tubular neighborhoods U (O,σ, ε) := {p ∈ E (F) : π(p) ∈ O, ‖p −

σ(π(p))‖ < ε} for all open sets O ⊆ X, all ontinuous vetor �elds σ(·) ∈ Γ and all positivenumber ε > 0. Sine π(U (O,σ, ε)) = O it is lear that with respet to the topology T themap π : E (F) → X is a ontinuous open surjetion. The topology indued by T on H(x) isequivalent to the norm-topology of H(x). Any vetor �eld σ(·) ∈ F an be seen as a map
σ : X → E (F) suh that π ◦ σ = idX , i.e. it is a setion of E (F). It follows that σ(·) ∈ Γ ifand only if σ is a ontinuous setion.Conversely, let Eπ,X be a Hilbert bundle over the ompat Hausdor� spae X and let
Γ(Eπ,X) the set of its ontinuous setion. Let F(E ) :=

∏
x∈X π

−1(x) be the �eld of Hilbertspaes assoiated to the bundle Eπ,X . The ompatness of X assures that Eπ,X has enoughontinuous setions, i.e. {σ(x) : σ ∈ Γ(Eπ,X)} = π−1(x) =: H(x) (Douady-Dal Soglio-Hérault theorem, see [FD88℄ Appendix C). For all σ ∈ Γ(Eπ,X) the map X ∋ x 7→ ‖σ(x)‖xis ontinuous sine it is omposition of ontinuous funtions. Finally the the family Γ(Eπ,X)ful�els the loally uniform losure property (see [FD88℄ Chapter II, Corollary 13.13). Thisproves that the set of ontinuous setions Γ(Eπ,X) de�nes a ontinuous struture on the �eldof Hilbert spaes F(E ). �We will say that the set E (F) endowed with the topology T and the anonial surjetion
π is the Hilbert bundle assoiated to the ontinuous struture Γ of F.Triviality, loal triviality and vetor bundle strutureA Hilbert bundle is a generalization of a (in�nite dimensional) vetor bundle, in the sensethat some other extra onditions are needed in order to turn it into a genuine vetor bundle.23



The geometry emerging from the symmetries G. De Nittis & G. PanatiFor the axioms of vetor bundle we refer to [Lan85℄. The most relevant missing ondition, isthe loal triviality property.Two Hilbert bundles Eπ,X and Fτ,X over the same base spae X are said to be (isomet-rially) isomorphi if there exists a homeomorphism Θ : E → F suh that a) τ ◦Θ = π, b)
Θx := Θ|π−1(x) is a unitary map from the Hilbert spae π−1(x) to the Hilbert spae τ−1(x).From the de�nition it follows that if the Hilbert bundles Eπ,X and Fτ,X are isomorphi thenthe map Γ(Eπ,X) ∋ σ 7→ Θ ◦σ ∈ Γ(Fτ,X) is one to one. A Hilbert bundle is said to be trivialif it is isomorphi to the onstant Hilbert bundle X × H → X where H is a �xed Hilbertspae. It is alled loally trivial if for every x ∈ X there is a neighborhood O of x suh thatthe redued Hilbert bundles E |O := {(x, p) ∈ O × E : π(p) = x} = π−1(O) is isomorphito the onstant Hilbert bundle O × H → O. Two ontinuous �elds of Hilbert spaes FΓ,Xand G∆,X over the same spae X are said to be (isometrially) isomorphi if the assoiatedHilbert bundles E (FΓ,X) and E (G∆,X) are isomorphi. A ontinuous �eld of Hilbert spaes
FΓ,X is said to be trivial (resp. loally trivial) if E (FΓ,X) is trivial (resp. loally trivial).Proposition 7.4 ([FD88℄ [DD63℄). Let FΓ,X be a ontinuous �eld of Hilbert spaes overthe ompat Hausdor� spae X and E (FΓ,X) the assoiated Hilbert bundle. Then:(i) if FΓ,X is separable and X is seond-ountable (or equivalently metrizable) then thetopology de�ned on the total spae E (F) is seond-ountable;(ii) if dim H(x) = ℵ0 for all x ∈ X and if X is a �nite dimensional manifold then theHilbert bundle E (FΓ,X) is trivial;(iii) if dim H(x) = q < +∞ for all x ∈ X then the Hilbert bundle E (FΓ,X) is a Hermitianvetor bundle with typial �ber Cq.Proof. For the proof of (i) one an see [FD88℄ (Chapter II, Proposition 13.21). The proofof (ii) is in [DD63℄ (Theorem 5). We will give a sketh of the proof of (iii). First of all,we remember that to prove that a Hilbert bundle is a vetor bundle we need to provethe loal triviality and the ontinuity of the transition funtions (see [Lan85℄ Chapter III).However, if the �bers are �nite dimensional then the ontinuity of the transition funtionsfollows from the existene of the loal trivializations (see [Lan85℄ Chapter III, Proposition1). Let F :=

∏
x∈X H(x) with dim H(x) = q for all x ∈ X and {σ1(·), . . . , σq(·)} ⊂ Γ suhthat for a �xed x0 ∈ X the olletion {σ1(x0), . . . , σq(x0)} is a basis for H(x0). We showthat {σ1(x), . . . , σq(x)} is a basis for H(x) for all x in a suitable neighborhood of x0. Thefuntion ℘ : X × Cq → [0,+∞) de�ned by ℘(x, α1, . . . , αq) := |α| ‖∑q

j=1
αj

|α|σj(x)‖x, with
|α|2 :=

∑q
j=1 |αj |2, is ontinuous (omposition of ontinuous funtion). Then the funtion

κ : X → [0,+∞) de�ned by κ(x) := inf |α|=1 ℘(x, α) is also ontinuous sine the unit spherein Cq is ompat. Moreover κ(x0) > 0. Sine {σ1(x), . . . , σq(x)} are linearly independentif and only if κ(x) > 0 it follows that the vetors are linearly independent in a suitableneighborhood Ox0 of x0. In Ox0 we an use the Gram-Shmidt formula to obtain a loalset of orthonormal ontinuous vetor �eld {σ̃1(·), . . . , σ̃q(·)}. This loal frame enables us tode�ne a map hx0 : π−1(Ox0) → Ox0 ×Cq by hx0(p) := (π(p), α1, . . . , αq) with π(p) = x ∈ Ox0and p =
∑q

j=1 αjσ̃j(x). The map hx0 is an homomorphism and for eah x ∈ Ox0 is a linearisomorphism between H(x) and Cq. The olletion {Ox0}x0∈X is a open overing, so we anselet by the ompatness of X a �nite overing {O1, . . . , Oℓ}. The family {(Oj , hj)}j=1,...,ℓis a �nite trivializing atlas for the bundle. �

24



The geometry emerging from the symmetries G. De Nittis & G. PanatiAlgebrai viewpointRoughly speaking a ontinuous �eld of Hilbert spaes is an �analyti objet� while a Hilbertbundle is a �geometri objet�. There is also a third point of view whih is of algebrainature. We introdue an �algebrai objet� whih enodes all the relevant properties of theset of ontinuous vetor �elds (or ontinuous setions).Definition 7.5 (Algebrai viewpoint: Hilbert module). A (left) pre-C∗-module over aommutative unital C∗-algebra A is a omplex vetor spae Ω that is also a (left) A-modulewith a pairing {·; ·} : Ω × Ω → A satisfying, for σ, ̺, ς ∈ Ω and for a ∈ A the followingrequirements:a) {σ; ̺+ ς} = {σ; ̺} + {σ; ς};b) {σ; a̺} = a{σ; ̺};) {σ; ̺}∗ = {̺;σ};d) {σ;σ} > 0 if σ 6= 0.The map ||| · ||| : Ω → [0,+∞) de�ned by |||σ||| :=
√

‖{σ;σ}‖A is a norm in Ω. Theompletion Γ(Ω) of Ω with respet the norm ||| · ||| is alled (left) C∗-module or Hilbertmodule over A.Proposition 7.6 (Equivalene between algebrai and analyti viewpoint [DD63℄). Let
FΓ,X be a ontinuous �eld of Hilbert spaes over the ompat Hausdor� spae X. The set ofontinuous vetor �elds Γ has the struture of a Hilbert module over C(X). Conversely anyHilbert module over C(X) de�nes a ontinuous �eld of Hilbert spaes. This orrespondeneis one-to-one.Proof. For the details of the proof, see [DD63℄ (Setion 3). To prove the �rst part of thestatement we observe that for all pairs of ontinuous vetor �elds σ(·), ̺(·) ∈ Γ the pairing
{·; ·} : Γ × Γ → C(X) de�ned �berwise by the inner produt, i.e. by posing {σ; ̺}(x) :=
(σ(x); ̺(x))x, satis�es De�nition 7.5. The norm is de�ned by |||σ||| := supx∈X ‖σ(x)‖x and
Γ is losed with respet to this norm in view of the property of loally uniform losure.Conversely let Ω a C∗-module over C(X). For all x ∈ X de�ne a pre-Hilbert struture on
Ω by (σ; ̺)x := {σ; ̺}(x). The set Ix := {σ ∈ Ω : {σ;σ}(x) = 0} is a linear subspae of Ξ.On the quotient spae Ω/Ix the inner produt ( ; )x is a positive de�nite sesqulinear form andwe denote by H(x) the related Hilbert spae. The olletion H(x) de�nes a �eld of Hilbertspaes F(Ω). For all σ ∈ Ω the anonial projetion Ω ∋ σ

x7−→ σ(x) ∋ Ω/Ix de�nes a vetor�eld σ(·) ∈ F(Ω). It is easy to hek that the map Ω ∋ σ
Γ7−→ σ(·) ∋ F(Ω) is injetive. Wedenote by Γ(Ω) the image of Ω in F(Ω). The family Γ(Ω) de�nes a ontinuous struture on

F(Ω). Indeed {σ(x) : σ(·) ∈ Γ(Ω)} = Ω/Ix whih is dense in H(x) and ‖σ(x)‖2
x = {σ;σ}(x)is ontinuous. Finally loally uniform losure of Γ(Ω) follows from the losure of Ω withrespet the norm |||σ||| := supx∈X

√
{σ;σ}(x) and the existene of a partition of the unitsubordinate to a �nite over of X (sine X is ompat). �The Hilbert bundle emerging from the Bloh-Floquet deompositionWe are now in position to provide a omplete answer to questions (II) and (III) in Setion 1.Before proeeding with our analysis, it is useful to summarize in the following diagram the25



The geometry emerging from the symmetries G. De Nittis & G. Panatirelations between the algebrai, the analyti and the geometri desriptions.Continuous �eldofHilbert spaes
FΓ,X
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%%KKKKKKKKKKKHilbert bundle
Eπ,X �bers of �nite dimension qD

��

oo C // C(X)-module
Γ

E
��rank-qHermitianvetor bundle oo F //

projetive�nitely generated
C(X)-module

(30)

Arrows A and B summarize the ontent of Propositions 7.3 and 7.6 respetively, arrow Dorresponds to point (iii) of Proposition 7.4, and arrow E follows by Proposition 53 in [Lan97℄.Arrow F orresponds to the remarkable Serre-Swan Theorem (see [Lan97℄ Proposition 21),so arrow C an be interpreted as a generalization of the Serre-Swan Theorem.Coming bak to our original problem, let {H,A,S} be a physial frame withH a separableHilbert spae and S a ZN -algebra with generators {U1, . . . , UN} and wandering system
{ψk}k∈N. The Bloh-Floquet deomposition (Theorem 6.4) ensures the existene of a unitarymap US, whih maps H into the diret integral K :=

∫ ⊕
TN K(t) dz(t). Let F :=

∏
t∈TN K(t)be the �eld of Hilbert spaes obtained from the olletion of the spaes K(t) appearing inthe Bloh-Floquet deomposition. The olletion of vetor �elds K is a subset of F whih hasthe struture of a Hilbert spae and whose elements an be seen as L2-setions of a �pseudo-Hilbert bundle� E (F) :=

⊔
t∈TN H(t). This justi�es the use of the notation K = ΓL2(E ).To answer question II in Setion 1 we need to know how to selet a priori a ontinuousstruture Γ ⊂ K for the �eld of Hilbert spaes F. In view of Proposition 7.3, this proedure isequivalent to selet a priori the family of the ontinuous setion Γ(E ) of the Hilbert bundle Einside the Hilbert spae of the L2-setions ΓL2(E ). We an use the generalized Bloh-Floquettransform to push bak this problem at the level of the original Hilbert spae H and to adoptthe algebrai viewpoint. With this hange of perspetive the new, but equivalent, questionwhih we need to answer is: does the physial frame {H,A,S} selet a Hilbert module over

C(TN ) inside the Hilbert spae H? Generalizing an idea of [Gru01℄, we an use the transform
US and the notion of wandering nulear spae Φ to provide a positive answer. The ore ofour analysis is the following result.Proposition 7.7. Let S be a ZN -algebra in the separable Hilbert spae H with generators
{U1, . . . , UN}, wandering system {ψk}k∈N and wandering nulear spae Φ. Let K be thediret integral de�ned by the Bloh-Floquet transform US : H → K. Then the Bloh-Floquettransform endowes Φ with the struture of a (left) pre-C∗-module over C(TN ). Let ΓS be theompletion of Φ with respet the C∗-module norm. Then ΓS is a Hilbert module over C(TN )suh that ΓS ⊂ H.Proof. For any pair ϕ, φ ∈ Φ we de�ne the pairing {ϕ, φ}(t) := ((USϕ)(t); (USφ)(t))t. Forany �xed t the pairing {·; ·} is a bilinear map from Φ×Φ to C. Moreover it is easy to hekthat {ϕ, φ}(t) is a ontinuous funtion of t. Indeed ϕ, φ ∈ Φ means that ϕ and φ are �nite26



The geometry emerging from the symmetries G. De Nittis & G. Panatilinear ombinations of the vetors Uaψk and from equation (25) and the orthonormality of thefundamental vetor �elds ζk(·) it follows that {ϕ, φ}(t) onsists of a �nite linear ombinationof the exponentials eit1 , . . . , eitN . The set Φ is a omplex vetor spae with the struture ofa C(TN )-module de�ned by C(TN ) × Φ ∋ (f, ϕ) 7→ Afϕ ∈ Φ where Af ∈ S is the operatorassoiated to f ∈ C(TN ) by the Gel'fand isomorphism. With the module struture and themap {·; ·} : Φ × Φ → C(TN ) the spae Φ beomes a (left) pre-C∗-module over C(TN ).The Hilbert module ΓS is de�ned to be the ompletion of Φ with respet the norm
|||ϕ|||2 := sup

t∈TN

‖(USϕ)(t)‖2
t = sup

t∈TN

( �n∑
k∈N

|fϕ;k(t)|2
) (31)aording to the notation in the proof of Theorem 6.4. Let {ϕn}n∈N be a sequene in Φ whihis Cauhy with respet the norm ||| · |||. From (31), the unitarity of US and the normalizationof the Haar measure dz on TN it follows that ‖ϕn − ϕm‖H 6 |||ϕn − ϕm|||, hene {ϕn}n∈Nis also Cauhy with respet the norm ‖ · ‖H, i.e. the limit ϕn → ϕ is an element of H. �Remark 7.8 (Wannier vetors, part two). The proof of Proposition 7.7 provides moreinformation about the relation of Γ with respet the relevant families of Wannier vetors.Aording to the notation introdued in Remark 6.8, we an prove that Φ ⊂ ΓωS ⊂ Γ∞

S ⊂
ΓS ⊂ H. Indeed equation (31) implies the inequality supt∈TN |fϕn;k(t) − fϕm;k(t)| 6 |||ϕn −
ϕm||| whih assures that fϕn;k → fϕ;k uniformly with fϕ;k ∈ C(TN ) for all k ∈ N. Thenthe omponents of (USϕ)(·) with respet the fundamental orthonormal frame {ζk(·)}k∈N areontinuous funtions and this justi�es the hain of inlusions laimed above. �♦One seleted the Hilbert module ΓS, we an use it to de�ne a ontinuous �eld of Hilbertspaes as explained in Proposition 7.6. However, it is easy to onvine themselves that theabstrat onstrution proposed in Proposition 7.6 is onretely implemented by the gener-alized Bloh-Floquet transform US. Then the set of vetor �elds Γ(F) := US(ΓS) de�nes aontinuous struture on the �eld of Hilbert spaes F :=

∏
t∈TN K(t) and, in view of Propo-sition 7.3, a Hilbert bundle over the base manifold TN . This Hilbert bundle, whih we willdenote by ES, is the set ⊔t∈TN K(t) equipped by the topology presribed by the set of theontinuous setions Γ(F). The struture of ES depends only on the equivalene lass of thephysial frame {H,A,S} and we will refer to it as the Bloh-Floquet-Hilbert bundle.Theorem 7.9 (Emerging geometri struture). Let S be a ZN -algebra in the separableHilbert spae H with generators {U1, . . . , UN}, wandering system {ψk}k∈N and wanderingnulear spae Φ. Let K be the diret integral de�ned by the Bloh-Floquet transform US :

H → K and ΓS ⊂ H the Hilbert module over C(TN ) de�ned in Proposition 7.7. Then:(i) the family of vetor �elds US(ΓS) =: Γ(F) de�nes a ontinuous struture on F whihrealizes the orrespondene stated in Proposition 7.6;(ii) the Bloh-Floquet-Hilbert bundle ES, de�ned by Γ(F) aording to Proposition 7.3, de-pends only on the equivalene lass of the physial frame {H,A,S}.Proof. To prove (i) let It := {ϕ ∈ Φ : ((USϕ)(t); (USϕ)(t))t = 0}. The spae Φ/It is a pre-Hilbert spae with respet the salar produt indued by US|t. The map US|t : Φ/It → K(t)is obviously isometri and so an be extended to a linear isometry from the norm-losure of
Φ/It into K(t). The map US|t is also surjetive, indeed K(t) is generated by the orthonormalbasis {ζk(t)}k∈N and US|t−1ζk(t) = ψk ∈ Φ/It. Then the �ber Hilbert spaes appearingin the proof of Proposition 7.6 oinide, up to a unitary equivalene, with the �ber Hilbert27



The geometry emerging from the symmetries G. De Nittis & G. Panatispaes K(t) obtained through the Bloh-Floquet deomposition. Moreover the Bloh-Floquettransform ats as the map de�ned in the proof of Proposition �efvemod, whih sends theelement of the Hilbert module Φ in the ontinuous setion of F.To prove (ii) let {H1,A1,S1} and {H2,A2,S2} be two physial frames related by aunitary map U : H1 → H2. If S1 is a ZN -algebra in H1 then also S2 = US1U
−1 is a

ZN -algebra in H2 = UH1 and if {ψk}k∈N ⊂ H1 is a wandering system for S1 then {ψ̃k :=
Uψk}k∈N ⊂ H2 is a wandering system for S2 (with the same ardinality). The two wanderingnulear spaes Φ1 ⊂ H1 and Φ2 ⊂ H2 are related by Φ2 = UΦ1. Let US1 : H1 → H1and US2 : H2 → H2 be the two generalized Bloh-Floquet transforms de�ned by the twoequivalent physial frames. From the expliit expression of US2 and US1

−1, and in aordanewith Corollary 3.4, one argues that US2 ◦U ◦US1
−1 =: W (·) is a deomposable unitary whihis well de�ned for all t (it is essentially a hange of basis on eah �ber). Let ϕ, φ ∈ Φ1 then

{ϕ;φ}1(t) : = ((US1ϕ)(t); (US1φ)(t))t = (W (t)(US1ϕ)(t);W (t)(US1φ)(t))t

= ((US2Uϕ)(t); (US2Uφ)(t))t =
(
(US2ϕ̃)(t); (US2 φ̃)(t)

)
t
=: {ϕ̃; φ̃}2(t)where ϕ̃ := Uϕ and φ̃ := Uφ are elements of Φ2. This equation shows that Φ1 and Φ2have the same C(TN )-module struture and so de�ne the same abstrat Hilbert module over

C(TN ). The laim follows from the generalization of the Serre-Swan Theorem summarizedby arrow C in (30). �Remark 7.10. With a proof similar to that of point (ii) of Theorem 7.9, one dedues alsothat the Bloh-Floquet-Hilbert bundle ES does not depend on the hoie of two unitarily(or antiunitarily) equivalent ommutative C∗-algebras S1 and S2 inside A. Indeed also inthis ase the abstrat Hilbert module struture indued by the two Bloh-Floquet transforms
US1 and US2 is the same. �♦Theorem 7.9 provides a omplete and satisfatory answer to questions (II) and (III) inSetion 1 for the interesting ase of a ZN -algebras S. At this point, it is natural to deduemore information about the topology of the Bloh-Floquet-Hilbert bundle from the propertiesof the physial frame {H,A,S}. An interesting property arises from the ardinality of thewandering system whih depends only on the physial frame (see Corollary 6.5).Corollary 7.11. The Hilbert bundle ES over the torus TN de�ned by the ontinuousstruture Γ(F) is trivial if the ardinality of the wandering system is ℵ0, and is a rank-qHermitian vetor bundle if the ardinality of the wandering system is q. In the latter asethe transition funtions of the vetor bundle an be expressed in terms of the fundamentalorthonormal frame {ζk(·) := (USψk)}k=1,...,q.Proof. The laim follows from Propositions 7.4 and 7.3 jointly with the fat that the dimen-sion of the �ber spaes K(t) is the ardinality of the wandering system as proved in Propo-sition 6.3. In the �nite dimensional ase the fundamental orthonormal frame {ζk(·)}k∈N,de�ned by (22), selets loally a family of frames and so provides the loal trivializations forthe vetor bundle. �A Gel'fand theory, joint spetrum and basi measuresLet A be a unital (not neessarily ommutative) C∗-algebra and A× the group of the invertibleelements of A. The algebrai spetrum of A ∈ A is de�ned to be σA(A) := {λ ∈ C : (A −
λ1) /∈ A×}. If A0 is a non unital C∗-algebra and ı : A0 →֒ A is the anonial embedding of A028



The geometry emerging from the symmetries G. De Nittis & G. Panatiin the unital C∗-algebra A (see [BR87℄ Proposition 2.1.5) then one de�nes σA0(A) := σA(ı(A))for all A ∈ A0. This shows that the notion of spetrum is strongly linked to the existene ofthe unit. If A is unital and C∗(A) ⊂ A is the unital C∗-subalgebra generated algebraiallyby A, its adjoint A† and 1 (=: A0 for de�nition) then σA(A) = σC∗(A)(A) (see [BR87℄Proposition 2.2.7). As a onsequene we have that if A ⊂ B(H) is a onrete C∗-algebra ofoperators on the Hilbert spae H and A ∈ A then the algebrai spetrum σA(A) agrees withthe Hilbert spae spetrum σ(A) := {λ ∈ C : (A−λ1) /∈ GL(H)} where GL(H) := B(H)×is the group of the invertible bounded linear operators on the Hilbert spae H.Let denote with S a ommutative C∗-algebra. A harater of S is a nonzero homo-morphism x : S → C (also alled pure state). The Gel'fand spetrum of S, denoted by
X(S) or simply by X, is the set of all haraters of S. The spae X, endowed with the
∗-weak topology (topology of the pointwise onvergene on S) beomes a topologial Haus-dor� spae, whih is ompat if S is unital and only loally ompat otherwise (see [BR87℄Theorem 2.1.11A). If S is separable (namely it is generated algebraially by a ountablefamily of ommuting elements) then the ∗-weak topology in X is metrizable (see [Bré87℄Theorem III.25) and if, in addition, S is also unital then X is ompat and metrizable whihimplies (see [Cho66℄ Proposition 18.3 and Theorem 20.9) that X is seond-ountable (hasa ountable basis), separable (has a ountable everywhere dense subset) and omplete. If
H is a separable Hilbert spae then also the C∗-algebra B(H) is separable. Summarizing,the Gel'fand spetrum of a ommutative separable unital C∗-algebra has the struture of aPolish spae (separable omplete metri spae).The Gel'fand-Na��mark Theorem (see [BR87℄ Setion 2.3.5 or [GVF01℄ Setion 1.2 or[Lan97℄ Setion 2.2) states that there is a anonial isomorphism between any ommutativeunital C∗-algebra S and the ommutative C∗-algebra C(X) of the ontinuous omplex valuedfuntions on its spetrum endowed with the norm of the uniform onvergene. The Gel'fandisomorphism C(X) ∋ f

G7→ Af ∈ S maps any ontinuous f in the unique element Af whihsatis�es the relation f(x) = x(Af ) for all x ∈ X. Then we an use the ontinuous funtionson X to �label� the elements of S. If S0 is a non-unital ommutative C∗-algebra thenthe Gel'fand-Na��mark Theorem proves the isomorphism between S0 and the ommutative
C∗-algebra C0(X0) of the ontinuous omplex valued funtions vanishing at in�nity on theloally ompat spae X0 whih is the spetrum of S0. If S0 ⊂ B(H) we de�ne the multiplieralgebra of S0 to be S := {B ∈ B(H) : BA = AB ∈ S0 ∀A ∈ S0}. The multiplier algebrais a unital ommutative C∗-subalgebra of B(H) whih ontains S0 as an essential ideal. TheGel'fand spetrum X of S onresponds to the Stone-Čeh ompati�ation of the spetrum
X0 and one an prove that C(X) ≃ Cb(X0). Thus, via Gel'fand isomorphism, the multiplieralgebra S an be desribed as the unital ommutative C∗-algebra of the bounded ontinuousfuntions on the loally ompat spae X0 (see [GVF01℄ pp. 13-15).For every Af ∈ S one has that σS(Af ) = {f(x) : x ∈ X} (se [Hör90℄ Theorem3.1.6) then Af is invertible if and only if 0 < |f(x)| 6 ‖Af‖S for all x ∈ X. We oftenonsider the relevant ase when the unital ommutative C∗-algebra is �nitely generated,i.e. when S is algebraially generated by a �nite family {A1, . . . , AN} of ommuting normalelements, their adjoints and 1 (=: A0

j for de�nition). We will say that the family of generators
{A1, . . . , AN} is minimal if the any C∗-algebra generated by a proper subset of generators isstritly ontained in S.Let f1, . . . , fN be the ontinuous funtions whih label the elements of the generatingsystem. The map X ∋ x

̟7→ (f1(x), . . . , fN (x)) ∈ CN is a homeomorphism of the Gel'fandspetrum X on a ompat subset of CN alled the joint spetrum of the generating system
{A1, . . . , AN} (see [Hör90℄ Theorem 3.1.15). Then, when S is �nitely generated, we an29



The geometry emerging from the symmetries G. De Nittis & G. Panatiidentify the Gel'fand spetrum X with its homeomorphi image ̟(X) (the joint spetrum)whih is a ompat, generally proper, subset of σS(A1)×. . .×σS(AN ). When {A1, . . . , AN} ⊂
B(H) a neessary and su�ient ondition for λ := (λ1, . . . , λN ) to be in ̟(X) is that thereexists a sequene of normalized vetors {ψn}n∈N suh that ‖(Aj − λj)ψn‖ → 0 if n→ ∞ forall j = 1, . . . , N (see [Sam91℄ Proposition 2).Remark A.1 (Dual group). The Gel'fand theory has an interesting appliation to abelianloally ompat groups G. Usually the dual group (or harater group) Ĝ is de�ned to bethe set of all ontinuous haraters of G, namely the set of all the ontinuous homomorphismof G into the irle group S1 := {z ∈ C : |z| = 1}. However, to endow Ĝ with a naturaltopology it is useful to give an equivalent de�nition of dual group. Sine G is loally ompatand abelian there exists a unique (up to a multipliative onstant) invariant Haar measureon G denoted by dg (see [Rud62℄ Setion 1.1). The family of funtions L1(G) (with respetthe Haar measure) beomes a ommutative Banah ∗-algebra, if multipliation is de�ned byonvolution; it is alled the group algebra of G. If G is disrete then L1(G) is unital otherwise
L1(G) has always an approximate unit (see [Rud62℄ Theorems 1.1.7 and 1.1.8). Every χ ∈ Ĝde�nes a linear multipliative funtional χ̂ on L1(G) by χ̂(f) :=

∫
G
f(g)χ(−g) dµ(g) for all

f ∈ L1(G) (the Fourier transform). This map de�nes a one to one orrespondene between Ĝand the Gel'fand spetrum of the algebra L1(G) (see [Rud62℄ Theorem 1.2.2). This enablesus to onsider Ĝ as the Gel'fand spetrum of L1(G) and when Ĝ is endowed with the usual
∗-weak topology with respet to L1(G) then it beomes a Hausdor� loally ompat spae.Moreover Ĝ is ompat if G is disrete and it is disrete when G is ompat (see [Rud62℄Theorem 1.2.5). �♦Let X be a ompat Polish spae and B(X) the Borel σ-algebra generated by the topologyof X. The pair {X,B(X)} is alled standard Borel spae. A mapping µ : B(X) → [0,+∞]suh that: µ(∅) = 0, µ(X) 6 ∞ whih is additive with respet the union of ountable familiesof pairwise disjoint subsets of X is alled a (�nite) Borel measure. If µ(X) = 1 then we willsaid that µ is a probability Borel measure. Any Borel measure on a standard Borel spae
{X,B(X)} is regular, i.e. if for all Y ∈ B(X) one has that µ(Y ) = sup{µ(K) : K ⊂
Y, K ompat} or µ(Y ) = inf{µ(O) : Y ⊂ O, O open}. Let N be the union of all theopen sets Oα ⊂ X suh that µ(O) = 0. The losed set X \ N is alled the support of µ.If µ is a regular Borel measure then µ(N) = 0 and µ is onentrated on its support. Formore details about the measure theory the reader an see [Rud87℄ (Chapters 1-2) or [RS73℄(Setion IV.4).Let S be a unital ommutative C∗-algebra on the separable Hilbert spaeH with Gel'fandspetrum X. For all pairs ψ,ϕ ∈ H the mapping C(X) ∋ f 7→ (ψ;Afϕ)H ∈ C is a ontinuouslinear funtional on C(X) hene the Riesz-Markov Theorem (see [Rud87℄ Theorem 2.14 or[RS73℄ Theorem IV.18) implies the existene of a unique regular (omplex) Borel measure
µψ,ϕ, with �nite total variation, suh that (ψ;Afϕ)H =

∫
X f(x) dµψ,ϕ(x) for all f ∈ C(X).We will refer to µψ,ϕ as a spetral measure. The union of the supports of the (positive)spetral measures µψ,ψ is dense, namely for all open sets O ⊂ X there exists a ψ ∈ H suhthat µψ,ψ(O) > 0. A positive measures µ on X is said to be basi for the C∗-algebra S if:for every Y ⊂ X, Y is loally µ-negligible if and only if Y is loally µψ,ψ-negligible for any

ψ ∈ H. From the de�nition if follows that: (i) if there exists a basi measure µ on X, thenevery other basi measure is equivalent (has the same null sets) to µ; (ii) for all ψ,ϕ ∈ Hthe spetral measure µψ,ϕ is absolutely ontinuous with respet to µ, moreover there existsa unique element hψ,ϕ ∈ L1(X) (the Radon-Nikodym derivative) suh that µψ,ϕ = hψ,ϕµ;(iii) sine the union of the supports of the measures µψ,ψ is dense in X, then the supportof a basi measure µ is the whole X (see [Dix81℄ Part I, Chapter 7). The existene of a30



The geometry emerging from the symmetries G. De Nittis & G. Panatibasi measure for a ommutative C∗-algebra S ⊂ B(H) is generi. Indeed the existeneof a basi measure is equivalent to the existene of a yli vetor φ for the ommutant S′and the basi measure an be hosen to be the spetral measure µφ,φ (see [Dix81℄ Part I,Chapter 7, Proposition 3). Sine a vetor φ is yli for S′ if and only if it is separating forthe ommutative von Neumann algebra S′′ ⊃ S, and sine any ommutative von Neumannalgebra of operators on a separable Hilbert spae has a separating vetor, it follows that anyommutative unital C∗-algebra S of operators whih ats on a separable Hilbert spae hasa basi measure arried on its spetrum (see [Dix81℄ Part I, Chapter 7, Propositions 4).B Diret integral of Hilbert spaesGeneral referenes about the notion of a diret integral of Hilbert spaes an be found in[Dix81℄ (part II from hapter 1 to hapter 5) or in [Mau68℄ (hapter I, setion 6). In whatfollows we assume that the pair {X,B(X)} is a standard Borel spae and µ a (regular) Borelmeasure on X. For every x ∈ X let H(x) be a Hilbert spae with salar produt ( ; )x. Theset F :=
∏
x∈X H(x) (Cartesian produt) is alled a �eld of Hilbert spaes over X. A vetor�eld ϕ(·) is an element of F, namely a map X ∋ x 7→ ϕ(x) ∈ H(x). A ountable family

{ξj(·) : j ∈ N} of vetor �elds is alled a fundamental family of measurable vetor �elds if:a) for all i, j ∈ N the funtions X ∋ x 7→ (ξi(x); ξj(x))x ∈ C are measurable;b) for eah x ∈ X the set {ξj(x) : j ∈ N} spans the spae H(x).The �eld F has a measurable struture if it has a fundamental family of measurable ve-tor �elds. A vetor �eld ϕ(·) ∈ F is said to be measurable if all the funtions X ∋ x 7→
(ξj(x);ϕ(x))x ∈ C are measurable for all j ∈ N. The set of all measurable vetor �elds is alinear subspae of F. By the Gram-Shmidt orthonormalization we an always build a funda-mental family of orthonormal measurable �elds (see [Dix81℄ Part II, Chapter 1, Propositions1 and 4). Suh a family will be all a measurable �eld of orthonormal frames. Two �elds aresaid to be equivalent if they are equal µ-almost everywhere on X. The diret integral H ofthe Hilbert spaes H(x) (subordinate to the measurable struture of F), is the Hilbert spaeof the equivalene lasses of measurable vetor �elds ϕ(·) ∈ F satisfying

‖ϕ(·)‖2
H :=

∫

X
‖ϕ(x)‖2

x dµ(x) <∞. (32)The salar produt on H is de�ned by
〈ϕ1(·);ϕ2(·)〉H :=

∫

X
(ϕ1(x);ϕ2(x))x dµ(x) <∞. (33)The Hilbert spae H is often denoted by the symbol ∫ ⊕

X H(x) dµ(x). It is separable if X isseparable.Let ν be a positive measure equivalent to µ. The Radon-Nikodym theorem ensures theexistene of a positive ρ ∈ L1(X,µ) with 1
ρ ∈ L1(X, ν) suh that ν = ρµ. Let H be the diretintegral with respet µ, K the diret integral with respet ν and ϕ(·) ∈ H. The mapping

H ∈ ϕ(·) 7→ ϕ′(·) ∈ K de�ned by ϕ′(x) = 1√
ρ(x)

ϕ(x) for all x ∈ X is an unitary map of
H onto K and for �xed µ and ν. This isomorphism does not depend on the hoie of therepresentative for ρ and it is alled the anonial resaling isomorphism.A (bounded) operator �eld A(·) is a map X ∋ x 7→ A(x) ∈ B(H(x)). It is alledmeasurable if the funtion X ∋ x 7→ (ξi(x);A(x)ξj(x))x ∈ C is measurable for all i, j ∈ N. A31



The geometry emerging from the symmetries G. De Nittis & G. Panatimeasurable operator �eld is alled a deomposable operator in the Hilbert spae H. Let f ∈
L∞(X) (with respet the measure µ); then the map X ∋ x 7→Mf (x) := f(x)1x ∈ B(H(x))(with 1x the identity in H(x)) de�nes a simple example of deomposable operator alleddiagonal operator. When f ∈ C(X), the diagonal operator Mf (·) is alled a ontinuouslydiagonal operator. Denote by C(H) (resp. L∞(H)) the set of the ontinuously diagonaloperators (resp. the set of diagonal operators on H). Suppose that H(x) 6= 0 µ-almosteverywhere on X, then the following fats hold true (see [Dix81℄ Part II, Chapter 2, Setion4): (i) L∞(H) is a ommutative von Neumann algebra and the mapping L∞(X) ∋ f →
Mf (·) ∈ L∞(H) is a (anonial) isomorphism of von Neumann algebras; (ii) the ommutant
L∞(H)′ is the von Neumann algebra of deomposable operators on H; (iii) the mapping
C(X) ∋ f → Mf (·) ∈ C(H) is a (anonial) homomorphism of C∗-algebras whih beomesan isomorphism if the support of µ is all X; in this ase X is the Gel'fand spetrum of C(H)and µ is a basi measure.C Nulear Gel'fand triplesLet H1 and H2 be two separable Hilbert spaes with orthonormal basis {ψ(1)

j }j∈N and
{ψ(2)

j }j∈N. Let A : H1 → H2 be a linear mapping and A† : H2 → H1 its adjoint. The numbers
|A|2 :=

∑
j∈N

‖Aψ(2)
j ‖2

H2
and |A†|2 :=

∑
j∈N

‖A†ψ
(1)
j ‖2

H1
are independent on the hoie of theorthonormal basis, |A| = |A†| and if |A| <∞ then A is bounded sine ‖A‖B(H1 ,H2) < |A|. Alinear mapping A ∈ B(H1,H2) for whih |A| <∞ is alled Hilbert-Shmidt operator and thenumber |A| is alled the Hilbert-Shmidt norm of A. If A is a linear map between two Hilbertspae H1 and H2 at least one of whih with �nite dimension then A is Hilbert-Shmidt. Theidentity operator in H is Hilbert-Shmidt if and only if the dimension of H is �nite. Formore details on the theory of the Hilbert-Shmidt operators see [RS73℄ (Setion VI.6)General referenes for the theory of loally ompat spaes and nulear spaes are [Tre67℄or [RS73℄ (Chapter V). A loally onvex vetor spae Φ is a omplex vetor spae with afamily of seminorms {pα}α∈I endowed with the natural (oarsest) topology whih makes allthe seminorms ontinuous. Moreover the family of seminorms need to be separating, i.e.

pα(ϕ) = 0 for all α ∈ I implies that ϕ = 0 (this assures that Φ is Hausdor�). A loallyonvex vetor spae Φ is metrizable if and only if its topology is determined by a ountablefamily of seminorms (ountably normed spae). A metrizable and omplete loally onvexspae is alled a Fréhet spae. A loally onvex vetor spae Φ is said to be nulear if thesystem of seminorms {pα}α∈I (or an equivalent system) satis�es the following onditions: a)for every α ∈ I the normed quotient spae Φα := Φ/Nα, where Nα := {ϕ ∈ Φ : pα(ϕ) = 0},is a pre-Hilbert spae whose losure is denoted by Hα; b) for eah α1 ∈ I there existssuh α2 ∈ I suh that pα1 6 pα2 (whih implies Φα2 ⊂ Φα1) and the anonial embedding
ıα2,α1 : Hα2 → Hα1 is a Hilbert-Shmidt operator. If Φ is a loally-onvex vetor spae then
Φ∗ denotes the topologial dual spae of Φ, namely Φ∗ is the set of the linear ontinuousfuntional on Φ. We will denote by 〈 ; 〉 : Φ∗ × Φ → C the dual (sesquilinear) pairingbetween Φ∗ and Φ. The spae Φ∗ is a topologial Hausdor� spae with the ∗-weak topology(the topology of pointwise onvergene). If A : Φ → Φ is a ontinuous linear map on Φ wean de�ne pointwise the transpose tA of A by 〈A†η;ϕ〉 := 〈η;Aϕ〉 for all η ∈ Φ∗ and ϕ ∈ Φ;it is a ontinuous map tA : Φ∗ → Φ∗ with respet the ∗-weak topology.A rigged Hilbert spae is a triple Φ→֒H→֒Φ∗ with H a separable Hilbert spae, Φ ⊂ Ha norm-dense subspae suh that Φ has a topology for whih it is a nulear spae and theinlusion map ı : Φ→֒H is ontinuous. Identifying H with its dual spae H∗ one has that32
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H ⊂ Φ∗ and the inlusion ı∗ : H→֒Φ∗ is the adjoint of the map ı. The duality pairing between
Φ and Φ∗ has to be ompatible with the salar produt on H, namely 〈ψ1, ψ2〉 = (ψ1, ψ2)Hwhenever ψ1 ∈ Φ∗∩H and ψ2 ∈ Φ. The spei� triple {Φ,H,Φ∗} is often named the (nulear)Gel'fand triple. If A is a bounded operator on H whih leaves unhanged Φ and A : Φ → Φis ontinuous with respet the nulear topology of Φ then tA : Φ∗ → Φ∗ is ontinuous and isan extension of the adjoint A† de�ned in H to all the dual spae Φ∗. Many referenes aboutthe theory of the Gel'fand triple an be found in [dlM05℄.Referenes[AEGS04℄ J. E. Avron, A. Elgart, G. M. Graf, and L. Sadun. Transport and dissipation inquantum pumps. J. Stat. Phys., 116: 425�473, 2004.[Bo01℄ F. P. Boa. Rotations C∗-algebras and almost Mathieu operators. Theta Foun-dation, 2001.[BR87℄ O. Bratteli and D. W. Robinson. C∗- and W ∗-Algebras, Symmetry Groups, De-omposition of States, volume I of Operator Algebras and Quantum StatistialMehanis. Springer-Verlag, 1987.[Bré87℄ H. Brézis. Analyse fontionnelle, Théorie et Appliation. Masson, 1987.[BSE94℄ J. V. Bellissard, H. Shulz-Baldes, and A. van Elst. The Non CommutativeGeometry of the Quantum Hall E�et. J. Math. Phys., 35: 5373�5471, 1994.[Cho66℄ G. Choquet. Topology. Aademi Press, 1966.[Con94℄ A. Connes. Nonommutative Geometry. Aademi Press, 1994.[DD63℄ J. Dixmier and A. Douady. Champs ontinus d'espaes hilbertiens et de C∗-algèbres. Bull. So. math. Frane, 91: 227�284, 1963.[DFP10℄ G. De Nittis, F. Faure, and G. Panati. Topologial duality between the Harperand Hofstadter models. In preparation, 2010.[Dix81℄ J. Dixmier. von Neumann Algebras. North-Holland, 1981.[Dix82℄ J. Dixmier. C∗-Algebras. North-Holland, 1982.[dlM05℄ R. de la Madrid. The role of the rigged Hilbert spae in Quantum Mehanis.Eur. J. Phys., 26, 2005.[FD88℄ J. M. G. Fell and R. S. Doran. Basi Representation Theory of Groups andAlgebras, volume 1 of Representation of ∗-Algebras, Loally Compat Groups,and Banah ∗-Algebrai Bundles. Aademi Press In., 1988.[GO08℄ G. M. Graf and G. Ortelli. Comparison of quantization of harge transport inperiodi and open pumps. Phys. Rev. B, 77: 033304, 2008.[Gra07℄ G. M. Graf. Aspets of the Integer Quantum Hall E�et. Proeedings of Symposiain Pure Mathematis, 76.1: 429�442, 2007.[Gru01℄ M. J. Gruber. Non-ommutative Bloh theory. J. Math. Phys., 42: 2438�2465,2001. 33
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