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1. Introduction
Bose-Einstein condensation (also BEC henceforth) is the intensely investigated quantum
phenomenon that occurs in large systems of indistinguishable bosons when a macroscopic
number of particles occupies the same one-body state [50]. Within the vast research
field that followed the first realisation of BEC in dilute atomic gases [1, 16], our present
analysis focuses on the dynamics of mixtures of condensates, a fascinating feature shown
by BEC on which much interest has been recently drawn to in experiments and theoretical
studies.
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Binary mixtures of condensates are mixtures of two distinguishable species of bosons,
which coexist in the same spatial region and display BEC in each component, and where
interactions are present both between particles of the same species and of different
species, however with no inter-species transition.
Once the system is prepared in such conditions, it evolves in time with a many-body
dynamics that is conceptually simple but enormously complicated to solve, virtually
inaccessible. In suitable experimental conditions (that include ultra-low temperature,
high dilution, and weak interactions) one observes that the two coexisting condensates
preserve their individuality also at later times and it is possible to give an effective
dynamics of the system in terms of the much simpler description of the two condensate
profiles. This yields a system of two coupled cubic non-linear Schrödinger equations
(customarily referred to as Gross-Pitaevskii equations) that indeed describe the time
evolution of each profile in agreement with the experiments. While relevant information
is thus extracted from the many-body dynamics in terms of two one-body equations,
the effectiveness of the description results in replacing an actual linear dynamics with
non-linear PDEs. This is completely analogous to what happens with a condensate
of particles of a single species: in this case one Gross-Pitaevskii equation provides the
effective evolution of the condensate profile.
The non-linear Schrödinger/Gross-Pitaevskii system for a binary condensate, see
(27) and (32) below, is the object of this work, which has a two-fold nature, theoretical
and numerical. First, we outline the mathematical picture in which a satisfactory
formalisation of BEC is given, also in the presence of two or more components. This is
the well-established picture of the reduced density matrix of the many-body quantum
system: in Section 2 we survey the standard mathematical background for this tool and
the definition of single- and multi-component BEC.
What rigorous connection links the actual many-body Schrödinger dynamics with
the effective system of coupled Gross-Pitaevskii equations is the object of Section 3. The
issue of deriving effective evolution equations from the quantum many-body dynamics is
very much topical and developed in the current mathematical research. Here we discuss
the derivation scheme in the multi-component case, a stream started only recently, with
emphasis on the indicators of fragmented BEC, on the suitable scaling limits to adopt,
and on their dependence on the dimensionality.
Next, in Section 4 we outline the main features of the Cauchy problem associated to
the non-linear Schrödinger/Gross-Pitaevskii system in two spatial dimensions. Indeed,
it is possible to derive the effective dynamics from the actual many-body dynamics in
the time interval in which the former is well-posed, and at least a H 1 -theory is needed
for the current known derivation schemes. Local (in time) well-posedness holds for an
ample class of interactions and trapping potentials, but as soon as the interactions are
attractive and the initial data are sufficiently large, blow-up phenomena may occur.
We then turn to a systematic numerical analysis of the non-linear Gross-Pitaevskii
system (32). For a single-component Gross-Pitaevskii equation, a variety of numerical
methods have been introduced and exploited over the last decade, the double-component
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case having received considerably less attention. We review the current knowledge in
Section 5, also highlighting that for the so far not so systematically investigated case
of collisions among components, a substantially higher resolution is required than all
the previous studies, and hence parallel computation is needed in order to resolve the
complicated intra- and inter-component interactions developing during the spatial overlap
of the two components. In fact, with our numerical code we implement MPI parallel
simulations with no difficulties in reaching spatial resolutions of 214 × 214 , as opposite to
the ∼ 28 × 28 resolutions of previous studies.
In Section 6 we discuss our numerical method, that consists of a Fourier collocation
scheme in space combined with a fourth order integrating factor scheme in time, and we
set up our accuracy threshold, showing that our simulations satisfy well our fidelity test.
We also discuss the initial data, chosen to be well-localised Gaussian profiles for each
component, conveniently shot against each other, or placed on top of each other, with or
without a spatial confinement.
We then present our results in Section 7. The virtue of our investigation is to cover,
through 29 numerical experiments with high resolution, a wide and systematic range of
relevant regimes, which include balanced, mildly unbalanced, and strongly unbalanced
population ratios, as well as intra-species and inter-species interactions of both repulsive
and attractive type. We also explore various magnitudes of the customary miscibility
parameter among components.
Specifically, we investigate single one-shot, head-on collisions (Section 7.1),
component-over-component relaxations (Section 7.2), and multiple re-collisions within
a harmonic trap (Section 7.3). Some of the emergent behaviours are peculiar and
qualitatively novel, among which the ‘splash’ of the ultra-light component in the collision
against a heavy one, the ‘squeezing-and-shooting’ occurring in the collision with intense
inter-species attraction, the ‘crater’ formation in one component profile due to the
presence of the other, and the competing effects, on the condensate relaxation and
component separation, between the dispersive properties of the linear problem and the
attraction among components. Some of them may well inspire analytical studies or even
interesting experiments.
2. Background: multi-component BEC
2.1. BEC and density matrix formalism
The crowding phenomenon that originates BEC has a natural formalisation, that was
given first by Penrose and Onsager in the 1950’s [46], in terms of single-particle reduced
density matrix.
For a general formulation, let
h = L2 (Λ) ⊗ C2s+1

(1)

be the Hilbert space for a quantum particle of spin s ∈ 12 N0 confined in a domain Λ ⊂ Rd
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(possibly Rd itself) and, correspondingly, let
HN,sym = h⊗N
sym

(2)

(the symmetric N -fold tensor product of h) be the Hilbert space for a (bosonic) system
of N such particles. A many-body state of this system is described by a density matrix
γN , namely a positive trace-class operator on HN,sym with unit trace.
Associated to γN is the so-called one-body marginal (or one-body or single-particle
reduced density matrix)
(1)

γN = TrN −1 γN ,

(3)

where the map TrN −1 : B1 (HN,sym ) → B1 (h) is the partial trace from trace class operators
acting on HN,sym to trace class operators acting on h. TrN −1 γN is defined, by duality, by
Trh (A · TrN −1 γN ) = TrH (A ⊗ 1N −1 ) · γN ))

∀A ∈ B(h)

(4)

(here B(h) denotes the bounded linear operators on h). In terms of an arbitrary
orthonormal basis (ξk )k of HN −1,sym one then has
X
hϕ, (TrN −1 γN )ψih =
hϕ ⊗ ξk , γN ψ ⊗ ξk iHN
∀ϕ, ψ ∈ h ,
(5)
k

and the l.h.s. of (5) is independent of the choice of the basis.
(1)
Thus, γN is obtained by “tracing out” N − 1 degrees of freedom from γN .
For concreteness, a system of N spinless (s = 0) bosons in the pure state ΨN ∈
L2sym (RN d , dx1 · · · dxN ) (here L2N,sim denotes the wave-functions that are symmetric under
(1)
permutation of any two variables) has one-body marginal γN given by the integral kernel
Z
(1)
0
γN (x, x ) =
ΨN (x, x2 , . . . , xN ) ΨN (x0 , x2 , . . . , xN ) dx2 · · · dxN . (6)
R(N −1)d

(1)

As a non-negative, bounded, and self-adjoint operator on h, γN has a complete set
of real non-negative eigenvalues that sum up to 1, that is, there is an orthonormal basis
(N )
(1)
(N ) ∞
(ϕj )∞
j=0 of h consisting of eigenvectors of γN with eigenvalues (nj )j=0 so that
P∞ (N ) (N ) (N )
(1)
γN =
|ϕj ihϕj | ,
j=0 nj
(7)
P∞ (N )
(N )
(N )
1 > n0 > n1 > · · · > 0 ,
= 1.
j=0 nj
(1)

In turn, being γN the partial trace of a many-body bosonic state γN , each such
eigenvalue has the natural interpretation of occupation number : indeed, since the one(N )
(N )
(N )
body observable Oj ≡ |ϕj ihϕj | ⊗ 1N −1 has expectation nj in the many-body state
(N )
γN (as follows from (4)), then nj expresses in the sense of the reduced density matrix,
(N )
the fraction of particles of the many-body state γN which occupy the one-body state ϕj .
This is not at all a statement on the many-body wave-function, which in general has a
far more complicated structure than the product of such single-particles eigenstates, yet
it becomes an exact description for the ideal case of a completely factorised many-body
state.
Within this formalism, BEC corresponds to having one occupation number of order 1
(N )
(N )
and all the others of order o(1) in the number N of particles. Thus, n0 ∼ 1, ϕ0 ∼ ϕ0
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(1)

and γN ∼ |ϕ0 ihϕ0 |: the state ϕ0 ∈ h is the one-body orbital occupied by N n0 particles
and is customarily referred to as the condensate wave-function. This definition applies
both to interacting and non-interacting systems (for no reference to the Hamiltonian is
made), and evidently assumes an underlying thermodynamic limit. For bosons in the
(1)
ground state of a d-dimensional box ΛL of size L, whose one-body marginal γN is given
(1)
−1
by (6) (now with the integration over ΛN
), γN (x, x0 ) is expected to be translation
L
invariant in the thermodynamic limit, and hence the eigenfunction ϕ0 belonging to the
largest eigenvalue is expected to approach the constant function L−d/2 : in this case, BEC
RR
(1)
in the ground state means L−d ΛL ×ΛL γN (x, x0 )dx dx0 > c > 0 as N → ∞, L → ∞,
(1)

with N/Ld fixed. The latter is the celebrated off-diagonal long range order for γN and
provides another customary characterisation of BEC. In Fourier transform it yields the
characteristic k = 0 delta-peak of BEC in the momentum distribution.
Remarkably, whereas this is precisely the formalism that encodes the experimental
evidence of BEC, for no many-body Hamiltonians with genuine interactions has BEC
been proved so far, with the only exception of hard core bosons on a lattice at half filling
[17, 23]. This leaves a major problem open, in view of which many rigorous results have
been obtained within simplified scaling limits, i.e., caricatures of the thermodynamic
limit as N → ∞ which nevertheless retain an amount of physical features of the actual
N -body model [35]. In fact, the whole mathematics of the Bose gas and its condensation
is today an extraordinarily rich and active subject [30, 53, 54, 8].
2.2. Depletion and condensate. Complete BEC. Simple BEC.
The admixture of other single-particle configurations into the many-body state that
exhibits BEC is called quantum depletion: it is quantified, in the above formalism, by
(1)
the sum of the eigenvalues of all non-macroscopically occupied eigenstates ϕj of γN ,
P
say, limN →∞ j>1 nj if only for the j = 0 level one has limN →∞ n0 > 0. Depletion is
theoretically expected to be of the order of the percent for BEC in weakly interacting
and dilute Bose gases, as experiments with alkali gases well show [28] (in contrast to
liquid helium, with depletion ∼ 90% [46]).
Neglecting depletion as a first approximation, (asymptotically) complete BEC on
the one-body orbital ϕ (ϕ ∈ h, kϕk = 1) is therefore the emergence, as N → ∞ in the
(1)
thermodynamic limit, of an eigenvalue 1 of γN relative to the eigenvector ϕ, all other
(1)
eigenvalues tending to zero, that is, γN converges to the rank-one projection |ϕihϕ|:
(1)

lim γN = |ϕihϕ|

N →∞

(complete BEC) .

(8)

All the a priori inequivalent topologies in which the limit in (8) can be understood (from
the trace norm to the weak operator topology) are in fact interchangeable in this specific
case, for the convergence of a trace-class operator to a rank-one projection satisfies the
bounds (see [36] and [25, Section 2])
q
(1)
(1)
(1)
1 − hϕ, γN ϕi 6 Tr| γN − |ϕihϕ| | 6 2 1 − hϕ, γN ϕi .
(9)
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Condition (8) is naturally interpreted as an almost complete factorisation ΨN ≈ ϕ⊗N
of the many-body state, but strictly speaking this approximation only holds true in
(1)
(1)
the much weaker form γN ≈ |ϕihϕ|. (In turn, it can be argued that γN ≈ |ϕihϕ|
implies a factorisation of the many-body state when an amount k = o(N ) of particles
are considered, see [36] and [25, Section 2].)
In the more realistic presence of depletion, the notion of complete BEC is naturally
replaced by that of simple BEC, namely the presence of only one macroscopic occupation
(1)
number and hence only one non-vanishing eigenvalue of γN in the thermodynamic limit
N → ∞:
(N )
lim n0 = n0 ∈ (0, 1]
N →∞

(N )

lim nj

N →∞

= 0 ∀j > 1

(simple BEC) .

(10)

depletion = 1 − n0
In practice, this is the case when there is a one-body orbital ϕ (ϕ ∈ h, kϕk = 1)
(1)
such that all eigenvalues of the difference γN − |ϕihϕ| vanish as N → ∞ (without
the difference necessarily vanishes or converges, although in concrete cases one expects
(1)
0 < limN →∞ Tr| γN − |ϕihϕ| |  1).
(1)
For complete (or simple) BEC on ϕ, the condensate profile γN (x, x) is with good
approximation described by |ϕ(x)|2 .
2.3. Multi-component BEC
In a wide range of current experiments in cold atoms [41, 33, 19], heteronuclear mixtures
of two or more different species of bosons are manipulated, namely gases with two or
more components each of which is an assembly of identical bosons of a certain species,
where a macroscopic occupation of some one-body state is induced in each population.
In the resulting multi-component BEC, particles of different species remain
distinguishable and subject to intra-species as well as to inter-species interactions,
however with no transition among species. Conceptually such mixtures of condensates
are equivalent to other recent experimental realisations of great relevance: doublewell condensates, namely scalar bosons confined in a trap with very deep wells and
hence negligible tunnelling, with condensation induced in the population of each well;
and pseudo-spinor condensates, that consist of a gas of bosons with spin and two
macroscopically occupied and virtually uncoupled hyperfine states. The latter is typically
the case of 87 Rb, owing to its unusually low hyperfine-changing collision rate: spinchanging collisions rather lead to condensate loss and hence depletion increase, instead
of interconversion between the two species.
A two-component mixture of condensates is customarily referred to also as binary
condensate. Binary condensates in dilute alkali gases were observed shortly after the first
realisations of Bose-Einstein condensation in 1995: they can be created by sympathetic
cooling in a magnetic trap, both in the form of coexisting condensates of atoms, typically
87
Rb [42, 20], in two different hyperfine spin levels, or in the form of heteronuclear
mixtures such as 41 K–87 Rb [39], 41 K–85 Rb [40], 39 K–85 Rb [34], 85 K–87 Rb [45].
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The mathematical formalism for binary condensate is naturally that of a tensor
product of Hilbert spaces, one for each component, in each of which the one-body
reduced density matrix is considered: we shall discuss this setting in Section 3.1 below.
Despite its striking experimental evidence, no rigorous proof of double-component BEC
is known for realistic models of Bose gases. They also motivate an additional theoretical
interest concerning their robustness along the many-body Schrödinger evolution, with
each component preserving its individuality.
3. Effective dynamics of a two-component mixture of condensates
3.1. The model
We consider a d-dimensional two-component interacting Bose gas consisting of a mixture
of two distinct species of N1 identical bosons of one kind and N2 identical bosons of the
other kind. Inter-species and intra-species two-body spatial interactions are present and
no intra-species transition is induced.
The natural Hilbert space for the system is therefore
HN1 ,N2 ,sym := HN1 ,sym ⊗ HN2 ,sym
(11)
= L2sym (RN1 d , dx1 · · · dxN1 ) ⊗ L2sym (RN2 d , dy1 · · · dyN2 ) ,
where HN,sym is the N -body bosonic Hilbert space introduced in (2) built upon the
one-body Hilbert space h = L2 (Rd ). Thus, HN1 ,N2 ,sym consists of square-integrable
functions Ψ with two distinguishable sets of d-dimensional variables and
Ψ(x1 , . . . , xN1 ; y1 , . . . , yN2 )
is invariant under exchange of any two x-variables or any two y-variables, with no overall
permutation symmetry among the two sets of variables. (General non-pure states, namely
density matrices acting on HN1 ,N2 ,sym , inherit the same double bosonic symmetry.) The
first (resp., second) set of variables, and hence the L2 -space in the first (the second)
factor of (11), account for the spatial distribution of particles of the first (second) species,
say, species A and B.
The Hamiltonian of the system, as an operator acting on HN1 ,N2 , has the form
HN1 ,N2

N1 
N1
(A) X
X
~2
=
−
∆xi + U (xi )
+
V (A) (xi − xj )
2m
A
i=1
i<j
N
N2
2


2
X
X
(B)
~
+
−
∆yr + U (yr )
+
V (B) (yr − ys )
2mB
r=1
r<s
N
N
1
2
XX
+
V (AB) (xi − yr ) .

(12)

i=1 r=1

In (12) and in the following the notation is self-explanatory: T (A) is the shortcut for
the operator T ⊗ 1N2 that acts trivially on the B-factor of HN1 ,N2 ,sym and acts as the
operator T on the A-factor, and similarly for T (B) ; V (A) (resp., V (B) ) is the potential of
the two-body interaction between particles of A-type (resp., of B-type), whereas V (AB) is
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the interaction potential between particles of different species; U is a one-body potential
that models the confinement of the gas in a trap; mA and mB are the masses of the two
kinds of particles, and ~ is Planck’s constant.
One can modify (12) (and the discussion that will follow) to more general settings in
which particles of different species experience a different confinement, thus introducing
two potentials UA 6= UB , or in which the one-body Hamiltonian h = −∆ + U (in suitable
units) is replaced with a magnetic Schrödinger operator h = −(∇ − iA)2 + U or a
√
semi-relativistic Schrödinger operator h = 1 − ∆ + U , or with time-dependent trapping
potentials U (x; t), etc.
As long as V (AB) ≡ 0 in the Hamiltonian, the two components are decoupled and the
system consists of two Bose gases with no inter-species interaction: the global many-body
state is always factorised into the product of an A-factor and a B-factor and the possible
occurrence of condensation in each component is monitored separately in terms of the
one-body reduced density matrix constructed with respect to each factor space. In the
presence of a non-zero V (AB) , the generic state of the system (including the ground state)
is not factorised: in particular, an initially factorised state loses its product structure,
since the inter-species interaction establishes correlations.
Under standard (and physically realistic) conditions on the various potentials,
the Hamiltonian HN1 ,N2 is self-adjoint on HN1 ,N2 ,sym , thus making the model wellposed. Clearly the action of HN1 ,N2 remains in HN1 ,N2 ,sym , because HN1 ,N2 is symmetric
under permutation separately in each set of variables. Therefore, the time evolution
e−i t/~ HN1 ,N2 γN1 ,N2 ei t/~ HN1 ,N2 of a two-component bosonic many-body state (density
matrix) γN1 ,N2 along the dynamics generated by HN1 ,N2 remains a density matrix on
HN1 ,N2 ,sym . The number of particles of each kind stays constant in time, with no transfer
of particles among the two populations.
3.2. Two-component condensation
Following the remarks of the previous Subsection, the possibility that particles of one
species undergo condensation is influenced also by the behaviour of the particles of the
other species. The macroscopic occupation of particles of one species into the same
one-body state is expressed through an adaptation of the BEC formalism of Section 2.1.
It is natural to exploit the simultaneous partial trace realised by doubling (i.e.,
tensoring) the map TrN −1 discussed in (3)-(4). This leads to the “double” reduced density
matrix
(1,1)

γN1 ,N2 = TrN1 −1 ⊗ TrN2 −1 γN1 ,N2

(13)

associated with the many-body state (i.e., the density matrix on HN1 ,N2 ,sym ) γN1 ,N2 . The
operation in (13) amounts to tracing out N1 − 1 degrees of freedom of type A and N2 − 1
degrees of freedom of type B from γN1 ,N2 , which results in a density matrix on the Hilbert
space h ⊗ h = L2 (Rd , dx) ⊗ L2 (Rd , dy). For concreteness, a pure state (i.e, a normalised
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(1,1)

function) ΨN1 ,N2 ∈ HN1 ,N2 ,sym has an associated γN1 ,N2 with integral kernel
Z
Z
(1,1)
0
0
dx2 · · · dxN1 dy2 · · · dyN2
γN1 ,N2 (x, x ; y, y ) =
Rd(N1 −1)

Rd(N2 −1)

× ΨN1 ,N2 (x, x2 , . . . , xN1 ; y, y2 , . . . , yN2 )
× ΨN1 ,N2 (x0 , x2 , . . . , xN1 ; y0 , y2 , . . . , yN2 ) .

(14)

By setting y = y 0 in (14) and performing a further integration in y, one ends up
(1,0)
with a density matrix, that we denote with γN1 ,N2 , obtained by tracing out all the Bdegrees of freedom and all but one the A-degrees of freedom from the considered
(0,1)
many-body state; analogously, γN1 ,N2 is obtained by setting x = x0 in (14) and
performing a further integration in x. (In the abstract notation of (13), one writes
(1,0)
(0,1)
γN1 ,N2 = (TrN1 −1 ⊗ TrN2 )(γN1 ,N2 ) and γN1 ,N2 = (TrN1 ⊗ TrN2 −1 )(γN1 ,N2 ).)
(1,0)
(0,1)
By construction, the eigenvalues of γN1 ,N2 (resp., of γN1 ,N2 ) have the natural
interpretation of occupation numbers for particles of the species A (resp., B), whence
the notion of BEC in one of the two components: complete BEC for particles of the
species A (resp., B) occurs when for a normalised u ∈ L2 (Rd , dx) (resp., v ∈ L2 (Rd , dy))
(1,0)
(0,1)
in the thermodynamic limit one has γN1 ,N2 → |uihu| (resp., γN1 ,N2 → |vihv|), or also,
(1,0)
(0,1)
owing to property (9), hu, γN1 ,N2 ui → 1 (resp., hv, γN1 ,N2 vi → 1).
When both conditions occur, one has simultaneous BEC with condensate functions
u and v, that is, a two-component condensate. Because of the bounds [37, Lemma 3.1]
(1,0)

(0,1)

max {1 − hu, γN1 ,N2 ui , 1 − hv, γN1 ,N2 vi} 6
(1,1)
6 1 − hu ⊗ v, γN1 ,N2 u ⊗ vi
(1,0)
(0,1)
6 (1 − hu, γN1 ,N2 ui) + (1 − hv, γN1 ,N2 vi) ,

(15)

two-component complete BEC is equivalent to
lim

N1 ,N2 →∞

(1,1)

γN1 ,N2 = |u ⊗ vihu ⊗ v| = |uihu| ⊗ |vihv| ,

(16)

namely to the convergence of the double reduced density matrix to the rank-one projection
|u ⊗ vihu ⊗ v| on h ⊗ h in the thermodynamic limit.
(1,1)
Analogously to what remarked after (8), the vanishing of γN1 ,N2 − |u ⊗ vihu ⊗ v| is
much weaker than the vanishing of kΨN1 ,N2 − u⊗N1 ⊗ v ⊗N2 k, thus the two-component
BEC means ΨN1 ,N2 ≈ u⊗N1 ⊗ v ⊗N2 only in the sense of reduced density matrices, i.e., of
occupation numbers.
In this formalism, the distinguishability of the two species fixes the ordering in the
product u ⊗ v ∈ h ⊗ h of the two condensate functions. Even when u = v is the same
(1,1)
function, the double condensation γN1 ,N2 ≈ |u ⊗ uihu ⊗ u| expresses the fact that each
component undergoes BEC with the same spatial profile of the condensate: the two
condensates then sit on top of each other, while the two species remain distinguishable.
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3.3. Scheme for the effective dynamics of the fragmented condensate
The knowledge of the many-body dynamics generated by the Hamiltonian HN1 ,N2 requires
to solve the Cauchy problem
(
i~ ∂t ΨN1 ,N2 (t) = HN1 ,N2 ΨN1 ,N2 (t)
(17)
(0)
ΨN1 ,N2 (0) = ΨN1 ,N2
when the system is prepared and evolves in a pure state
ΨN1 ,N2 (t) ≡ ΨN1 ,N2 (x1 , . . . , xN1 ; y1 , . . . , yN2 ; t) ,
or more generally
(
i~ ∂t γN1 ,N2 (t) = [HN1 ,N2 , γN1 ,N2 (t)]
(0)
γN1 ,N2 (0) = γN1 ,N2 .

(18)

for a-priori non-pure (mixed) states.
Whereas the existence and uniqueness of a solution to the linear problems (17)-(18) is
not an issue, as a well-known consequence of the self-adjointness of the Hamiltonian, and
thus the many-body dynamics is well-posed, the explicit determination of the solution is
obviously out of reach both analytically and numerically. In fact, the very same initial
datum is not accessible exactly, from the experimental point of view.
Moreover, because most observables of interest are one-body or few-body observables,
the complete knowledge of the solution ΨN1 ,N2 (t) is redundant: one would only need
to determine the behaviour in time of expectations hΨN1 ,N2 (t), Ok ΨN1 ,N2 (t)i of a kbody observable of interest Ok , with k fixed and small. In particular, for one-particle
observables O1 (for example the one-body position operator in a prescribed region of
space), combining (4) and (13) one has
(1,1)

hΨN1 ,N2 (t), O1 ΨN1 ,N2 (t)i = Trh⊗h (γN1 ,N2 (t) O1 ) ,

(19)

which boils down the problem to studying the time evolution of the double reduced
density matrix.
(1,1)
(1,1)
In general, γN1 ,N2 (t) is no more accessible quantity than ΨN1 ,N2 (t): its behaviour in
time, induced by the many-body Schrödinger equation, is governed by a complicated
hierarchy of equations, one for each marginal of higher order [37, Section 4]. However,
in special circumstances of physical relevance the problem becomes much simpler at
the reduced density matrix level, significantly in the presence of BEC. In this case,
(1,1)
γN1 ,N2 ≈ |u ⊗ vihu ⊗ v| at time t = 0, as discussed in (16), and the expected persistence
of two-component BEC at later times suggests that
(1,1)

γN1 ,N2 (t) ≈ |u(t) ⊗ v(t)ihu(t) ⊗ v(t)|

(20)

for two functions u(t) and v(t) in L2 (R3 ) which give the profile of the condensate of each
species and whose evolution in time is also to be determined. Certainly (20) cannot hold
at finite N1 , N2 , due to the amount of correlations established by the interactions V (A) ,
V (B) , and V (AB) in (12): it is rather expected in the thermodynamic limit N1 , N2 → ∞
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under the constraint that each population keeps its relative weight, i.e., imposing that
for two constants c1 , c2 > 0, fixed in the experimental preparation, one has
Nj
lim
= cj
(j = 1, 2)
(21)
N1 ,N2 →∞ N1 + N2
(that is, the ratio N1 /N2 remains asymptotically constant).
The thermodynamic limit is in turn virtually unexplored as far as rigorous results
are concerned. As customary, one rather mimics it by suitably rescaling the Hamiltonian
with the number of particles, in such a way to retain on the one hand physically
relevant features of the real system (such as the energy per particle or the relative ratio
between kinetic and interaction energy) and to access on the other hand mathematically
exploitable limits N1 , N2 → ∞.
There is a vast literature on the physical grounds, the mathematical properties, and
the applications of suitable scaling limits to many-body models of bosons and fermions,
both for stationary (ground state) and dynamical questions [30, 35, 25, 47, 48, 49, 8, 43].
In the present case, being the model already defined on the whole d-dimensional space
(i.e., not in a box), the scaling is taken on the potentials, that thus become number-ofparticle-dependent:
(A)

V (A) −→ VN ,

(B)

V (B) −→ VN ,

(AB)

V (AB) −→ VN

.

The choice of the scaled potentials depends also on the space dimension. For
concreteness, a family of possible scalings in d = 3 dimensions is
VN (x) = N 3β−1 V (N β x) ,

β ∈ [0, 1] ,

(22)

which includes the mean field (β = 0) and the Gross-Pitaevskii (β = 1) scalings: they
all guarantee that kinetic and potential energy in a sufficiently generic many-body state
keep a constant ratio in the limit, that is, the dynamics remains non-trivial also when
N → ∞. They also have various degree of realism: the larger the β in (0, 1], the more
realistic the interaction, in the sense that VN has a short scale and strong magnitude.
Moreover, it can be seen that (22) for β ∈ (0, 1] defines a potential whose scattering
length aN scales as aN ∼ N −1 , while the mean density of the gas scales as ρN ∼ N ,
whence ρN a3N ∼ N −2 → 0, which is a limit of high dilution: ρN a3N is indeed the cube of
−1/3
the ratio between the scattering length aN and the mean inter-particle distance ρN .
We recall that for fairly general interactions and trapping potentials the ground state
energy per particle e0 := limN →∞ N −1 Eg.s. (N, a) of a Bose gas in the thermodynamic
limit in three dimensions, with density ρ and inter-particle scattering length a, is given
by
2π~2
ρa (1 + O((ρa3 )ν ))
as ρa3 → 0
(23)
m
for some constant ν ∈ (0, 1): thus, replacing the actual thermodynamic limit as N → ∞
with the scaling ρN ∼ N , aN ∼ N −1 has the feature of yielding the same physical
2
asymptotics 2π~
ρN aN in the r.h.s. of (23). The gain is a doable analysis of the limits
m
e0 =
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(1)

limN →∞ N −1 Egs (N, aN ) and limN →∞ γN : indeed, it is in this scaling that for a onecomponent Bose gas in a three-dimensional trap, complete BEC was proved in the sense
of (8) [30, Section 6.1].
Analogous considerations can be made for scaling limits in d = 2 dimensions: we
defer the discussion of this case to Subsection 3.5 below.
3.4. Emergence of effective cubic coupled NLS: the three-dimensional case
Within the conceptual scheme presented so far, a recent stream has started on the
rigorous derivation of the effective dynamics of mixtures of condensate. Recent results
by one of us in collaboration with A. Olgiati [37, 44] yield the following.
Theorem 3.1 (informal version). There is a class of suitable (physically realistic and
non-restrictive) three-dimensional interaction potentials V (A) , V (B) , and V (AB) (which
includes smooth and compactly supported potentials, as well as the Coulomb potential)
for which the following holds.
Consider the (self-adjoint) Hamiltonian HN1 ,N2 defined in (12) with such potentials
and make a Gross-Pitaevskii rescaling, i.e., make the potentials N1 , N2 -dependent
according to
(A)

VN1 (x) = N12 V (A) (N1 x)
(B)
VN2 (y) = N22 V (B) (N2 y)
(AB)
VN1 ,N2 (z) = (N1 + N2 )2 V (AB) ((N1 + N2 )z) .

(24)
N

j
Assume non-zero population ratios c1 and c2 , where cj := limN1 ,N2 →∞ N1 +N
, j = 1, 2.
2
Let the system be prepared in the many-body state ΨN1 ,N2 and assume that this is
a state of binary condensation respectively on the one-particle orbitals u0 and v0 . That
is, ΨN1 ,N2 ∈ HN1 ,N2 ,sym with kΨN1 ,N2 k = 1, and there are u0 , v0 ∈ L2 (R3 ) (taken in a
suitably large class of regularity and integrability) with ku0 k = kv0 k = 1 such that

lim

N1 ,N2 →∞

(1,1)

γN1 ,N2 = |u0 ⊗ v0 ihu0 ⊗ v0 | .

(25)

(1,1)

Here γN1 ,N2 is the double reduced density matrix associated with ΨN1 ,N2 , as in (14).
In addition, assume that the energy per particle N −1 hΨN1 ,N2 , HN1 ,N2 ΨN1 ,N2 i is given,
asymptotically in N , by the minimum of the so-called Gross-Pitaevskii energy functional
associated with the above potentials [44].
Let ΨN1 ,N2 (t) := e−i t/~ HN1 ,N2 ΨN1 ,N2 be the solution to the corresponding Cauchy
problem (17) for the many-body Schrödinger equation with initial datum ΨN1 ,N2 .
Then at later times, more precisely for any t in the interval of existence of a solution
of the system (27), the state ΨN1 ,N2 (t) preserves binary condensation in the sense that
(1,1)
for the associated reduced density matrix γN1 ,N2 (t) there exist u(t), v(t) ∈ L2 (Rd ), with
ku(t)k = kv(t)k = 1, such that
lim

N1 ,N2 →∞

(1,1)

γN1 ,N2 (t) = |u(t) ⊗ v(t)ihu(t) ⊗ v(t)| .

(26)

Coupled NLS for the dynamics of multi-component BEC

13

The one-body orbitals u(t) and v(t) are the unique solutions to the following system
of coupled cubic non-linear Schrödinger equations
2

2

2

aA
aAB
~
i~ ∂t u = − 2m
∆u + U u + 4π~
|u|2 u + c2 4π~
|v|2 u
mA
mAB
A
2a
2a
~2
B
AB
i~ ∂t v = − 2m
∆v + U v + 4π~
|v|2 v + c1 4π~
|u|2 v
mA
mAB
B

(27)

with initial data u(0) = u0 and v(0) = v0 . Here aA , aB , and aAB are the s-wave scattering
mB
lengths respectively of the three original (unscaled) potentials, mAB = mmAA+m
.
B
The evolution equations (27) emerging in this derivation are referred to as GrossPitaevskii equations. They provide an effective description of the dynamics, in the sense
that ΨN1 ,N2 (t) ≈ u(t)⊗N1 ⊗ v(t)⊗N2 only holds at the level of reduced density matrices.
In this weak, yet fully meaningful sense, one has a tremendous drop of complexity, for a
many-body partial differential equation is reduced to two one-particle equations, one for
each component, at the price of passing from a linear to a non-linear problem.
The cubic non-linearities have a natural interpretation of self-interaction terms: each
of the two orbitals u and v is subject to effective potentials that are proportional to their
densities: the term |u|2 u accounts for the self-interaction of an A-particle with the others
of its species, |u|2 v for the interaction of an A-particles with the cloud of B-particles,
etc. The factors c1 and c2 adjust the magnitude of each inter-species self-interaction
term with respect to the the relative weights of each population.
Moreover, for dilute and weakly interacting Bose gases, (27) turn out to be well
validated in the experiments – see [19, Section 16.2.1] for a concise review.
Theorem 3.1 can be visualized as follows:
ΨN1 ,N2


many-body
linear dynamics y

partial trace

−−−−−−−−−−−−→

(1,1)

γN1 ,N2


y
(1,1)

N →∞

−−−→

|u0 ⊗ v0 ihu0 ⊗ v0 |

 nonlinear
y Schrödinger eq. (28)

N →∞

ΨN1 ,N2 (t) −−−−−−−−−−−→ γN1 ,N2 (t) −−−→ |u(t) ⊗ v(t)ihu(t) ⊗ v(t)|
In fact additional quantitative bounds, that we did not include here, are known on
(1,1)
kγN1 ,N2 (t) − |u(t) ⊗ v(t)ihu(t) ⊗ v(t)|k in terms of N1 , N2 , t. The very same type of
theorem has been obtained in many guises and through several alternative mathematical
techniques for Bose gases with simple condensation (see, e.g., the review in [8]). The
already cited recent works [37, 44] have provided a first generalisation to the multicomponent case.
It is worth emphasizing, however, that it is the rigorous derivation provided by
Theorem 3.1 to be novel, whence our choice to review it in this Subsection, whereas
the equations themselves are since long known to provide an effective “mean-fieldlike” solution to the many-body problem. In first quantisation this may be seen by
evaluating the energy functional hΨN1 ,N2 (t), HN1 ,N2 ΨN1 ,N2 (t)i with the formal Ansatz
ΨN1 ,N2 (t) ≡ u(t)⊗N1 ⊗ v(t)⊗N2 in the limit N1 , Nt → ∞: an effective functional of u and
v emerges, whose Euler-Lagrange equations are precisely (27) [37, Section 4]. In second
quantisation the same can be seen by replacing the field operator with an order parameter
2a
and the actual potentials with delta-like pseudo-potentials of the form V (x) = 4π~
δ(x)
m
[50, Chapters 5 and 21].
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3.5. Two-dimensional analog
The non-linear system (27) describes the effective dynamics also for a two-dimensional
binary condensate and its derivation from the many-body Schrödinger dynamics falls
within the very same scheme discussed in Subsection 3.3 and visualized in (28).
Analogously to the three-dimensional case, no control is known in a proper thermodynamic
(1,1)
limit on the marginal γN1 ,N2 (t), so one investigates the asymptotics of this marginal as
N1 , N2 → ∞ (in the sense or (21)) along a scaling limit that brings enough simplification
while retaining relevant physical features.
The well-known peculiarity of the case d = 2 is that, unlike (23), the energy per
particle of a dilute two-dimensional Bose gas is non-linear in the density ρ and takes the
expression
2π~2
ρ |ln(ρa2 )|−1 (1 + O(|ln(ρa2 )|−ν ))
as ρa2 → 0
(29)
m
for some constant ν ∈ (0, 1), where a is the scattering length of the interaction. The
dilution parameter ρa2 equals the square of the ratio between the scattering length a
and the mean inter-particle distance ρ−1/2 .
Thus, for a gas with N bosons in R2 , letting N → ∞ makes the mean density scale
as ρN ∼ N , and in order to match the same asymptotic value of the energy per particle
given by (29) one has to re-scale the interaction so as |ln(ρN a2N )| ∼ N . This is the
two-dimensional analog of the Gross-Pitaevskii limit:
e0 =

ρN |ln(ρN a2N )|−1 = const.

(d = 2) ,

(30)

as opposed to ρN aN = const. when d = 3. It is in this scaling that for a one-component
Bose gas in a two-dimensional trap, complete BEC was proved in the sense of (8) [30,
Section 6.2].
Besides (30), it is still meaningful to adopt also for d = 2 one of the scalings
VN (x) = N 3β−1 V (N β x) ,

β ∈ [0, 1]

(31)

considered for d = 3, because, again, in the limit N → ∞ they all guarantee a formal
balance between kinetic and potential energy, and hence a non-trivial dynamics. However,
one can see that for β ∈ (0, 1] the scattering length of the potential VN given by (31)
scales as aN ∼ N −1 , whence e0 ∼ ρN |ln(ρN a2N )|−1 ∼ N (ln N )−1 → ∞ (aN should instead
vanish exponentially with N in order to keep the quantity ρN |ln(ρN a2N )|−1 constant as
in the Gross-Pitaevskii scaling).
Whether (30), or (31) with β ∈ (0, 1], is the most appropriate scaling is a matter
of which physical feature one wants to retain in the limit. The former keeps the
re-scaled thermodynamic ground state energy per particle constant, while the latter
instead makes it non-physically diverge; on the other hand, the quantity ρ|ln(ρa2 )|−1 is
indeed typically very large in two dimensional experiments, and therefore the scaling
ρN |ln(ρN a2N )|−1 → ∞, ρN a2N → 0 retains an amount of physical relevance.
Concerning the rigorous derivation of the effective dynamics of a two-dimensional
condensate, no result is known in the scaling (30): in the one-component case, the cubic
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non-linear Schrödinger equation was derived in the scaling (31) first in [24], and in the
scaling (30) first in [21]. By means of the same technique that yields the non-linear
system (27) these derivations are exportable to the two-component case.
4. Coupled system of NLS in 2D: well-posedness and other features
The system of coupled non-linear Schrödinger (Gross-Pitaevskii) equations of interest,
re-written in suitable units and with the explicit dependence on the population ratios,
reads
i ∂t u = −∆u + U u + γ1 |u|2 u + c2 γ12 |v|2 u
i ∂t v = −∆v + U v + γ2 |v|2 v + c1 γ12 |u|2 v ,

(32)

where γα , α ∈ {1, 2, 12}, are the intra-species and inter-species scattering lengths and
c1 , c2 are the two population weights.
Here the unknowns are the functions u ≡ u(x, t) and v ≡ v(x, t) with x ∈ R2
and t ∈ [0, T ] for some T ∈ (0, +∞] that determines the time interval of existence of
the solution. As customary, by H 1 -solution of (32) we shall mean a couple (u, v) with
u, v ∈ C([0, T ], H 1 (R2 )).
Two quantities conserved in time for H 1 -solutions to (32) are the total mass
M[u, v] := ( cc12 kuk22 + kvk22 )1/2

(33)

and the total energy
E[u, v] := K[u, v] + U[u, v] + P[u, v] ,

(34)

where
1 c1
1
k∇uk22 + k∇vk22
2 c2 Z
2
Z
1
1 c1
2
U |u| dx +
U |v|2 dx
U[u, v] :=
2 c2 R2
2 R2
Z
1 c1
1
c1
4
4
P[u, v] := γ1 kuk4 + γ2 kvk4 + γ12
|u|2 |v|2 dx
4 c2
4
2
2
R
K[u, v] :=

(35)
(36)
(37)

In fact, also the masses kuk2 and kvk2 of each component are also conserved separately.
Further relevant quantities are
c1
Σ[u, v] :=
k|x|uk22 + k|x|vk22 ,
(38)
c2
G[u, v] := M[u, v]2 + P[u, v] ,
Z 

c1
R[u, v] := Im
u x · ∇u + v x · ∇v dx .
R2 c2

(39)
(40)

As long as all the interactions of the model are repulsive, meaning γ1 > 0, γ2 > 0,
and γ12 > 0, (32) consists of two coupled de-focusing cubic non-linear Schrödinger
equations with a unique global-in-time H 1 -solution (i.e., T = ∞) – which can be seen
by adapting the same well-established analysis for one single NLS [11]. However, in
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two spatial dimensions the cubic non-linearities of (32) are energy-critical and, in the
presence of attracting interactions, finite-time blow-up of the H 1 -norm may occur.
A wide literature is available on the well-posedness of the system (32). In the
following Subsections we review the main typical phenomena.
4.1. General regimes of global well-posedness
The system (32) is well-posed in H 1 globally in time whenever the interactions are all
repulsive or the initial data have a sufficiently small mass. For example, the following is
known ([22]).
Let
U (x) = ω 2 |x|2

(ω > 0)

(41)

and assume that the initial data satisfy
u0 , v0 ∈ H 1 (R2 )

and

Σ[u0 , v0 ] < +∞ .

(42)

Then in any of the following four cases, the Cauchy problem associated with the system
(32) has a unique solution (u, v) with u, v ∈ C([0, +∞), H 1 (R2 )):
(i)
(ii)
(iii)
(iv)

γ1 , γ2 , γ12 > 0 ,
1
γ1 , γ2 > 0 , γ12 < 0 , M[u0 , v0 ] < 2kQk2 |γ12 |− 2 ,
1
γ1 , γ2 < 0 , γ12 > 0 , M[u0 , v0 ] < kQk2 (max{|γ1 |, |γ2 |})− 2 , (43)

12
8
γ1 , γ2 , γ12 < 0 , M[u0 , v0 ] < kQk2 4 max{|γ1 |,|γ
.
2 |}+|γ12 |

Here Q is the ground state solution to
−∆Q + Q + Q3 = 0 .

(44)

4.2. General regimes of blow-up
The following is known ([22]). Let
U (x) = ω 2 |x|2

(ω > 0)

(45)

and assume that the initial data satisfy
u0 , v0 ∈ H 1 (R2 )

and

Σ[u0 , v0 ] < +∞

(46)

and one of the two conditions
(C1)
(C2)

E[u0 , v0 ] < 2 ω 2 Σ[u0 , v0 ] ,
R[u0 , v0 ] < 0 and E[u0 , v0 ] < −ωR[u0 , v0 ] .

(47)

Assume also that the couplings of the non-linearities belong to one of the four regimes
(i)
(ii)
(iii)
(iv)

γ1 , γ2 > 0 , γ12 < 0 ,
γ1 > 0 , γ2 < 0 ,
γ1 < 0 , γ2 > 0 ,
γ1 , γ2 < 0 .

(48)
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Then there exists a finite blow-up time T ∗ > 0 such that
lim (k∇uk22 + k∇vk22 ) = +∞ ,

(49)

t↑T ∗

and
T∗ 6

π
4ω

T∗ 6

in case (C1) ,

π
8ω

in case (C2) .

(50)

4.3. Blow-up thresholds for the inter-species attraction (focusing) regime
The following is known ([32]). Assume
U ≡ 0,

γ1 < 0 ,

γ2 < 0 ,

(51)

and
(
γ12 < 0

or

γ12 > 0 and
2
c1 c2 γ12
< γ1 γ2 .

(52)

Then P[u, v] < 0 for u, v ∈ H 1 (R2 )\{0} and the variational problem
κ :=

inf1

u,v∈H (R2 )
(u,v)6=(0,0)

K[u, v] M[u, v]2
−P[u, v]

(53)

satisfies κ > 0. If the initial data satisfy the smallness condition
M[u0 , v0 ]2 + E[u0 , v0 ] < κ ,

(54)

then:
(i) if G[u0 , v0 ] > 0, then (32) is globally-in-time well-posed in H 1 ,
(ii) if G[u0 , v0 ] < 0 and Σ[u0 , v0 ] < +∞, then (32) has a unique solution in H 1 locally
in time, for which k∇uk22 + k∇vk22 blows up in finite time.
In fact, the blow-up threshold is intimately related to the ground state solution of
the stationary problem corresponding to (32), as the following results show [18, 29]. Let
U ≡ 0

and

γ1 = γ2 = −1 ,

c1 = c2 = 12 ,

(55)

and assume that the initial data satisfy
u0 , v0 ∈ H 1 (R2 )

and

Σ[u0 , v0 ] < +∞ .

(56)

Let (Q, R) be a ground state solution to
−∆Q + Q − |Q|2 Q + 21 γ12 |R|2 Q = 0
−∆R + R − |R|2 R + 21 γ12 |Q|2 R = 0 .

(57)

Then:
(i) If E[u0 , v0 ] < 0, then (32) has a unique local-in-time H 1 -solution for which
k∇uk22 + k∇vk22 blows up in finite time.

Coupled NLS for the dynamics of multi-component BEC

18

(ii) If E[u0 , v0 ] > 0 and M[u0 , v0 ] is sufficiently large, precisely
ku0 k22 + kv0 k22 > kQk22 + kRk22 ,

(58)

then (32) has a unique local-in-time H 1 -solution for which k∇uk22 + k∇vk22 blows
up in finite time.
(iii) There are initial data for which
ku0 k22 + kv0 k22 = kQk22 + kRk22 ,

(59)

such that (32) has a unique local-in-time H 1 -solution for which k∇uk22 + k∇vk22
blows up in finite time.
(iv) If E[u0 , v0 ] > 0 and M[u0 , v0 ] is sufficiently small, precisely
ku0 k22 + kv0 k22 < kQk22 + kRk22 ,

(60)

then (32) is globally-in-time well-posed in H 1 .
4.4. Inter-species focusing: simultaneous blow-up
The following is known ([31, 14]). Assume conditions (51) and assume also that the
initial data satisfy
u0 , v0 ∈ H 1 (R2 )

and

Σ[u0 , v0 ] < +∞ ,

(61)

and one of the three conditions
E[u0 , v0 ] < 0 ,
E[u0 , v0 ] = 0 and R[u0 , v0 ] < 0 ,p
E[u0 , v0 ] > 0 and R[u0 , v0 ] 6 − 8 E[u0 , v0 ] · Σ[u0 , v0 ] .

(C1)
(C2)
(C3)

(62)

Then there exists a finite time of simultaneous blow-up T ∗ > 0 such that
lim k∇uk2 = lim∗ k∇vk2 = +∞

t↑T ∗

(63)

t↑T

and furthermore
either

lim kuk∞ = +∞

t↑T ∗

or

lim kvk∞

t↑T ∗

(64)

provided that (u0 , v0 ) 6= (0, 0).
5. Numerical analysis: outlook on the recent literature
The two-dimensional Gross-Pitaevskii non-linear system (32), together with certain
generalisations of it, is the object of extensive numerical studies, both for its physical
relevance and as a playground for testing alternative numerical techniques. Let us surf
here the pertinent works in the previous literature, also with the aim of highlighting the
main novelties of our numerics.
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5.1. Single component
For a single-component Gross-Pitaevskii equation, a variety of numerical methods have
been introduced over the last decade, which include time-splitting pseudo-spectral methods
(also known as collocation methods) based on Fourier, spherical harmonics, and LaguerreHermite basis functions, as well as Laguerre spectral methods.
Bao, Jaksch, and Markowich [6] and Bao and Jaksch [5] proposed a second order
Strang splitting combined with a Fourier collocation method in time (TSSP). They apply
it to the 1D and 2D problem, where TSSP shows indeed second order convergence in time
and spectral convergence in space, as opposite to the Crank-Nicholson time discretisation,
that fails to achieve second order convergence in 1D, and whose implicit step hinders
spectral accuracy in space in 2D. In 3D and with radially or cylindrically symmetric
trapping potential, Bao and Shen [7] proposed a Laguerre-Hermite pseudo-spectral
method with a fourth-order splitting in time.
An application of the conservative Crank-Nicolson finite difference method to the
single Gross-Pitaevskii equation was proposed by Ruprecht et al. [51]. This algorithm
is stable and unitary (i.e., L2 -norm preserving) for any time step size, meaning that
numerical errors do not grow in time; however, the non-linear coupling between different
vibrational modes may make even tiny random-noise perturbations in the wave-function
result in a proper excitation of the condensate with injection of extra kinetic energy,
which creates a limit to the numerical stability of the method.
Cerimele et al. [13, 12] introduced a finite difference method based on an adaptation
of the explicit, time-staggered scheme proposed by Visscher to solve the Schrödinger
equation in an external potential, and they validated unitarity and stability when the
non-linearity is added.
An adaptation of the local one-dimensional multi-symplectic scheme to the threedimensional Gross-Pitaevskii equation has been proposed by Kong, Hong, and Zhang [26]
exploiting the advantage of multi-symplectic integrators and the cheap computational
cost of the local one-dimensional method, and it revealed satisfactory conservation of
mass and energy in the special case of a wave-function with separated variables. This
method provides an order 2.5 in space and is slightly above 2 in time.
For the dynamics of rotating condensates, namely when an angular momentum term
is added to the Gross-Pitaevskii equation, pseudo-spectral methods encounter serious
limitations. In polar coordinates, Bao, Du, and Zhang [4] proposed a hybrid method
based on a second order finite element discretisation in the radial direction and a Fourier
pseudo-spectral method in the angular direction, coupled with a Strang splitting in time.
This method is extended to the 3D case with cylindrical coordinates by combining a
finite element method for the radial direction, the Fourier pseudo-spectral method in the
angular direction, and a sine pseudo-spectral method for the axial coordinate.
For a comprehensive review of the above-mentioned numerical methods applied to
the Gross-Pitaevskii dynamics we refer to [3, Section 4].
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5.2. Multiple components
In application to multi-component BEC, the TSSP method was used first by Bao [2]
(explicitly only in 1D) for a modification of the non-linear system (32) which includes
also linear coupling terms that account for a transition between the two populations,
induced by an external field – a setting not included in our present analysis, but that
can cover also the system (32) itself.
Xu and Chang [56] proposed two second order split-step methods using both fourth
order finite differences and a Fourier pseudo-spectral method in space for the study of
soliton solutions of the 1D analog of the non-linear system (32)
When both equations of (32) are supplemented with an angular momentum term,
the resulting system models a two-component rotating condensate, another setting that
we do not cover here, having it already received a considerable amount of attention in the
literature [57, 52, 38, 55]. In particular, Zhang, Bao, and Li [57] studied this system in
cylindrical coordinates using a fourth-order finite difference method in the radial direction,
a Fourier pseudo-spectral method in the angular direction, and a sine pseudo-spectral
method in the axial direction, with an advance in time obtained both with a Strang
splitting and with a Crank-Nicholson scheme. More recently, Salman [52] studied both
one- and two-component BEC with an external (harmonic or toric) potential in polar
and spherical coordinates using the Fourier or the spherical harmonics pseudo-spectral
method in the angular directions, coupled with a generalised spectral Laguerre method
in the radial direction: both in 2D and in 3D a second order Strang splitting in time is
adopted, and so is done by White, Hennessy, and Bush in [55].
5.3. Collisions of condensates: quest for high resolution and parallel computing
In the above-mentioned works, the phenomena simulated in the computations are mainly
of the following types: “free” relaxation of a single condensate (namely, one GrossPitaevskii with no confining potential, modelling a condensate that expands ballistically
after the trap is removed), solitons propagating in a single or multi-condensate, and
rotating condensates.
All such computations turn out to be quite manageable numerically, favoured by
the fact that the considered phenomena do not involve a complicated collision interaction
between spatially well-localised components. Thus, among the already cited works, the
2D maximum resolution of [52] is given by a 96 × 96 grid (and 96 × 64 × 32 in 3D), which
becomes 200 × 256 in [57], 256 × 256 in [2], and 1024 × 128 in [4]. Furthermore, only [2]
and [4] achieve spectral accuracy in all space directions.
Remarkably, a systematic numerics of various types of collisions between the
condensate components, including symmetric and asymmetric collisions followed by
ballistic expansion, as well as repeated collisions in a trap, is missing in the literature.
We fill in precisely this gap in Sections 6 and 7 below.
To this aim, however, the standard resolution adopted in the previous works is
insufficient and parallel computation is required, in order to resolve relevant short-
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scale details of the dynamics. With our numerical code we shall implement MPI
parallel simulations in which we have no difficulties to reach resolutions of magnitude
16384 × 16384.
6. Numerical analysis: methods
For the numerical solution of the initial value problem associated with the system
(32) we choose a Fourier collocation method [10] in space (sometimes called Fourier
pseudo-spectral method) combined with an integrating factor method in time.
6.1. Space discretisation
As customary, we work with (a suitably discretised version of) the system (32) re-written
after a Fourier transform in space as
i∂t u
b = Lb
u + Nv (b
u)
i∂t vb = Lb
v + Nu (b
v ),

(65)

where we set L := k2 , we denoted the linear and non-linear parts of the equations as
Lb
u = k2 u
b
2 u + c γ |v|
2u
[
[
cu + γ1 |u|
Nv (b
u) := U
2 12
2 v + c γ |u|
2v ,
[
[
cv + γ2 |v|
Nu (b
v ) := U
1 12

(66)

and where the convention
Z
1
b
e−ik·x f (x)d x
(67)
f (k) :=
2π R2
is adopted for the Fourier transform.
The spatial domain for both u(x, t) and v(x, t), with x ≡ (x, y) ∈ R2 , is taken to be
the square I × I with I := [−π, π]; periodic boundary conditions are assumed (that is,
the underlying Hilbert space is that of L2 -functions on the corresponding torus) and the
Fourier transform (67) is discretized accordingly.
On each interval I we consider a grid of N equispaced points (N = a power of 2,
for convenience), thus resulting in a regular square lattice of N 2 points, on which we
implement a Fourier collocation method by replacing u(x, t) and v(x, t) with a suitable
truncation of their Fourier series representation, namely
N/2
X

u(x, t) ≈

u
bkx ,ky (t) eikx x eiky y

kx ,ky =−N/2+1
N/2

X

v(x, t) ≈

(68)
vbkx ,ky (t) eikx x eiky y .

kx ,ky =−N/2+1

We then require the truncated series (68) to satisfy the system (32) at the collocation
points, proceeding as follows. First, from the knowledge of the numerical sequences
N

N

(b
ukx ,ky (t))k2 ,k
x

N
y =− 2

+1

and

(b
vkx ,ky (t))k2 ,k
x

N
y =− 2

+1

,
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which are going to become our actual unknowns, one reconstructs by means of (68) the
approximated u(x, t) and v(x, t). Then one computes, on the points of the spatial grid,
the corresponding non-linearities and, in analogy to (68), one expresses them in their
(truncated) Fourier representation
2

N/2
X

2

(U u + γ1 |u| u + c2 γ12 |v| u)(x, t) ≈

(1)

Nkx ,ky (t) eikx x eiky y

kx ,ky =−N/2+1
N/2

X

(U v + γ2 |v|2 v + c1 γ12 |u|2 v)(x, t) ≈

(69)
(2)
Nkx ,ky (t) eikx x eiky y

.

kx ,ky =−N/2+1

Last, one plugs (68) and (69) into (32) and selects by orthogonality, for each (kx , ky ),
the (kx , ky )-component on both sides, so as to obtain, from the initial system (32) of two
coupled NLS, the following system of 2N 2 coupled non-linear ODEs:
(1)

d
i dt
u
bkx ,ky = Lb
ukx ,ky + Nkx ,ky
(2)
d
vkx ,ky + Nkx ,ky .
i dt vbkx ,ky = Lb

(70)

(As well known, the computation of the non-linear terms of (70) by first inverse Fouriertransforming the u
bkx ,ky ’s and vbkx ,ky ’s, computing the non-linearities on the spatial grid,
and then Fourier-transforming back as in (69), has the virtue of avoiding the actual
d2 ∗ u
2 u = 2π |u|
[
computation of convolutions in momentum space such as |u|
b, thus reducing
2
the computational cost from O(N ) to O(N log N ).)
It is worth remarking that the Fourier collocation method sketched above in a
Cartesian coordinate frame is in no way limited to a two-dimensional setting, and can
be straightforwardly re-formulated for 1D or 3D problems.
6.2. Time discretisation
As in most time marching schemes, we consider M + 1 instants {t(n) }M
n=0 within the
(0)
(M )
time interval [0, T ], with t = 0 and t
= T , taking them for the present purposes
(n+1)
to be equispaced with time step h = t
− t(n) = T /M , and we aim at evaluating
approximately the Fourier coefficients u
bkx ,ky (t) and vbkx ,ky (t) at each instant t(n) .
(n)
(n)
From the knowledge of u
bkx ,ky := u
bkx ,ky (t(n) ) and vbkx ,ky := vbkx ,ky (t(n) ) at time t(n) ,
(n+1)

(n+1)

the coefficients u
bkx ,ky and vbkx ,ky at the subsequent time t(n+1) are approximated by the
formulas
Z h
(n+1)
(1)
−iLh (n)
−iLh
u
bkx ,ky = e
u
bkx ,ky − ie
eiLτ Nkx ,ky (t(n+1) − τ ) dτ
Z 0h
(71)
(n+1)
(2)
iLτ
(n+1)
−iLh (n)
−iLh
vbkx ,ky = e
vbkx ,ky − ie
e Nkx ,ky (t
− τ ) dτ
0

which is precisely (70) formally re-written in integral forms. The integrals in (71) are
then evaluated by quadratures by means of a fourth order OIFS4 scheme [9], a 4-stage
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(j)
N0
(j)
N1
(j)
N2
(j)
N3

=
=
=
=
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N (j) (b
u(n) , vb(n) )
(1)
(2)
N (j) (e−iLh/2 u
b(n) + h2 e−iLh/2 N0 , e−iLh/2 vb(n) + h2 e−iLh/2 N0 )
(1)
(2) (72)
N (j) (e−iLh/2 u
b(n) + h2 e−iLh/2 N1 , e−iLh/2 vb(n) + h2 e−iLh/2 N1 )
(1)
(2)
N (j) (e−iLh u
b(n) + he−iLh/2 N2 , e−iLh vb(n) + he−iLh/2 N2 )

and


(1)
(1)
(1)
(1)
(n+1)
(n)
u
bkx ,ky = e−iLh u
bkx ,ky − ie−iLh h6 N0 + 2N1 + 2N2 + N3


(n)
(n+1)
(2)
(2)
(2)
(2)
vbkx ,ky = e−iLh vbkx ,ky − ie−iLh h6 N0 + 2N1 + 2N2 + N3 ,

(73)

(j)

where j ∈ {1, 2} and N (j) ≡ Nkx ,ky .
In [9] the efficiency of several exponential time integrator schemes in the numerical
propagation of the Schrödinger equation is compared, and for sufficiently regular
potentials and initial data the OIFS4 scheme appears to be the most efficient.
6.3. Accuracy check
The accuracy of the numerical solution is controlled in two ways.
The first consists of checking the conservation of the mass (i.e., the L2 -norm) of
each orbital separately (we discussed these conservation laws at the beginning of Section
4). We thus evaluate the relative discrepancies of kunum (·, t)k2 and of kvnum (·, t)k2 , where
unum and vnum denote the numerical solutions, with respect to their values at t = 0. We
fix the operational criterion to consider acceptable those solutions for which
n | ku (·, t)k − ku k | | kv (·, t)k − kv k | o
num
2
0 2
num
2
0 2
max
< 10−5 .
(74)
,
ku0 k2
kv0 k2
As an example of how this criterion is indeed well satisfied throughout our analysis, we
plot in Figure 1 the above-mentioned relative errors for one of the numerical experiments
discussed in Section 7.3, that is, the multiple re-collisions of a two-component condensate
confined in a harmonic trap. The plot shows that the quantity in the l.h.s. of (74) increases
in time, due to the unavoidable deterioration of the numerical precision, staying however
three orders of magnitude below our fidelity threshold. The plateau-and-climb pattern
corresponds to the alternating sequences of expansions of the two far apart condensates
(plateaus) and spatial overlaps of the two components with strong interactions among
them (climbs).
As a second accuracy criterion, we deem a solution acceptable as long as the
magnitude of the high frequency Fourier modes does not exceed 10−6 . This is motivated
by the fact that even when the initial datum is only given by a small amount of low
frequency coefficients u
bkx ,ky ’s and vbkx ,ky ’s (all the high frequency ones falling to the
machine zero), as time advances the contribution of high (kx , ky ) becomes more and more
relevant, up to the point when even the highest frequencies considered in the truncation
(68) give a non-negligible contribution. At this point essentially all Fourier coefficients
with value comparable to the machine zero have “moved out” of the grid of considered
frequencies, and the numerical solution cannot be trusted any longer.
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Figure 1. Relative displacement between ku(·, t)k22 computed along the numerical
solution and its initial value ku0 k22 . The numerical experiment considered here is the
harmonically trapped multiple re-collision of Section 7.3 with γ1 = γ2 = 1, γ12 = 102
and c1 = c2 = 0.5. In this case, by symmetry, ku(·, t)k22 = kv(·, t)k22 .

(a)

(b)

(c)

u(k, t)| taken at three consecutive times t(a) = 0, t(b) , and t(c)
Figure 2. Plot of |b
during a two-component collision (log-scale in the vertical axis).

As an example, Figure 2 displays a surface plot of |b
u(k, t)| at times 0 = t(a) < t(b) <
t(c) for one of the two-component collision experiments performed in Section 7.1. The
contribution of the high-frequency modes being several orders of magnitude smaller,
a logarithmic scale in the vertical axis is taken for a better visualization. Initially
(t = t(a) = 0) the plot is perfectly resolved: having chosen the initial datum to be a
well-localised Gaussian placed at the centre of the spatial grid (Section 6.4), |b
u(k, 0)| is
also a well-localised Gaussian, with all Fourier coefficients of magnitude larger than the
machine zero (≈ 10−16 ) fitting well within the 212 × 212 square grid. Later, at t = t(b) ,
when the interaction between the condensates has grown stronger, a considerable amount
of high frequency modes are above the machine zero (the vanishing high frequency modes
have moved out of the grid), yet remaining below the fidelity threshold of 10−6 , which
makes us deem this snapshot acceptable. At some further time t = t(c) , the interaction
between the condensate components develops such a short-scale spatial profile for u(x, t)
to resolve which one would need a larger number of Fourier frequencies, whereas in the
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Table 1. Parameters used for the initial data of the simulations of one-shot scattering
(Section 7.1) and harmonically trapped re-collisions (Section 7.3)

θ
u0
v0

px

0.05 −100
0.05
100

py

qx

qy

0
0

5θ
−5θ

0
0

Table 2. Parameters used for the initial data of the simulations of the componentover-component relaxation (Section 7.2).

u0
v0

θ

px

py

qx

qy

0.05
0.05

0
0

0
0

θ/2
−θ/2

0
0

current resolution the highest frequencies available are of magnitude of 100 : at this time
the simulation can not be trusted.
6.4. Initial data
In all our simulations we choose for each component an initial profile of Gaussian type,
namely the (L2 -normalised) wave-function


|x − q|2
1 ip·x
Gq,p,θ (x) := √ e
exp −
(75)
2θ2
θ π
centred at position q with momentum p and spread θ.
This is a physically relevant choice, since Gq,p,θ is preparable as the ground state of
a suitable harmonic trap, and besides that it can be thought of as the outcome of modern
wave-function engineering [19, Section 16.2.4]. Furthermore, this choice is versatile for an
amount of numerical simulations: choosing for u0 and v0 different q’s and p’s allows one
to simulate various kinds of head-on collisions with zero or non-zero impact parameter,
taking instead p = 0 and the same q for both u0 and v0 allows one to simulate the
relaxation of one component on top of the other, and so on.
Table 1 lists the pool of the initial parameters (q, p, θ) that we considered for the
numerical experiments of head-on scattering (Section 7.1) and of multiple re-collisions
(Section 7.3) between the two components of the condensate. Table 2 lists the initial
parameters for the numerical experiments of component-over-component relaxation
(Section 7.2).
We tuned such values so as to guarantee, thanks to a strong enough Gaussian decay
of the initial profiles u0 and v0 , that the initial data are well localised within the spatial
domain and in Fourier momentum, and to guarantee also that for all the duration of our
numerical experiments the accuracy criteria discussed in Section 6.3 are matched.
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Table 3. Parameters for the head-on scattering simulations

n

γ1

γ2

γ12

1
1
1
103
2
1
1
103
3
1
1
103
4
1
1
103
1
1
5 · 103
5
6 −1 −1 −200
7 −1 −1 −103
8 103 103
103
9 103 103
103
10 −15 −15 −15
11 103 103 −103
12
1
1
−200
13 −1 −1
50
200
14 −1 −1

c1

c2

4+1

N

0.50
0.40
0.10
0.01
0.01
0.50
0.50
0.50
0.01
0.50
0.50
0.50
0.50
0.50

0.50
0.60
0.90
0.99
0.99
0.50
0.50
0.50
0.99
0.50
0.50
0.50
0.50
0.50

4.00 · 10−6
4.17 · 10−6
1.11 · 10−5
1.01 · 10−4
4.04 · 10−6
1.00 · 10−4
4.00 · 10−6
4
101
4
4
1 · 10−4
1.6 · 10−3
1 · 10−4

212
212
212
212
214
213
214
213
213
213
212
211
211
211

7. Numerical analysis: results
In this Section we report and discuss the results of three main groups of numerical
experiments.
We test a wide range of possible regimes, which include balanced (c1 = c2 ), mildly
unbalanced (c1 . c2 ), and strongly unbalanced (c1  c2 ) population ratios, as well as
intra-species and inter-species interactions (α ∈ {1, 2, 12}), of both repulsive (γα > 0)
and attractive (γα < 0) type. We also explore various magnitudes of the miscibility
parameter
γ1 γ2
4 :=
−1
(76)
2
c1 c2 γ12
that discriminates between spatial phase mixing (4 > 0) or phase separation (4 < 0)
in the ground state associated with our non-linear system (32) [50, Section 21.1], and
which determines also the blow-up threshold of the associated initial value problem (as
seen explicitly, for example, in the condition (52)).
7.1. One-shot, head-on scattering
The first class of experiments we investigate are one-shot collisions of the two
components of a binary condensate initially prepared with a sharp spatial separation
and a relative velocity against each other, and left free to scatter away after they have
come on top of each other.
Conventionally (see Table 1) we let the scattering process to take place along the
x-axis of our spatial grid and we take the u-component to be initially shot from right to
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left, the v-component then shot from left to right. Here U ≡ 0: each component of the
condensate is free to expand ballistically.
For each experiment, labelled with n = 1, . . . , 14, we list the corresponding
parameters in Table 3. All experiments of this class are performed with resolutions of
order N = 211 through N = 214 for each dimension.
We can extract an amount of information from the knowledge of the complex-valued
functions u(x, t) and v(x, t) of space and time. For example, in Figure 3 we plot for three
consecutive times the profile |u(x, t)|2 , which expresses the probability density of particles
of the u-component at position x and time t, together with the phase arg u(x, t), whose
gradient is proportional to the momentum of the wave-function u. We can detect the
collision time and the recoil of the u-component, with a spread in space and momentum.

t = 8 · 10−4

t = 1.6 · 10−3

t = 2.4 · 10−3

Figure 3. Snapshots of the density profile of |u(x, t)|2 (top row) and, correspondingly,
the phase arg u(x, t) (bottom row) at various times during the head-on scattering
process between the two components of a binary condensate with interaction parameters
γ1 = γ2 = 1, γ12 = 103 and equal population ratios (experiment n = 1 of Table 3).
For visualization purposes each snapshot of |u(x, t)|2 has a different scale, the absolute
scale can be inferred from Figure 6.

In a sequence of numerical experiments (cases n = 1, 2, 3, 4 of Table 3) we
explore the effects of an increasing unbalance in the population ratios on the headon scattering process with repulsive intra-species and inter-species interactions, where
the two components are initially shot against each other with momenta of equal magnitude
and opposite sign. As seen in Section 4.1, this ensures that the system (32) is well posed
in H 1 globally in time. In Figure 4 we show that the lower the relative population of the
u-component, and hence the lighter the u-condensate, the more its localisation in space is
destroyed during the recoil: the density of the u-condensate gets spread in a remarkable
pattern around the density of the much more populated (heavier) v-condensate, which
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t = 2.4 · 10−3

t = 2.8 · 10−3

t = 3.2 · 10−3

t = 3.6 · 10−3

t = 4 · 10−3

t = 2.4 · 10−3

t = 2.8 · 10−3

t = 3.2 · 10−3

t = 3.6 · 10−3

t = 4 · 10−3

t = 2.4 · 10−3

t = 2.8 · 10−3

t = 3.2 · 10−3

t = 3.6 · 10−3

t = 4 · 10−3

Figure 4. Snapshots of the density profile |u(x, t)|2 at various times during the head-on
scattering process between the two components of a binary condensate. First row:
experiment n = 2 of Table 3; second row: experiment n = 3; third row: experiment
n = 4. The three experiments have the same interaction parameters γ1 = γ2 = 1,
γ12 = 103 but increasing unbalance in the populations: c1 = 0.40, 0.10, 0.01 from top
to bottom. For visualization purposes, along each row the snapshots of |u(x, t)|2 have a
different scale, the absolute scale can be inferred from Figure 6. The numerical evidence
is that of a stronger recoil and more drastic delocalisation of the lighter component.

instead remains well localised in space. Figure 5 supplements this picture in terms of
the average positions of each components, that is, the vectors
Z
Z
2
Xu (t) :=
x |u(x, t)| dx ,
Xv (t) :=
x |v(x, t)|2 dx .
(77)
R2

R2

The plot of the horizontal components (x-components) of Xu and Xv shows that for
balanced or almost balanced populations both components recoil, whereas when the
unbalance increases the heavier component preserves its localisation and proceeds along
a only slightly changed direction after the collision.
We further investigate head-on collisions with various degree of unbalance in the
population ratios (cases n = 1, 2, 3, 4 of Table 3) by monitoring the behaviour in time of
the norms ku(·, t)k∞ and kv(·, t)k∞ . In fact, the profiles of |u(x, t)| and |v(x, t)| develop
peaks when a concentration of mass occurs, significantly when the two components come
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0.0

0.0

0.2

0.2

0.0000 0.0005 0.0010 0.0015 0.0020 0.0025 0.0030 0.0035 0.0040
time

0.0000 0.0005 0.0010 0.0015 0.0020 0.0025 0.0030 0.0035 0.0040
time

(n = 3) c1 = 0.10, c2 = 0.90
γ1 = γ2 = 1, γ12 = 103

(n = 4) c1 = 0.01, c2 = 0.99
γ1 = γ2 = 1, γ12 = 103

Figure 5. Time behaviour of the average positions Xu (t) and Xv (t) (along the x-axis of
the spatial grid) of each component of a binary condensate during the head-on scattering
process between components, relative to the numerical experiments n = 1, 2, 3, 4 from
Table 3. An effect emerges of the population unbalance.

spatially on top of each other: the L∞ -norm captures the appearance of such peaks. In
Figure 6 we show that sufficiently far in time before or after the actual collision phase
the L∞ -norm of each component decreases with a typical dispersive behaviour, and this
happens for any population ratio. During the collision phase, instead, the L∞ -norm
undergoes a rapid increase, followed by a somewhat less rapid decrease. Moreover, the
lighter a component, the more pronounced is the jump of its L∞ -norm.
Last, as far as the strong population unbalance is concerned, we find it instructive to
study the difference, in the scattering between heavy and a light component, between two
opposite cases in which the inter-species repulsion is greatly larger than or comparable
to the intra-species repulsion, respectively, experiment n = 5 and n = 9 from Table 3.
Figure 7 shows our numerical evidence. In the former case, as commented above, the
localisation of the light component is destroyed and its profile is spread backwards. In
the latter, instead, the light component recoils slowly with a mild spread and a definite
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Figure 6. Time behaviour of the norms ku(·, t)k∞ and kv(·, t)k∞ during the head-on
scattering process between the two components of a binary condensate, relative to the
numerical experiments n = 1 and n = 2 (top row) and n = 3 and n = 4 (bottom row)
from Table 3. An effect emerges of the population unbalance, as discussed Section 7.1.

localisation; moreover, in the short period of spatial overlap between components the
inter-species repulsion acts most effectively where the density profile is more pronounced,
namely in the region of the peak. This results in a typical ‘crater’ excavated in the
profile of the light component, which is then preserved in the subsequent recoil.
We then turn to explore the effects of different magnitudes of the intra- and
inter-species interactions when the collision takes place between component of equal
populations. Two paradigmatic patterns emerge. When an attraction between the two
components is present, of significantly stronger magnitude than the intra-species coupling
(be the latter positive or negative), a characteristic ‘squeezing-and-shooting’ effect occurs
in which the two profiles undergo a very quick and pronounced contraction in the region
of spatial overlap, followed by the ejection of two very much focused and elongated
wave packets in opposite directions (numerical experiments n = 12 and n = 7 in the
first two rows of Figure 8). Instead, when between the two components a repulsion is
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(n = 5)

t = 2.5 · 10−3

t = 3 · 10−3

t = 3.5 · 10−3

t = 4 · 10−3

(n = 9)

t = 2.4 · 10−3

t = 6.4 · 10−3

t = 1.04 · 10−2

t = 1.44 · 10−2

Figure 7. Snapshots of the density profile |u(x, t)|2 of the light component at various
times during the head-on scattering process between the two components of a binary
condensate. Top row: experiment n = 5 of Table 3 (γ1 = γ2 = 1, γ12 = 5 · 103 ,
c1 = 0.01); bottom row: experiment n = 9 (γ1 = γ2 = γ12 = 103 , c1 = 0.01). For
visualization purposes, along each row the snapshots of |u(x, t)|2 have a different scale,
the absolute scale can be inferred from Figure 6.

present of much stronger magnitude than the inter-species coupling, this results in a
‘splash-the-blob’ effect caused by the violent expansion of the two profiles under the the
strong repulsion occurring at the moment of their spatial overlap, thus followed by a
wide spread of each cloud and possibly by the production of two distinct upper and
lower sub-clouds with respect of the incident direction (numerical experiments n = 13
and n = 14 in the last two rows of Figure 8).
Additional information is provided by the time behaviour of the L∞ -norm of each
profile, as displayed in Figure 9. The two opposite patterns are a blow-up in short
time, as opposite to a typical dispersive behaviour with gradual decrease in time of
the L∞ -norm of each profile. The former can be driven by an ultra-strong inter-species
attraction (numerical experiment n = 7) or also by the simultaneous presence of attractive
interactions inside each component and between the two components, as long as the
magnitude of such interactions is comparable (numerical experiments n = 10). The latter,
namely a gradual decrease of the L∞ -norm of dispersive type, occurs in the presence
of repulsive interactions (the ‘splash’ phenomenon of experiments n = 13, 14) or also
when the inter-species repulsion has a considerably stronger, but not critically strong,
magnitude than the intra-species interaction (the ‘squeezing and shooting’ phenomenon
of experiments n = 6, 12): in either case a quick formation of a (mild) peak in the
L∞ -norm reveals distinctly the phase in which the two profiles overlap and interact
strongly, before coming apart.
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t = 1.2 · 10−3

t = 1.5 · 10−3

t = 1.8 · 10−3

t = 2.1 · 10−3

t = 6 · 10−4

t = 9 · 10−4

t = 1.2 · 10−3

t = 1.5 · 10−3

(n = 13)

t = 1.5 · 10−3

t = 2.0 · 10−3

t = 2.5 · 10−3

t = 3.0 · 10−3

(n = 14)

t = 1.1 · 10−3

t = 1.5 · 10−3

t = 1.9 · 10−3

t = 2.3 · 10−3

(n = 12)

(n = 7)

Figure 8. Snapshots of the density profile |u(x, t)|2 at various times during the head-on
scattering process between the two equally populated components of a binary condensate.
‘Squeezing-and-shooting’ effect in the first two rows, corresponding respectively to
experiments n = 12 (γ1 = γ2 = 1, γ12 = −200) and n = 7 (γ1 = γ2 = −1, γ12 = −103 )
of Table 3. ‘Splash-the-blob’ effect in the last two rows, corresponding respectively to
experiments n = 13 (γ1 = γ2 = −1, γ12 = 50), and n = 14 (γ1 = γ2 = −1, γ12 = 200)
of Table 3. For visualization purposes, along each row the snapshots of |u(x, t)|2 have a
different scale, the absolute scale can be inferred from Figure 9. Discussion in Section
7.1.

7.2. Condensate-over-condensate relaxation
The second class of experiments we investigate are the relaxations of one component
over the other in a binary condensate with both populations initially localised in the
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Figure 9. Time behaviour of ku(·, t)k∞ during the head-on scattering process between
the two equally populated components of a binary condensate, relative to numerical
experiments n = 6, 7, 10, 12, 13, 14 from Table 3. By symmetry kv(·, t)k∞ has the same
plot.

same region. Also in this case we take U ≡ 0, that is, the relaxation is not trapped.
In order to magnify the relevant features of the dynamics, we introduce a small
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Table 4. Parameters for the relaxation simulations

n

γ1

15
1
1
16
17
1
18
1
19
1
20 −103
21 −103
22 −20
23 −1

γ2

γ12

c1

1
1
1
1
1
−103
−103
−20
−1

103
103
103
103
104
−103
−103
20
200

0.50
0.40
0.10
0.01
0.01
0.50
0.01
0.50
0.50

c2

4+1

0.50
4 · 10−6
0.60 4.17 · 10−6
0.90 1.1 · 10−5
0.99
10−4
0.99
10−6
0.50
4
0.99
101
0.50
4
0.50
1 · 10−4

N0
210
211
211
211
212
212
212
211
211

displacement between the centres of the Gaussian profiles of the initial data, with the
u-component (resp., the v-component) slightly shifted to the right (resp., to the left)
along the x-axis. Each profile has zero momentum at the beginning. The precise initial
conditions are summarised in Table 2.
Several competing effects enter the relaxation process: the dispersive nature of
the kinetic operator in the system (32) favours a gradual spread in space of the
solutions, repulsive interactions (de-focusing couplings) enhance further this effect whereas
attractive interactions (focusing couplings) tend to contrast it, and the relative balance
between intra-species and inter-species interactions, encoded in the parameter 4 defined
in (76) further pushes towards reinforcing or suppressing the expansion of the two clouds.
In a first round of experiments (cases n = 15, 16, 17, 18, 19 of Table 4) we explore
the effects of an increasing unbalance in the population ratios on the relaxation process,
in the presence of repulsive interactions among particles of any type, and where the
inter-species repulsion has a much stronger magnitude than the intra-species one. For
the first four cases, the time step we use is h = 10−6 , whereas for the fifth case we use
h = 2 · 10−7 .
In Figure 10 we show that when the two components are (almost) equally populated
the corresponding profiles separate and disperse gradually in time, with an asymmetric
spatial distribution that reflects the asymmetry of the configuration at time t = 0: thus,
the u-component goes shifted away to the right, and the v-component to the left. The
more the population ratios become unbalanced, the slower and more symmetrically the
profile of the heavy component spreads, pushing away the light component around it.
In this regime, the strong unbalance between heavy and light component overcomes
relatively soon the spatial asymmetry of the initial configuration: the two clouds expand
radially, the heavier one well localised around the initial position, the lighter one pushed
away in an annulus around the heavier with several circular waves following the main
wave, which become more packed as γ12 increases.
Correspondingly, no dramatic concentration of mass occurs in the relaxation process,
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(n = 15)

t = 8 · 10−4

t = 1.6 · 10−3

t = 2.4 · 10−3

t = 3.2 · 10−3

(n = 16)

t = 8 · 10−4

t = 1.6 · 10−3

t = 2.4 · 10−3

t = 3.2 · 10−3

(n = 17)

t = 8 · 10−4

t = 1.6 · 10−3

t = 2.4 · 10−3

t = 3.2 · 10−3

(n = 18)

t = 8 · 10−4

t = 1.6 · 10−3

t = 2.4 · 10−3

t = 3.2 · 10−3

(n = 19)

t = 1 · 10−4

t = 2 · 10−4

t = 3 · 10−4

t = 4 · 10−4

Figure 10. Snapshots of the density profile |u(x, t)|2 of the light component at
various times during the relaxation of a binary condensates (both components on top
of each other). First four rows: interaction couplings γ1 = γ2 = 1, γ12 = 103 ) and
increasing unbalance in the populations, c1 = 0.50, 0.40, 0.10, 0.01 from top to bottom.
Last row: c1 = 0.01, c2 = 0.99, γ1 = γ2 = 1, γ12 = 104 . These are the numerical
experiments n = 15, 16, 17, 18, 19 of Table 4. For visualization purposes, along each row
the snapshots have a different scale, the absolute scale can be inferred from Figure 11.
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Figure 11. Time behaviour of the norms ku(·, t)k∞ and kv(·, t)k∞ during the
component-over-component relaxation of a binary condensate relative to the numerical
experiments n = 15, 16, 17, 19 of Table 4.

as our control of the L∞ -norms of the two profiles reveals (Figure 11). Only when
one component is extremely lighter (less populated), does its profile undergo the quick
formation of an annular peak of considerable magnitude, around the profile of the
heavy component, before the dispersive effects take over. Such a violent increase of the
L∞ -norm of the ultra-light profile persists only for short time and must not be confused
with a proper blow-up, which in fact in this regime cannot occur (Section 4.1).
All this provides a novel and more structured evidence of the dynamical formation
of phase separation in the non-miscibility regime 4 < 0 for a binary condensate, an
experimental feature [20, 19] that has been partially reproduced by recent numerical
studies [15, 27].
We further analyze the relaxation process through the behaviour in time of the
average positions Xu (t) and Xv (t) of each component (see definition (77)), both under a
change in the interactions and in the population ratios. With Figure 12 we find a further
sharp evidence that in the repulsive regime, the lighter one component, the faster it gets
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Figure 12. Time behaviour of the average positions Xu (t) and Xv (t) (along the x-axis
of the spatial grid) of each component of a binary condensate during the componentover-component relaxation, experiments n = 15, 16, 17, 19, 20, 21 of Table 4.

pushed away from the heavy one, which remains instead almost steady, whereas when
the population ratios are comparable the two component profiles get far apart almost
symmetrically. Remarkably, when instead intra-species and inter-species interactions are
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(n = 20)

t = 8 · 10−5

t = 2.8 · 10−4

t = 4.8 · 10−4

t = 6.8 · 10−4

(n = 21)

t = 8 · 10−5

t = 2.8 · 10−4

t = 4.8 · 10−4

t = 6.8 · 10−4

(n = 22)

t = 8 · 10−5

t = 2.8 · 10−4

t = 4.8 · 10−4

t = 6.8 · 10−4

(n = 23)

t = 8 · 10−5

t = 2.8 · 10−4

t = 4.8 · 10−4

t = 6.8 · 10−4

Figure 13. Snapshots of the density profile |u(x, t)|2 of the light component at various
times during the relaxation of a binary condensates (components on top of each other).
First row: numerical experiment n = 20 of Table 4 (c1 = c2 = 0.5, γ1 = γ2 = γ12 =
−103 ). Second row: experiment n = 21 (c1 = 0.1, γ1 = γ2 = γ12 = −103 ). Third
row: experiment n = 22 (c1 = c2 = 0.5, γ1 = γ2 = −20 and γ12 = 20). Fourth row:
experiment n = 23 (c1 = c2 = 0.5, γ1 = γ2 = −1, γ12 = 200). For visualization
purposes, along each row the snapshots have a different scale: for example, the absolute
scale for the cases n = 8, 9 can be inferred from Figure 14.

turned to attractive and with comparable magnitude (numerical experiments n = 20, 21
of Table 4), this results in an appreciable competing effect against the dispersion induced
by the linear part of the dynamics and in a much slower speed separation. For example,
comparing the cases n = 15 and n = 20 in Figure 12, both with equal populations, it
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Figure 14. Time behaviour of the norm ku(·, t)k∞ and of the average positions Xu (t)
and Xv (t) (along the x-axis of the spatial grid) of each component of a binary condensate
during the component-over-component relaxation, relative to experiments n = 22 (left
column) and n = 23 (right column) of Table 4. By symmetry kv(·, t)k∞ = ku(·, t)k∞ .

takes a 10 times longer period in the second case (competing attraction, slow separation)
for |Xu (t) − Xv (t)| to attain the same value as in the first case (repulsion and hence fast
separation). In the repulsive regime too we observe the same asymmetric escape of the
light component in case of strong unbalance among populations (compare, for instance,
the cases n = 16 and n = 21 in Figure 12).
In the round of numerical experiments displayed in Figure 13 (cases n = 20, 21, 22, 23
of Table 4) we supplement the picture above also in new regimes. First, we detect the
same mechanism of ‘crater’ formation, already encountered in the collision scenario,
also in the presence of attractive interactions, which is more pronounced in the profile
of the ultra-light component (n = 20, 21). Concerning the mixed repulsion/attraction
effects, we then observe a relaxation in which the phase separation is initially driven by
a repulsion between components, until when each component collapses under the effect
of an intra-species attraction (n = 22). When, instead, the inter-species repulsion is so
strong to overcome the intra-species attraction, then the relaxation proceeds in time
with a more and more definite spatial separation (n = 23).
We find additional information on the last two cases of relaxation under the
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Table 5. Parameters for the harmonically trapped re-collision simulations.

n

γ1

γ2

24 1
1
25 1
1
26 1
1
27 1
1
1
28 1
29 −1 −1

γ12

c1

103
103
103
5 · 103
−200
50

0.50
0.10
0.01
0.50
0.50
0.50

c2

4+1

0.50 4 · 10−6
0.90 1.1 · 10−5
0.99
10−6
0.50 1.6 · 10−7
0.50 1 · 10−4
0.50 1.6 · 10−3

N0
213
213
213
213
212
211

competing effect of attraction inside each component and repulsion among components,
by comparing in Figure 14 the time behaviour of the norms ku(·, t)k∞ and kv(·, t)k∞ ,
and of the average positions Xu (t) and Xv (t). In particular, depending on the relative
magnitude between attraction and repulsion, the component separation may come with a
collapse in each component, each profile spiking up to a delta-like shape and its L∞ -norm
diverging.
7.3. Multiple re-collisions for a harmonically trapped binary condensate
As a third class of simulations, we consider the component-component multiple
re-collisions occurring in a harmonically trapped binary condensate.
The initial data, with parameters listed in Table 1, are the same as those used for
the single-collision simulations (Section 7.1), that is, two components shot against each
other. The system (32) is now solved with the harmonic potential (41), namely
U (x) = ω 2 |x|2 ,
ω = 102 ,
(78)
where the constant ω is chosen by trial and error so that in all the considered experiments
the solution profiles remain well localised within the computational grid and the
simulations can be resolved numerically. To this aim, we also enlarge the computational
domain to [−2π, 2π] × [−2π, 2π]. Table 5 lists the interaction parameters and population
ratios for the numerical experiments of this series. We chose them essentially by selecting
those relevant cases from the single-collision scenario for which our numerics provides
the cleanest evidence.
Owing to the harmonic confinement, the two components undergo a pulsing
behaviour typically consisting of re-collisions followed by escapes towards opposite
directions. In order to compute several of such events, a considerably longer time
integration is required, to achieve which with acceptable accuracy we reduce the time
step to h = 2 · 10−7 . With this choice, the relative mass loss exceeds the fidelity threshold
of 10−5 (our criterion (74)) in approximately 4 · 105 time steps.
Analogously to the single collision case (Section 7.1) in the presence of repulsive
interactions, we find that the solutions exhibit a repeated recoil pattern when the two
components are equally populated, whereas when a considerably heavier component
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Figure 15. Time behaviour of the norms ku(·, t)k∞ and kv(·, t)k∞ (top row) and of
the average positions Xu (t) and Xv (t) along the x-axis of the spatial grid (bottom row)
of each component of a binary condensate during the harmonically trapped multiple
re-collision process with various interaction parameters and population ratios (from left
to right: experiment n = 24, 25, 27 of Table 5)

t = 9.2 · 10−3

t = 2.48 · 10−2

t = 4.04 · 10−2

t = 5.6 · 10−2

Figure 16. Snapshots of the density profile |u(x, t)|2 of the light component (top
row) and of both profiles |u(x, t)|2 and |v(x, t)|2 (bottom row) at various times during
the harmonically trapped re-collisions of the components of a binary condensate with
interaction parameters γ1 = γ2 = 1, γ12 = 103 and population ratios c1 = 0.01,
c2 = 0.99 (experiment n = 26 of Table 5). The snapshots are taken after consecutive
re-collisions at the instants of velocity inversion.
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t = 8.8 · 10−3

t = 2.48 · 10−2

t = 4.06 · 10−2

t = 5.66 · 10−2

t = 9 · 10−3

t = 3.98 · 10−2

t = 7.11 · 10−2

t = 8.59 · 10−2

Figure 17. Snapshots of the density profile |u(x, t)|2 at various times during the
harmonically trapped re-collisions between the two components of a binary condensate.
Top row: experiment n = 28 of Table 5 (γ1 = γ2 = 1, γ12 = −200, c1 = c2 ) and
snapshots relative to the first consecutive collisions, at the instants of velocity inversion.
Bottom row: experiment n = 29 (γ1 = γ2 = −1, γ12 = 50, c1 = c2 ) and snapshots
relative to the first, third, fifth and sixth collision. For visualization purposes, along
each row the snapshots have a different scale: the absolute scale can be inferred from
Figure 18.
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Figure 18. Time behaviour of the norm ku(·, t)k∞ during the harmonically trapped
multiple re-collision process between the two components of a binary condensate, relative
to experiments n = 28 (left) and n = 29) (right) of Table 5. Since the two populations
are the same, by symmetry kv(·, t)k∞ = ku(·, t)k∞ .

hits for the first time the much lighter one, the former drags the latter in an almost
periodic motion within the trap. The rapid mass concentration occurring at each collision
results in a corresponding jump of the L∞ -norms of the solutions. These phenomena are
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visualised in Figure 15 for the experiments n = 24, 25, 27 of Table 5.
Pushing further the unbalance in the population ratios, what we had found in the
single collision case (last row of Figure 4) was the complete destruction of the localisation
of the light component and its spread in almost all radial directions, with a larger part
of its mass scattered in the direction of the incident heavy component. The confining
potential has now the effect of focusing the outgoing annular wave of the light component
profile back to the centre of the trap, where the cycle is then repeated. After multiple
re-collisions the annular wave of the light component deteriorates in several fringes. This
phenomenon is visualised in Figure 16 for the experiments n = 26 of Table 5.
Turning to the analysis of the effects of competing interactions on the multiple
re-collisions of two equally populated components, two most relevant cases are the
‘squeezing-and-shooting’ scattering realised when the inter-species attraction has a much
stronger magnitude than the intra-species repulsion (case n = 28 of Table 5), and the
‘splash’ effect realised when the inter-species repulsion has a much stronger magnitude
than the intra-species repulsion (n = 29). We investigate both of them in Figures 17 and
18. In the former case in each cycle the phenomenon is qualitatively replicated, with more
and more mass concentration arising in the course of the subsequent collisions, until when
a proper blow-up occurs in the density profile of each component (its L∞ -norm diverges
in finite time). In the latter case too the phenomenon is repeated almost periodically,
thanks to the re-focusing effect of the trap, and at each new collision a new ‘splash’ takes
place of one component against the other: the L∞ -norm of each components reaches its
local maximum at the instants of largest spatial overlap at the centre of the trap, and
its local minimum at the instants of velocity inversion, with such minima decreasing
slightly at each cycle due to the mild focusing effect of the intra-component attraction.
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