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Abstract

Solutions of the Vacuum String Field Theory (VSFT) equation of motion involving
matter part are given by projectors, and they represent nonperturbative solutions (e.g.
the sliver) interpreted as D25-branes (or lower dimensional branes), but they are not
mathematically well defined as they have zero norm. In this work we will use a regu-
larization procedure based on the cutoff version of Moyal String Field Theory (MSFT),
a particular version of VSFT, and we will see that both the sliver and the butterfly
states, in this regime, have a good mathematical description. In particular they are ex-
ponential functions belonging to S(R2Nd), the space of Schwartzian functions equipped
with the ∗-product. Then we prove that if we classify those regularized solutions with
K-theory group built out of the C∗-algebra S(R2Nd) we find exactly the same result
obtained considering a K-theoretic classification of D25-branes in usual string theory,
using the topological K-theory of vector bundles over the D25-brane worldvolume. We
then comment on the meaning of this result and possible physical implications.
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1 Introduction

D-branes are fundamental objects needed to understand the non perturbative aspects
of string theories. They are especially used to test various duality relations between
different string theories, so their analysis deserves a very particular attention and care.
We can study them in many different ways, both in closed string theories and open string
theories, and depending on what specific framework we consider, different properties of
these objectis arise.
In a first quantized string theory they can be introduced only as bounduary conditions,
but if we use a second quantized string theory, more precisely Closed String Field The-
ory, we expect that they arise as particular solitonic solutions and this fact was analyzed
quite recently in [52, 53].
In this work we want to focus on Dp-branes using open string theory. This can be done
using Sen’s conjecture about the decay of unstable Dp-branes into the closed string
vacuum or lower dimensional branes. In particular if we consider Open Bosonic String
Field Theory (OSFT) on a Dp-brane we can obtain lower dimensional Dq-branes as
solutions of the equations of motion of tachyonic effective theory obtained from OSFT.
OSFT is the best known string field theory (described for the first time by Witten in
[19]), but due to the great complexity of equations of motions, so far no analytic solutions
are known, only numerical ones. This means that solutions representing lower dimen-
sional branes are given by numerical expressions (see [17],[13] and references therein).
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Fortunately a more manageable description of OSFT was found in [14, 18], where the au-
thors performed a (singular) string field redefinition and built string field theory around
the closed string vacuum. In this case the kinetic operator is made of pure ghost and
the equations of motion are much easier: using the simplifying ansatz

Ψ = Ψm ⊗Ψg

where Ψm is a matter string field and Ψg is a ghost string field, equations of motion for
the matter part become

Ψm ∗Ψm = Ψm

that is to say, the equation for a projector. Some analytic solutions were found, for ex-
ample the sliver Ξ representing a D25- brane so as butterfly states described for the first
time in [42], analyzed in some details in [43, 44] from CFT point of view and [31] from
oscillator point of view. So we have that VSFT admits solutions representing classical
solitonic objects as the theory itself, at this level, is a classical theory, not including
quantum corrections. Other solutions representing lower dimensional Dp-branes were
found in [14]

It is well known that D-brane configurations can be classified in usual string theory
by means of K-homology and K-cohomology, both based on vector bundles carried by
the D-branes configuration. While in superstring theories this classification is very in-
teresting from a physical point of view as it determines the Ramond-Ramond charges of
the system, in bosonic theory it seem to have only a mathematical meaning, as bosonic
D-branes do not carry any conserved charge and so they are expected to be unstable.
In particular we focus on the classification based on topological K-theory groups (K-
cohomology). In our work we will consider the simplified framework of flat space-time
and flat branes.
We would like to see if is it possible to obtain the same informations on Dp-branes seen
as objects arising directly in string theory, that is, as solutions of some String Field
Theory. This can be achieved in VSFT.
As VSFT admits multiple Dp-brane solutions, obtained adding orthogonal projectors
(see [15]), it is an interesting task to try to classify such configurations by means of
algebraic K-theory groups (which are obtained using orthogonal projectors), comparing
such classification with the topological one discussed above, and checking if we gain
some new physical information in this framework.
In this work we will consider only D25-brane solutions represented explicitly by the
sliver and the butterfly. Unfortunately these solutions are singular as they have zero
norm, so they need to be regularized. A particularly useful regularization is obtained
in Moyal String Field Theory (this version of VSFT describes Witten’s product as a
Moyal product over an infinite dimensional manifold with coordinates {x2n, p2n}n≥1, so
we have a well defined mathematical structure, see [34]), where it is employed consider-
ing a cutoff, that is, only a finite number 2N of coordinates {x2, . . . , x2N , p2, . . . , p2N}.
In this language both the sliver and the butterfly have a finite norm and they are rep-
resented by Gaussian functions. This is a very interesting fact as Gaussian functions
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belong to the C∗-algebra given by the completion of Schwartzian functions S(R2Nd)
equipped with the Moyal product. Given a C∗-algebra it is a well known procedure to
assign an algebraic K-theory group to it, considering equivalence classes of projectors.
As both the butterfly and the sliver cutoff versions are projectors we can classify them
using K-theory. Of course we cannot have in principle a complete information on the
full solutions as we are considering a cutoff enviroment, but nevertheless it can be a
good starting point for future developements aiming to solve the full problem.
The main part of this work consists in determining this classifying algebraic K-theory
group and comparing it with the topological one determined in usual string theory.

Of course this wants to be a preliminar analysis carried over in the simplified framework
of a bosonic string field theory. The real interesting test is to apply all this machinery
to superstring theories, where K-theory has a well defined physical meaning in the clas-
sification of Dp-branes (see [11, 12]). In particular it is interesting to check if, starting
from Superstring Field Theory (eventually Vacuum Superstring Field Theory) solutions
representing Dp-branes, we manage to classify them by the same K-theory group as in
[11]. This is beyond the scope of this work.

As the quest for all projectors of a C∗-algebra can be very complicated, it can be
useful to check if the C∗-algebra we are using is isomorphic to some C∗-algebra whose
K-theory group is known. In particular we use the fact that the C∗-algebra S(R2Nd),
obtained from the norm completion of S(R2Nd), is isomorphic to the C∗-algebra of com-
pact operators over a separable Hilbert space. This result is very important for us as
the K-theory group of compact operators is well known.

The paper is organized as follows: in section 2 we recall briefly the Vacuum String
Field Theory construction and in particular the form of the sliver solution representing
a D25-brane, focusing on some mathematical problems that plague it, and that require
a cut off in order to be solved. In section 3 we will analyse MSFT in some details,
comparing it with the oscillator construction and focusing on the cutoff, especially for
the sliver and the butterfly. In section 4 we review some standard material on the rela-
tion between Schwartzian functions and compact operators, in particular the result we
need is S(R2Nd) ≃ Bc(L

2(RNd)). In section 5 we recall very briefly the construction
of K-theory groups starting from projectors of a C∗-algebra. Finally in the last section
we comment on results found, especially on the role of K-theory in the description of
bosonic D-25-brane. We will also highlight possible future directions.

2 D-branes in VSFT

Let us briefly remind that Open String Field Theory (OSFT) is described by the action

S = − 1

g2
0

∫ (1

2
Φ ∗W QBΦ +

1

3
Φ ∗W Φ ∗W Φ

)
(1)
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where g0 is a dimesionful parameter and QB is the usual BRST charge arising in first
quantization (in particular it mixes matter and ghost part). Here ∗W is the so called
Witten product, and it is an associative, non commutative product describing the gluing
of two strings (see [19]).
Equations of motion are then given by

QBΦ + Φ ∗W Φ = 0 (2)

Here Φ ∈ A is a generic string field, where A is the algebra of string fields. We want to
emphasize that the original description of OSFT was quite abstract, all the operations
on the algebra A had a precise physical meaning (like gluing and interaction of strings)
but they had to be translated in well defined mathematical expressions.
A possible concrete approach was given in [35] where both QB and ∗W were written
down in terms of Fock oscillators.
It would be interesting to find analytic solutions of this equation of motion, but due
to the mixing of matter and ghost part encountered in the kinetic term described by
the BRST charge it is very difficult to solve it, and so far only numerical solutions are
aviable. In particular by means of a truncation level procedure in OSFT (see [13]) we
manage to find some numerical solutions that, according to Sen’s conjecture are inter-
preted as lower dimensional Dp-branes.

In order to find analytic solutions in string field theory framework we can change point
of view.
In the work [18] it was shown that we can shift OSFT around a particular vacuum,
called Closed String Vacuum, and redefine string fields centered around it, obtaining
another version of the theory, called Vacuum String Field Theory (VSFT). Its equation
of motion is much easier to solve than original OSFT, as shown in [14] and related works,
as we choose a new BRST operator Q made only of ghosts. In particular this theory
admits Dp-branes solutions which can be described in a closed form.

In this section we will decribe briefly how VSFT is built and how D25-brane solu-
tions are constructed, following the seminal works [14, 18]. In particular we use the
Fock space language although other descriptions like half string (see [15, 30]) and CFT
(see [46]) can be used. This construction can also be used to determine solutions rep-
resenting lower dimensional Dp-branes, but as we are interested only in D25-branes we
will not describe them.

2.1 General setup

Using Sen’s conjecture about tachyon condensation we are able to find a numerical
solution T = Φ0 of OSFT representing the closed string vacuum and whose components
are the vacuum expectation values of many scalar fields. Infact OSFT is constructed
on the open string vacuum corresponding to the string field Φ = 0. The main idea of
[14, 18] is to build a new string field theory, centered around the closed string vacuum,
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so the authors expand a generic string field Φ around Φ0 as

Φ = Φ0 + Φ̃ (3)

and then considering the fluctuations Φ̃ around closed string vacuum, using the appro-
priate kinetic term. Unfortunately we are not able to analyze OSFT around Φ0 as we
do not know the analytic form of this field.
A useful idea has been carried over in [18] where the authors expanded the action around
Φ0, plugging (3) in the usual OSFT action (1) and finding

S(Φ0 + Φ̃) = S(Φ0)−
1

g2
0

[1

2
〈Φ̃, QΦ̃〉+ 1

3
〈Φ̃, Φ̃ ∗W Φ̃〉

]
(4)

with
QΦ̃ = QBΦ̃ + Φ0 ∗W Φ̃ + Φ̃ ∗W Φ0 (5)

Now we consider a field redefinition that simplifies drammatically our action:

Φ̃ = eKΨ (6)

where K is an appropriate operator, and so we obtain a new action for fields Ψ:

S(Ψ) = − 1

g2
0

[1

2
〈Ψ,QΨ〉+ 1

3
〈Ψ,Ψ ∗W Ψ〉

]
(7)

with the new kinetic term
Q = eKQe−K (8)

In particular it was postulated that the operator Q has a very simple form, made only
of ghosts operators in order to have trivial cohomology. This means that this theory
does not admit perturbative open string solutions, described in first quantization by
BRST cohomology. So we expect to find only non perturbative solutions like Dp-branes
around the closed string vacuum.
This new description of SFT is called Vacuum String Field Theory (VSFT).
Equations of motion of this new action are given by

QΨ + Ψ ∗W Ψ = 0 (9)

It was argued in [14] that fields Ψ can be factorized in a matter and a ghost part:

Ψ = Ψm ⊗Ψg,

so that, using the fact that Q is made of pure ghost operators, we have factorized
equations of motion

QΨg = −Ψg ∗g Ψg (10)

and
Ψm ∗m Ψm = Ψm (11)
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where ∗g, ∗m denote the multplication rules in the ghost and matter sector respectively.

It was pointed out in [14] that the ghost part Ψg can be chosen to be the same for
all solutions, so let us deal with it first. The work [47] tells us that if we choose string
fields belonging to the Siegel gauge, the kinetic term becomes

Q = c0 +
∑

n>0

(−1)n(c2n + c−2n) (12)

while the ghost equation of motion is

Ψg ∗g Ψg = Ψg (13)

A squeezed state solution of this equation is given by

|Ψg〉 =
{

det(1− X̃)
1
2 det(1 + T̃ )

1
2

}
exp

( ∞∑

n,m=1

c†nS̃nmb
†
m

)
c1|0̃〉 (14)

where the matrix S̃ is given by the expression S̃ = CT̃ , with

T̃ =
1

2X̃

(
1 + X̃ −

√
(1 + 3X̃)(1− X̃)

)
(15)

Here C = (−1)nδnm, X̃ = CṼ 11, and Ṽ 11 is one of the Neumann matrices that appear in
the ghost tree point vertex |V3〉 describing Witten’s product ∗g in Fock space language.
This solution is taken as universal, that is, once we have any matter solution |Ψm〉 sat-
isfying matter projector equations of motion (11), the full solution is given by |Ψ〉 =
|Ψm〉 ⊗ |Ψg〉 where |Ψg〉 has the above form.

Now we focus on the matter part. It is clear from (11) that in VSFT, using the fac-
torization ansatz, solutions of the equations of motion for the matter part are given by
projectors.
The first attempt to find an analytic solution to string field theory was made in [25],
where it was assumed that the solution is a squeezed state of the form

|Ψ〉 = N 26 exp
(
− 1

2

∞∑

m,n=1

a†mSmna
†
n

)
|0〉 (16)

where N is a normalization factor and Smn is a symmetric, infinite dimensional matrix.
Both these quantities must be determined solving equations of motion, that in our case
are equations for a projector in the same way as above for the ghost part.

2.2 The Sliver solution

OSFT can be considered over a generic background, but in order to simplify calculations
we consider OSFT over a flatD25-brane with a Euclidean metric. This is needed in order
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to have well behaved Gaussian functions in the following. Moreover in flat spacetime
we can use Fock space language.
Witten’s product in the matter part assumes the following general form:

|V3〉 =

∫
d26p(1)d

26p(2)d
26p(3)δ

(26)(p(1) + p(2) + p(3)) exp(−E)|0, p〉123 (17)

where

E =
1

2

∑

r,s

n,m≥1

δµνa
(r)µ†
m V rs

mna
(s)ν†
n +

∑

r,s

m≥1

δµνp
µ
(r)V

rs
0na

(s)ν†
n +

1

2

∑

r

δµνp
µ
(r)V

rr
00 p

ν
(r) (18)

Here r, s = 1, 2, 3 specify the string in the three strings vertex.
Now we look for a p-independent solution of matter equation of motion, so we consider
only

E =
1

2

∑

r,s

n,m≥1

δµνa
(r)µ†
m V rs

mna
(s)ν†
n (19)

It was found in [14], that there exists a space-time independent solution |Ξm〉 called
sliver that can be written in closed form, which is interpreted as a D25-brane. The
algebraic expression in terms of Fock state oscillators is given by

|Ξm〉 =
{

det(1−X)
1
2 det(1 + T )

1
2

}26

exp
(
− 1

2
δµν

∑

m,n≥1

Smna
µ†
m a

ν†
n

)
|0〉 (20)

where

S = CT ; T =
1

2X

(
1 +X −

√
(1 + 3X)(1−X)

)

and Cmn = (−1)mδmn, m, n ≥ 1, X = CV 11.
So the global solution, including the universal ghost part |Ψg〉 is given by

|Ξ〉 = |Ψg〉 ⊗ |Ξm〉. (21)

Let us now focus on the sliver solution, to uderstand why we need to introduce a cutoff.
As shown above it is written in terms of oscillators acting on the Fock vacuum, but it
can be shown it does not belong to the Fock space, as it has vanishing norm:

〈Ξm|Ξm〉 =
V (26)

(2π)26
(det(1−X)3/4 det(1 + 3X)1/4)26 (22)

where we used

〈0|0〉 = δ(26)(0) =
V 26

(2π)26

So, up to an infinite factor arising from the infinite 26-dimensional volume we find the
product of two determinants. Both from numerical and analytic considerations (see [36])
we have that the above product of determinants is zero. Such result is found regularizing
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the theory, considering only a finite number L of oscillators (in this case we get a finite,
non vanishing answer), and then taking the limit L→∞. In a first time it was thought
that the inclusion of the universal ghost part |Ψg〉 manages to give a finite, nonvanishing
answer, but from the regularization used in [36] it seems that it is not true: the full
sliver state |Ξ〉 = |Ξm〉⊗ |Ψg〉 still has vanishing norm, so it does not belong to the Fock
space of open string.
We recall that the sliver was the first solution found in VSFT, but nowadays other
solutions are known, in particular the butterfly. These solutions too are expressed in
terms of squeezed states if we use the Fock space language. For an introduction to the
butterfly state see [42],[43],[44]. It has the same factorized form (21), where the ghost
part has the universal form (14) and it is plagued by the same problem of the vanishing
norm as the sliver.
This is a big trouble if we want to employ construction outlined in [10], that tries to
see VSFT solutions as elements of a C∗-algebra, infact elements in a C∗-algebra have
nonvanishing, finite norm.
Our task is to try to classify VSFT solutions by means of K-theory groups and, as sug-
gested in [10] we can obtain them starting from a C∗-algebra containing such solutions.
So it seems a good starting point to consider a cutoff version of VSFT which was built
in [34]: from above considerations it seems that the problems arise when we take an
infinite number of oscillators (that is the L → ∞ limit), so we can expect to have a
mathematically well posed problem, that is to say, states with a finite non vanishing
norm, once we consider a finite number of degrees of freedom.

3 Bacics of MSFT

In this section we want to describe the basic ideas underlying the description of VSFT
by means of Moyal product, which is a well known mathematical structure. We recall
from [34] all the ingredients we need in order to have a self-contained discussion. A
much more detailed analysis of the construction can be found in [32, 33, 34].

3.1 Moyal’s product in VSFT

If we consider a generic string configuration

xµ(σ) = xµ
0 +
√

2

∞∑

n=1

xµ
n cos(nσ) (23)

the degrees of freedom are the {x0, xn} coefficients, and they are an infinite number. A
string field is described in position representation as ψ(x0, x2n, x2n−1) = 〈x|ψ〉, where
|ψ〉 is the string field in Fock space formalism. The major part of the theory does not
need that we specify the number of oscillators, so we can consider a finite number 2N of
them, employing the cutoff, as we will see in details later on. Usual VSFT is obtained
considering 2N →∞. Only some special structures need the full infinite number limit,
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but we will not use them.
Now we can formulate VSFT in Moyal language performing a Fourier transform on the
odd position modes {x2n−1} of the string:

Ψ(x̄, x2n, p2n) = det(2T )d/2

∫ ∏

n=1

dx2n−1e
2i
ϑ

∑
n,mp2nT2n,2m−1x2m−1ψ(x0, x2n, x2n−1) (24)

where d is the number of dimensions, T2n,2m−1 is the matrix used to relate modes xn of
the string with half string modes, x̄ = x(π/2) is the string midpont that can be written
in terms of x0, x2n as

x0 = x̄+
√

2

∞∑

n=1

x2n(−1)n+1 (25)

and finally ϑ is a parameter having the dimension of an area.
Using this set of coordinates (x̄, x2n, p2n), Witten’s product among two string fields
becomes the usual Moyal product as shown for the first time in [32]:

(Ψ∗Φ)(x̄, x2n, p2n) = Ψ(x̄, x2n, p2n) exp
[
i
ϑ

2

∞∑

n=1

δµν
( ←−∂
∂xµ

2n

−→
∂

∂pν
2n

−
←−
∂

∂pν
2n

−→
∂

∂xµ
2n

)]
Φ(x̄, x2n, p2n)

(26)
In particular the noncommutativity is independent for each mode and we obtain this
result from the insertion of the matrix T2n,2m−1 in the Fourier transform. So we have

[xµ
2n, p

ν
2m]∗ = iϑδµνδnm ; [xµ

2n, x
ν
2m]∗ = 0 ; [pµ

2n, p
ν
2m]∗ = 0 (27)

In particular if we consider 2N modes, we have a noncommutative space of dimension
2Nd.

This version of VSFT is called Moyal String Field Theory (MSFT).

3.2 Monoid algebra

We are of course interested in having the Moyal form of the sliver and wedge states
in order to apply our construction. In particular the sliver state is obtained starting
from wedge states in the Moyal form and performing the same operations done in Fock
formalism, as we recall later.
First of all we analyse in details a subalgebra of A, containing only Gaussian functions.
It has the good property of being a monoid, and moreover it turns out to be very useful
to determine the Moyal form of string fields like wedge states and the sliver which has
indeed a Gaussian form. We will review the basic construction without the cutoff, and
only at the end we will see how our results change when we take only a finite number
2N of coordinates.
If we consider string fields having the form of a shifted gaussian

ΨN ,M,λ = N exp(−ξiMijξj − ξλ)

10



where ξµ
i = (xµ

2 , x
µ
4 , . . . , p

µ
2 , p

µ
4 , . . .), Mij is an infinite dimensional symmetric constant

matrix, λµ
i is an infinite dimensional vector and N is a normalization factor, then we

have the following multiplication rules:

N1e
−ξM1ξ−λ1ξ ∗ N2e

−ξM2ξ−λ2ξ = N12e
−ξM12ξ−ξλ12 (28)

so it is clear that they form a closed algebra under Moyal product:

ΨN1,M1,λ1 ∗ΨN2,M2,λ2 = ΨN12,M12,λ12 (29)

If we define
m1 = M1σ ; m2 = M2σ ; m12 = M12σ (30)

with

σ =

(
0 iϑ
−iϑ 0

)

then we get:

m12 = (m1 +m1m2)(1 +m1m2)
−1 + (m2 −m1m2)(1 +m1m2)

−1 (31)

λ12 = (1−m1)(1 +m1m2)
−1λ2 + (1 +m2)(1 +m1m2)

−1λ1 (32)

N12 =
N1N2

det(1 +m2m1)d/2
e

1
4
((λ1+λ2)σ(m1+m2)−1(λ1+λ2)−λ12σ(m12)−1λ12) (33)

It is easy to see for example that the state Ψ1,0,0 = 1 corresponds to the identity of the
algebra.
Many elements of this algebra have an inverse under the star product, but not all of
them, that’s why we have only a monoid structure rather than a group structure.

3.3 Construction of wedge and sliver states

We can now use this algebra to determine the form of the sliver state in MSFT.
First of all we can calculate the n− th *-power of a state ΨN ,M,λ:

(N e−ξMξ−ξλ)n
∗ = N (n)e−ξM (n)ξ−ξλ(n)

(34)

where we have

m(n+1) = (m+m(n)m)(1 +m(n)m)−1 + (m(n) −mm(n))(1 +mm(n))−1 (35)

λ(n+1) = (1 +m(n))(1 +mm(n))−1λ+ (1−m)(1 +m(n)m)−1λ(n) (36)

N (n+1) =
N (n)N

det(1 +mm(n))d/2
e

1
4
((λ+λ(n))σ(m+m(n))−1(λ+λ(n))−λ(n+1)σ(m(n+1))−1λ(n+1)) (37)

These formulas can be simplified as follows: if we apply a transformation that diagonal-
izes m, from eq. (35) we see that m(n) and m(n+1) must also be diagonal, so m commutes
with m(n). This allows us to simplify formulas in

m(n+1) = (m+m(n))(1 +mm(n))−1 (38)
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λ(n+1) = (1 +mm(n))−1[(λ+ λ(n)) +m(n)λ−mλ(n)] (39)

and the explicit solution for a generic n is obtained from iteraction:

m(n) =
(1 +m)n − (1−m)n

(1 +m)n + (1−m)n
(40)

λ(n) = (m)−1(m(n))λ (41)

N (n) =
N n exp

[
n
4
λσm−1λ− 1

4
λ(n)σ(m(n))−1λ(n)

]

det
(

(1+m)n+(1−m)n

2

)d/2
(42)

In order to get the sliver state in MSFT we can use its definition in terms of vacuum
state: a generic wedge state |n〉 is defined in Fock formalism as

|n〉 = (|0〉)n
∗ = |0〉 ∗ . . . ∗ |0〉

so if we want to have its Moyal form we have to determine Ψ0(x2n, x2n−1, x̄)↔ |0〉. It is
given by

Ψ0(x2n, x2n−1, x̄) =

∞∏

n=1

(
16

k2n

k2n−1

)d/4

exp
(
−

∑

n≥1

k2n

2
x2nx2n −

∑

n,m≥1

2

ϑ2
p2nZ2n,2mp2m

)

(43)
where kn are generic frequencies (in the case of SFT we have kn = n) and the matrix Z
is given by

Z2n,2m =
∑

k≥1

T2n,2k−1
1

k2k−1
T2m,2k−1 (44)

So we see immediately that the vacuum state is given by a gaussian ΨN0,M0,0 with

m0 = M0σ =

(
0 iϑ

2
ke

−2i
ϑ
Z 0

)

and

N0 =
(det(16ke)

det ko

)

where ke, ko are diagonal matrices whose entries are respectively the even frequencies
k2n and the odd ones k2n−1.
Now if we use formulas (40) and (42) we can determine the formula for the generic wedge
state:

Wn(x2n, p2n) =
(N0)

n exp
(
− ξ (1+m0)n−(1−m0)n

(1+m0)n+(1−m0)nσ
−1ξ

)

det
(

(1+m0)n+(1−m0)n

2

)d/2
(45)

Now we are ready to determine the sliver. It is defined as the wedge state W∞, that is
we have

Ξm(x2n, p2n) = Nse
−ξMsξ ∼ lim

n→∞
(Ψ0)

n = lim
n→∞

(N0e
−ξM0ξ)n

∗ (46)
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where the normalization constant is determined requiring that Ξm is a projector. It is
found the following result:

ms = Msσ = m0(m
2
0)

−1/2 =

(
0 iϑ

2
ke

−2i
ϑ
Z 0

) ( √
Υt 0

0
√

Υ

)

where
Υ = keTk

−1
o R (47)

and the matrices T,R are those used to relate full string modes with half string modes.
They satisfy a list of relations given in [34], in particular TR = Id;RT = Id. The sliver
matrix Ms is

Ms =

(
a 0
0 1

aϑ2

)
; ms = i

(
0 aϑ
− 1

aϑ
0

)

with the matrix

a =
1

2
ke

√
keTk−1

o R ; m2
s = 1 (48)

So the sliver is given by

Ξm(xe, pe) =
(∏

e>0

2d
)

exp
[
−

∑

n,m

(x2na2n,2mx2m − p2n

( 1

aϑ2

)

2n,2m
p2m)

]
(49)

The normalization factor
Ns =

∏

e>0

2d

is obtained from eq. (37) and from the requirement

Ξm ∗ Ξm = Ξm

using m2
s = 1.

Another interesting state obtained setting

a′ =
1

2
ke ; λ = 0 (50)

is the butterfly state:

Ψbutt(x2n, p2n) = Nbutte
−ξMbuttξ

=
(∏

e>0 2d
)

exp
[
−∑

n,m

(
x2na

′
2n,2mx2m + 1

ϑ2p2n

(
1
a′

)
2n,2m

p2m

)]

The butterfly state is another solution of VSFT equation of motion interpreted as a
D25-brane, as discussed in [42], having the form of a Gaussian as seen above.
The construction carried over so far uses all the string degrees of freedom, that in our
case are given by {x2n, p2n} for n = 1, . . . ,∞. Notice that in the solutions presented
above the coordinate x̄ does not appear.
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The cutoff procedure consists in taking only a finite number of degrees of freedom, like
{x2n, p2n} with n = 1, . . . , N from the beginning, and then perform the same steps seen
above. Of course if N grows up, we get a better approximation of the original VSFT,
which needs all the degrees of freedom.
In our work we consider a cutoff version of the theory, allowing N to get any finite
number. It is clear that in this case we get a noncommutative theory defined on a 2Nd
dimensional manifold, where d = 26.
Now let us consider a cutoff 2N for each dimension. In this case we have 2N × 2N
dimensional matrices M

(2N)
s ,M

(2N)
butt , also the normalization factor becomes finite:

Ns = Nbutt =
2N∏

e>0

2d (51)

so we get

Ξ(2N)
m (x2n, p2n) =

( 2N∏

e>0

2d
)

exp
[
−

∑

n,m>0

(x2na
(N)
2n,2mx2m − p2n

( 1

aϑ2

)(N)

2n,2m
p2m)

]
(52)

Ψ
(2N)
butt (x2n, p2n) =

( 2N∏

e>0

2d
)

exp
[
−

∑

n,m>0

(
x2na

′(N)
2n,2mx2m +

1

ϑ2
p2n

( 1

a′

)(N)

2n,2m
p2m

)]
(53)

In particular matrices a
(N)
2n,2m, a

′(N)
2n,2m used both in the sliver and the butterfly case have

positive definite eigenvalues: it is easy to see it in the butterfly case, while for the sliver
we can show both numerically and analitically that the inverse Γ of Υ, in the finite di-
mensional case, has positive eigenvalues (see [34] p. 20). These states have finite norm.

This result is very encouraging, as both the cutoff sliver and butterfly have the form of
gaussian functions over a noncommutative R2Nd manifold and their product is given by
the usual Moyal product 2. We know that Gaussians belong to the space S(R2Nd) of
Schwartzian functions, which is a pre C∗-algebra under Moyal’s product (see [37, 38]),
so we can consider its norm completion S(R2Nd) and study the K-theory group associ-
ated to such C∗-algebra. This gives a mathematical classification in the cutoff theory of
solutions seen.

2The infinite dimensional case 2N → ∞ is more involved and it has to be dealt with much more

care: for example the matrix Υ, after diagonalization has all positive definite eigenvalues, while its

transpose Υt has a zero eigenvalue, while all the others are shared with Υ, so we get a ”flat” direction

in the gaussian.

Moreover the spectrum of matrices a2n,2m is continuous, so it must be understood what is the meaning

of a gaussian defined by means of an infnite dimensional matrix M with continuous spectrum. Moreover

the normalization factor becomes infinite, so the normalization also must be understood. We leave these

problems for future work.
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4 Some mathematical tools

In this section we recall some of the mathematical tools involved in our construction.
In particular we review the relation between the C∗-algebra given by the completion of
Schwartzian functions and the C∗-algebra of compact operators.

4.1 The relation between S(R2Nd) and compact operators

When we have a generic C∗-algebra, given for example by a space of functions or oper-
ators, and we want to determine its K-theory group, it can be a good strategy to see if
such algebra is isomorphic to some C∗-algebra of operators, as K-theory groups of many
operator algebras are known, otherwise it could be very hard to find them.

In our case we have that

S(R2Nd) ≃ Bc

( Nd⊗

a=1

L2(R)
)
≃ Bc(L

2(RNd))

the C∗-algebra of compact operators, where we used the isomorphism L2(Rn) ≃⊗n
i=1 L

2(R).
To obtain this we have to use the famous relation between operators acting on a Hilbert
space and functions, given by the Weyl-Wiegner construction (see [2, 3]).
The idea is the following: bounded operators B(H) on a Hilbert space have a composi-
tion law which is associative but non commutative: in general

O1 ◦ O2 6= O2 ◦ O1

We would like to have the same property for functions defined over a commutative space.
This brings to the definition of Moyal’s product. Infact we consider a functional space
F and define a map

Ω : F −→ B(H)

where H is a Hilbert space suitably defined.
There are various possible definitions of the map Ω, each focusing on different charac-
teristics. In particular we are interested in Weyl’s map ΩW which is a correspondence
that associates to every function f : R2n → C an operator-valued function of self-adjoint
operators x̂i, acting over a particular H and it is defined as

F (x̂) = ΩW (f) :=

∫
d2nx f(x)

∫
d2nξ e−iξ�(x̂−x)

This can also be written as

F (x̂) = ΩW (f)(p̂, q̂) =

∫
dnσ dnτ dnp dnq e−iτ(q̂−q)−iσ(p̂−p)f(p, q) (54)

where we have set
x = (q, p) ; ξ = (σ, τ)
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There exists an inverse too, known as the Wiegner map defined by

f(x) = Ω−1
W (F ) = πnPfaff(ϑ)

∫
d2nξ

(2π)2n
TrH

(
F (x̂) e−iξ�(x̂−x)

)

Now we have that the map ΩW has the following property:

ΩW (f ∗) = (ΩW (f))∗ (55)

as shown in the Appendix.
The same holds for the inverse map Ω−1

W (f).

The two maps are defined so to have the following properties:

ΩW (f ⋆ g) = ΩW (f) ◦ ΩW (g) ; ΩW (f ∗) = Ω∗
W (f)

Ω−1
W (F ◦G) = Ω−1

W (F ) ⋆ Ω−1
W (G) ; (Ω−1

W (F ))∗ = Ω−1
W (F ∗)

where ⋆ is the Moyal product.

Now we can apply this map to Schwartzian functions whose images belong to a subset
of bounded operators:

S(R2Nd) −→ C ⊂ B

If we consider the norm closure using the sup norm on both sides we get an isomorphism
of C∗-algebras:

S(R2Nd) −→ Bc(L
2(RNd)) (56)

where Bc is the set of compact operators acting on L2(RNd).
This is a very important result as it allows us to determine the K-theory group associ-
ated to the completion of Schwartzian functions simply knowing the one associated to
compact operators.

5 K-theory from C∗-algebras

This part is written on behalf of readers that do not have a knowledge of K-theory
groups in the framework of C∗-algebra. It is far from being exhaustive, and it aims to
give the taste of what is going on. A complete treatement on this subject can be found
in [5]. It can be skipped from expert readers.
In this section we want to analyse briefly the basic construction of K-theory groups
using some special elements inside a C∗-algebra, the so called projectors, which have
some good properties as we will see now. The idea is to apply such construction to the
C∗-algebra of compact operators acting on a Hilbert space H, as its K-theory can give
interesting physical informations.
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5.1 Projectors in C∗-algebras

Once we have a C∗-algebra, there are some preferred elements inside it:

Definition 1 A projection is a self-adjoint idempotent, that is

p = p∗ = p2

Two projectors p, q are called orthogonal if pq = 0

From the above definition we easily see that the sum of two projectors is a projector
precisely when they are orthogonal.

Given all the projectors in a C∗-algebra A we can introduce equivalence relations. For
a generic C∗-algebra there are three relations among projectors and in general they do
not coincide, but in the case we are considering they agree, so we will say two projectors
p, q to be unitarily equivalent p ∼u q if p = u∗qu being u ∈ Â a unitary (where Â is the
unitization of the algebra A).

Remark 1
If we consider the C∗-algebra B(H) then we find that two projectors p, q are equivalent
iff they have the same rank, that is, if, given a Hilbert space H on which they act, we
have

dim pH = dim qH (57)

Now that we have learnt how to build equivalence classes for projectors we have to learn
how to add them. Then we have the following

Theorem 1 If p1, p2, q1, q2 are projectors in A such that p1 ∼ q1, p2 ∼ q2, p1 ⊥ p2,
q1 ⊥ q2 then p1 ⊕ p2 ∼ q1 ⊕ q2.
In order to define properly the K-theory group of a C∗-algebra A, we have to consider
the pre C∗-algebra given by M∞(A) = A⊗M∞(C) =

⋃
n∈N

Mn(A), where Mn(A) is the
set of n×n matrices with entries in A, given by the union of all these finite dimensional
matrices. Then projectors are ”embedded” in the algebra as follows:

p→




p 0 . . .
0 0 . . .
...

...
. . .




but if we use a unitary transformation




0 1 0 . . .
1 0 0 . . .
0 0 0 . . .
...

...
...

. . .


 then we have

p→




p 0 . . .
0 0 . . .
...

...
. . .


 ∼u




0 0 . . .
0 p . . .
...

...
. . .
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This construction is necessary to get enough orthogonal projectors to build the K-theory
group.

The set of all equivalence classes of projectors of a C∗-algebra A is an abelian monoid:

M(A) :=
{
[p] s.t. p = p∗ = p2 ∈M

∞(A)
}

with
[p] + [p′] := [diag(p, p′)] = [q ⊕ q′]

with p ∼ q, p′ ∼ q′, q ⊥ q′ and where the identity is the class of the zero projector [0].

Now let us apply such construction to the case we are interested in: A = Bc(H) where
H is a separable Hilbert space (in our case we have H = L2(RNd)). In this case we use
the fact that M∞(Bc(H)) ≃ Bc(H). Then from remark (1) we have that projectors are
equivalent if they have the same rank. In particular every projector in Bc(H) is a finite
rank projector (this is not true for B(H) as the identity is a projector in such algebra
with infinite rank), so we have

M(Bc(H)) = N ∪ {0}

5.2 The K0(Bc(H)) group

Starting from a monoid we can build the enveloping Grothendieck group for M(A); it
is a commutative group K0(A) whose elements are given by the formal differences of
elements in M(A): given [p], [q] ∈M(A), then [p]− [q] ∈ K0(A).
In particular we can map elements of M(A) in K0(A) as

iA([p]) := [p]− [0]

Actually we have to pay attention, infact we can apply this construction both for unital
and non-unital C∗-algebras, but the naive construction just outlined works only for
the unital case, while for non-unital we need a more general construction, involving
the unitization Â of the C∗-algebra A. Unfortunately the C∗-algebra Bc(H) we are
interested in is not unital, so we need a slightly more difficult construction. We will not
enter into the details which are quite technical. They can be found in [5].
We will simply quote the final result which is the following:

K0(Bc(H)) = Z

and it is the result we are interested in.

6 Application of K-theory to VSFT

In this last section we want to apply the above discussion to the classification of D25-
branes configurations. The idea is to start from Dp-branes considered as objects in
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usual string theory, to give a classification of various configurations of branes that can
be physically meaningful (especially when we consider superstring theories rather than
bosonic theories), and finally to check if we find the same classification when consider-
ing D25-branes configurations in VSFT. So let us start by defining a classification for
Dp-branes in usual string theory.

Dp-branes are very peculiar objects: they can be seen as hypersurfaces in spacetime
carrying gauge theories over their worldvolume Σ. In particular if we pile up N Dp-
branes we obtain a U(N) gauge theory over a (p+ 1) dimensional manifold, so that we
can define a corresponding vector bundle over their worldvolume (see [49]). As a con-
sequence it is possible to characterize a system of N Dp-branes using the U(N) vector
bundle E over the worldvolume Σ. Classes of isomorphic vector bundles over a surface
can be classified using topological K-theory, which is a sort of cohomological theory for
vector bundles, and which seems to be more appropriate than usual cohomology or ho-
mology theory (for a review on topological K-theory see [12] for example). So we decide
to classify Dp-branes configurations using topological K-theory groups.
D25-branes are a particular case where the hypersurface Σ fills up all spacetime.
If we focus on bosonic string theory, as anticipated in the introduction, this classification
can be considered as a mathematical classification of Dp-branes as it is difficult to give
a physical meaning to the use of K-theory: bosonic Dp-branes are unstable, as they
carry a tachyonic field over their worldvolume, and so all of them are supposed to decay
into the closed string vacuum. In this framework it seems hard to find room for non
equivalent configurations.
Mabye, as suggested in [40] there exist configurations of unstable Dp-branes which are
not equivalent due to topological reasons and this could give a physical meaning to the
use of K-groups even in a bosonic context.
But if we turn to superstring theories it is well known ([11, 12]) that this construction
is physically justified: Dp-branes are charged under RR-fields and the elements of K-
theory group turn out to be the right tool to classify the RR-charges.

As K-theory feels the topology of the branes and the branes feel the topology of space-
time, and depending on the topology the K-theory can be very complicated, we focus
on a particularly simple case that is when we have a flat spacetime with flat Dp-branes.
Infact it is a well known result that in the case of a contractible space like a flat space,
all vector bundles which have the same rank are isomorphic, so K(Σ) = Z. This means
that systems of flat Dp-branes are classified by the number of branes that are piled up.
Notice that in this classification we can also consider virtual differences of Dp-branes,
although it is not clear the physical meaning of this operation.
Anyway, this is the classification of bosonic Dp-branes that we encounter if we consider
them as surfaces carrying vector bundles, and this description is obtained in the usual
string theory.
As already pointed out the aim of this work is to verify if we obtain the same classifica-
tion (which in the case of flat spacetime is particularly simple) for systems of D25-branes
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solutions of VSFT. In particular we have found that if we take a cutoff version of VSFT
described with MSFT, squeezed states solutions like the sliver and the butterfly (which
in the full VSFT are interpreted as single D25-branes configurations) are described by
Gaussian functions over a flat manifold R2Nd, and their interaction is given by Moyal’s
product. So their expressions are given by rank one projectors that can be classified
by means of K-theory group K0(Bc) = Z, and it agrees with the one found in first
quantized string theory: K0(Bc) = K(Σ) = Z, with Σ the hypersurface representing
the D25-brane.
This is an important result as objects found in VSFT, or better their cutoff version, are
classified in the same way as D25-branes in usual string theory, and this can be another
confirmation that projectors considered can be interpreted as D25-branes. Notice that
the two classifying K-theory groups arise in completely different ways, one based on
vector bundles, the other one based on C∗-algebras.

Results found in this work can be generalized in different directions:

• as already said, this wants to be a preliminary study in the context of bosonic string
field theory, although the real interest is to try to apply a similar construction to the
case of Super String Field Theory. In particular we want to check if we manage to find
solutions in the super string version of VSFT whose classification in terms of algebraic
K-theory groups agree with the one usually implemented for Dp-branes in superstring
theories, based on topological K-theory;

• moreover it is interesting to check what happens when we remove the cutoff con-
sidering all the infinite degrees of freedom of the string: we expect to find the same
classification found here;

• in this work we considered only the case of D25-branes, but we know that VSFT
admits solutions interpreted as lower dimensional Dp-branes. It would be interesting
to check if we can classify them too in terms of K-theory. Actually, using slightly dif-
ferent techniques it is possible to say something also in the case of lower dimensional
Dp-branes, this is a work in progress;

• finally we want to emphasise that the result found here holds in the special case
of flat spacetime. It would be interesting to check if we manage to find the same agree-
ment between Dp-branes for string theories and solutions of VSFT defined on non trivial
spacetimes. The simplest case we should consider is the torus.
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