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Abstract

Consider a differential inclusion under state constraints

x′(t) ∈ F (t, x(t)), x(t) ∈ K,

where F is a closed convex, not necessarily bounded set-valued map, which is mea-
surable in t and k(t)-Lipschitz in x (with k(·) ∈ L1) and K ⊂ Rn is a closed set with
smooth boundary.

We provide sufficient conditions for the the set-valued map ξ0 ; SK
[t0,T ](ξ0) associ-

ating to each initial point ξ0 ∈ K the set of all the solutions of the above constrained
differential inclusion starting at ξ0 to be pseudo-Lipschitz on K.
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Introduction

Let t0 < T , K ⊂ Rn and F : [t0, T ]×Rn ; Rn be a set-valued map. We associate
to these data a Cauchy problem for constrained differential inclusion

(1)

 x′(t) ∈ F (t, x(t))
x(t0) = ξ0 ∈ K
x(t) ∈ K,

where the relation x(t) ∈ K has to be satisfied for all t ∈ [t0, T ]. Denote by SK
[t0,T ](ξ0)

the set of all solutions to (1) defined on the time interval [t0, T ].
The aim of the present work is to show that, when the boundary of the subset K

is sufficiently smooth and F satisfies an inward pointing condition, then the solution
map ξ0 ; SK

[t0,T ](ξ0) ⊂ W 1,1 is pseudo-Lipschitz even if the images F (t, x) are un-
bounded (the corresponding definition is recalled in section 1 below). To guarantee
such regularity is useful for different control problems. For instance it yields local
Lipschitz continuity of value function of constrained Bolza problem, which in turn
helps derivation of the optimal synthesis. We refer to [12, 7], where local Lipschitz
continuity of the value function of unconstrained Mayer’s problem is used to derive
necessary and sufficient conditions for optimality in the form of a new differential
inclusion. Other areas of application are the robust control and differential games
under state constraints.

The problem of regularity of the solution map with respect to initial conditions in
the absence of constraints is very well investigated in the literature. In particular the
celebrated Filippov’s Theorem (see e.g. [3] or [5]) states that if the solutions of the
differential inclusion are not subject to state constraints and F (t, ·) is k(t)−Lipschitz
with k ∈ L1(t0, T ), then we do have Lipschitz dependence on initial data.

When state constraints are present, H.M. Soner, while investigating in [18] con-
tinuity of the value function of an optimal control problem, proposed a sufficient
condition for continuous dependence of solutions on initial point for control systems,
i.e. when F (t, x) = f(x,U). More precisely, he assumed that the boundary of the
bounded set K is C2 and that the set f(x, U) has a vector pointing strictly inside
of K for every boundary point of K to deduce continuous dependence of the solu-
tion map on initial conditions. Since then a number of papers treated this problem,
studying, under various assumptions regularity of value functions (see, for instance,
[8, 16, 1, 15, 6]. In particular in [1], by using an indirect argument, M. Arisawa and
P.L. Lions investigate autonomous control systems in a smooth set on unbounded
time interval [t0,+∞) and give an estimate on controlled trajectories (depending on
starting point). Subsequently, an explicit construction of trajectories in the general
setting of differential inclusions was proposed by H. Frankowska and F. Rampazzo
[15]. In this last work Filippov’s and Filippov-Wazewski’s Theorems are extended to
the case when the state is required to stay in a closed, not necessarily smooth, domain
and F has closed and bounded images.

In the above papers the construction of admissible trajectories is anticipative.
However some applications require to build explicitely solutions in a nonanticipa-
tive way. For this reason, a different construction was introduced by P. Bettiol, P.

1



Cardaliaguet and M. Quincampoix in [6] in the context of differential games in order
to obtain a nonanticipative property (crucial to define suitable strategies). In this last
paper F is supposed to be bounded, to have convex compact images and constraints
are given by an inequality.

In the present work we extend and simplify the approach developed in [6]. Now
the set-valued map F might be also unbounded, but its images still have to be convex
and closed. As usually we also assume that F is measurable with respect to the time
variable t and k(t)-Lipschitz with respect to the state x and that it satisfies an inward
pointing condition on sufficiently smooth boundary of K.

This paper is organized as follows. Section 1 is devoted to preliminaries concerning
set-valued maps and convex analysis. In section 2 we state our main result, that is
proved in section 3.

1 Preliminaries

If X is a normed vector space, we denote the closed unit ball in X by BX , or, simply,
by B when the space X is made precise. For a (closed) ball of radius R centered in
x0 ∈ X we write B(x0;R). Here and below dK(x) = dist(x;K) := infy∈K ||y − x|| is
the distance function from a point x ∈ X to a subset K ⊂ X. By X∗ we denote the
(topological) dual of X and by 〈·, ·〉 : X∗ ×X → R the usual duality pairing.

Let us recall a definition concerning set-valued maps (cf. [5]).

Definition 1.1 Assume that X, Y are normed vector spaces and F : X ; Y is a set-
valued map. Given y ∈ F (x), F is called pseudo-Lipschitz around (x, y) ∈ Graph(F )
if there exists a positive constant L and neighborhoods U ⊂ Dom(F ) of x and V of y
such that

∀x1, x2 ∈ U , F (x1) ∩ V ⊂ F (x2) + L||x1 − x2||BY .

We recall that this notion is more general that the Lipschitz regularity: F is Lipschitz
around x ∈ X if there exists a positive constant L and a neighborhood U ⊂ Dom(F )
of x such that

∀x1, x2 ∈ U , F (x1) ⊂ F (x2) + L||x1 − x2||BY .

Now, we give a short description of some fundamental concepts we use in our
article.

Definition 1.2 Take K ⊂ X and x ∈ K. Then

1. the contingent cone to K at x, TK(x), is defined by

TK(x) := {v | lim inf
h→0+

dK(x+ hv)/h = 0};

2. the Clarke tangent cone to K at x, CK(x), is defined by

CK(x) := {v | lim
h→0+, K3y→x

dK(y + hv)/h = 0};
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3. the (Clarke) normal cone to K at x, NK(x), is defined by

NK(x) := {p ∈ X∗ | ∀v ∈ CK(x) 〈p, x〉 ≤ 0}.

We recall that a closed set K is called sleek if the set-valued map

K 3 x ; TK(x)

is lower semicontinuous. A very important property of sleek subsets is that the con-
tingent and the Clarke tangent cone to K at x do coincide for every x ∈ K. For many
properties of tangent and normal cones we refer the reader for instance to the books
[3] and [5].

Let us consider two subsets K1 and K2 of a Banach space X and suppose that

(2)
{

(i) K1 and K2 are a closed convex subsets,
(ii) there exists x0 ∈ K1 and η > 0 such that x0 + ηB ⊂ K2.

Lemma 1.3 Under assumption (2), if x ∈ ∂(K1 ∩K2) and n ∈ NK1∩K2(x), then we
have n = n1 + n2 for some n1 ∈ NK1(x), n2 ∈ NK2(x).

For a proof of Lemma 1.3 see for instance [4] (Theorem 16 page 174).

Lemma 1.4 Assume (2) and let x ∈ ∂(K1 ∩K2) and n ∈ NK1∩K2(x) be such that
||n|| = 1 and n = n1 + n2 for some n1 ∈ NK1(x), n2 ∈ NK2(x). Then the following
inequality holds true:

||ni|| ≤ 2 +
||x0 − x||

η
for i = 1, 2.

Proof. Set y0 := x0 − x. Notice that by assumptions (2) y0 ∈ TK1(x) and
y0 + ηB ⊂ TK2(x). For all b ∈ B, we get

(3)

〈n1, ηb〉 = 〈n1 + n2, ηb〉 − 〈n2, ηb〉 ≤
≤ η||n||||b||+ 〈n2, y0 − ηb〉 − 〈n2, y0〉 ≤
≤ η − 〈n1 + n2, y0〉+ 〈n1, y0〉 ≤
≤ η + ||y0||,

and, so, for any b ∈ B

〈n1, b〉 ≤ 1 +
||y0||
η

= 1 +
||x0 − x||

η
.

Therefore, we obtain

||n1|| ≤ 1 +
||x0 − x||

η

and

||n2|| ≤ 1 + ||n1|| ≤ 2 +
||x0 − x||

η
.
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Lemma 1.5 Let K be a closed convex cone. Then, for any x ∈ K and for any
n ∈ NK(x) we have 〈n, x〉 = 0.

Proof. Since both x and −x belong to TK(x) then we get the statement.

2

2 Main Result

Given K ⊂ Rn with ∂K 6= ∅, by bK we denote the oriented distance function that is
defined as follows (cf. [10]):

(4) bK(x) := dK(x)− d{K(x)

where dK(x) is the distance from x to K.
We shall impose the following assumptions on K

(5) K is of class C1,1
loc ,

in the following sense: for any r > 0 there exists ηr > 0 such that bK ∈ C1,1 on
∂K ∩ rB + ηrB (see [11]).

For any x ∈ ∂K we denote by ν(x) the exterior unit normal to ∂K. We recall that
if bK is of class C1,1 in some neighborhood of x ∈ ∂K, then we get ∇bK = ν ◦ p∂K

where p∂K is the projection onto ∂K (see [11]). Moreover, for any x ∈ ∂K we have
NK(x) = R+ν(x) and TK(x) is the tangent half-space to K at x.

Let us assume that t0 < T < +∞. As far as the set-valued map F is concerned,
we will suppose

(6)



(i) F is a closed convex set-valued map (it may be unbounded),
(ii) ∀ x ∈ Rn, F (·, x) is (Lebesgue) measurable,
(iii) ∃ k(·) ∈ L1

(
(t0, T ); R+

)
such that for a. e. t ∈ [t0, T ]

F (t, ·) is k(t)−Lipschitz,
(iv) ∃ η > 0, M > 0 such that ∀(t, x) ∈ [t0, T ]× ∂K

∃f̂(t, x) ∈ F (t, x) satisfying f̂(t, x) + ηB ⊂ TK(x) and
supv∈∂TK(x)∩F (t,x) |f̂(t, x)− v| ≤M.

Remark 2.1 The estimate in assumption (iv) of (6) is satisfied, for instance, if there
exists a real number M0 > 0 such that{

sup(s,x)∈[t0,T ]×∂K |f̂(s, x)| ≤M0

supv∈∂TK(x)∩F (s,x) |v| ≤M0.
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We recall that by SK
[t0,T ](ξ0) we denote the set of solutions on [t0, T ] of the system

(7)

 x′(t) ∈ F (t, x(t))
x(t) ∈ K
x(t0) = ξ0 ∈ K.

By W 1,1 we denote the Sobolev space W 1,1((t0, T ); Rn) endowed with the usual norm
||x||W 1,1 = ||x||L1((t0,T );Rn) + ||x′||L1((t0,T );Rn).

Now, we state our main result.

Theorem 2.2 Assume (5), (6). Then, the set-valued map

K 3 ξ ; SK
[t0,T ](ξ) ⊂W 1,1

is pseudo-Lipschitz around (ξ0, x0(·)) for all x0(·) ∈ SK
[t0,T ](ξ0).

The proof of Theorem 2.2 is provided in the next section. For this aim we
parametrize the set-valued map F in a measurable/Lipschitz way. Once we deal
with control systems, we generalize an approach first introduced in the article [6]. It
is based on the construction for each ξ̄0 ∈ K near ξ0 of a suitable admissible trajectory
that satisfies (7) with ξ0 replaced by ξ̄0 at time t0.

3 Construction of constrained trajectories

Let us start with some basic results. The first statement concerns a regularity property
for the set-valued map (t, x) ; F (t, x) ∩ TK(x) that holds true in a more general
context than assumption (5): namely, when K is sleek.

Lemma 3.1 Assume that K is sleek, that F = F (t, x) satisfies (i)-(ii) of (6) and is
lower semicontinuous in x. If for any (t, x) ∈ [t0, T ]×K

F (t, x) ∩ Int(TK(x)) 6= ∅,

then we have:{
(i) ∀x ∈ K the set-valued map t ; F (t, x) ∩ TK(x) is measurable,
(ii) ∀t the set-valued map K 3 x ; F (t, x) ∩ TK(x) is lower semicontinuous.

Proof. (i) follows from the Characterization Theorem of measurable set-valued
maps (cf. Theorem 8.1.4 in [5]).

Concerning (ii), let us fix t ∈ [t0, T ]. First we notice that, since K is sleek,
K 3 x ; TK(x) is lower semicontinuous and, so, also K 3 x ; Int(TK(x)) is lower
semicontinuous.

We claim that the set-valued map K 3 x ; F (t, x) ∩ Int(TK(x)) is lower semi-
continuous. Indeed, if v ∈ F (t, x) ∩ Int(TK(x)), then there exists δ > 0 such that
B(v; δ) ⊂ Int(TK(y)) for all y ∈ K sufficiently close to x (due to the fact that
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Int(TK(·)) is lower semicontinuous). Since F (t, ·) is lower semicontinuous, for all y
sufficiently close to x we have B(v; δ) ∩ F (t, y) 6= ∅ and then

B(v; δ) ∩ F (t, y) ∩ Int(TK(y)) 6= ∅.

Finally, since F (t, x) ∩ TK(x) = F (t, x) ∩ Int(TK(x)), consequently the statement
follows.

2

For all (t, x) ∈ [t0, T ]×∂K, given f(t, x) ∈ F (t, x), define a new vector field f̄(t, x)
by

(8) f̄(t, x) := πF (t,x)∩TK(x)

(
f(t, x)

)
.

Notice that if f(t, x) ∈ F (t, x) ∩ TK(x) then f̄(t, x) = f(t, x). The following result
provides an estimate of the difference between f̄ and f when x ∈ K and f(t, x) /∈
F (t, x) ∩ TK(x).

Lemma 3.2 Under assumptions (5) and (6), for all (t, x) ∈ [t0, T ]× ∂K we have:

(9) |f(t, x)− f̄(t, x)| ≤
(

2 +
M

η

)
〈ν(x), f(t, x)〉

whenever f(t, x) /∈ F (t, x) ∩ TK(x).

Proof. First, recall that NK(x) = R+ν(x) ∀x ∈ ∂K. Let us define

(10) n(t, x) :=
f(t, x)− f̄(t, x)
|f(t, x)− f̄(t, x)|

.

Then n(t, x) is the unit outward normal to F (t, x)∩TK(x) at f̄(t, x). By Lemmas 1.3
and 1.4, there exists

(11)
{
n1(t, x) ∈ NF (t,x)

(
f̄(t, x)

)
n2(t, x) ∈ NTK(x)

(
f̄(t, x)

)
⊂ NK(x)

such that

n(t, x) = n1(t, x) + n2(t, x) and |ni(t, x)| ≤ 2 +
M

η
for i = 1, 2,

where M is given by (iv) of assumption (6). Thus, we get

|f(t, x)− f̄(t, x)| = 〈n1(t, x), f(t, x)− f̄(t, x)〉+ 〈n2(t, x), f(t, x)− f̄(t, x)〉.

But, since 〈n1(t, x), f(t, x)−f̄(t, x)〉 ≤ 0 and thanks to Lemma 1.5 〈n2(t, x), f̄(t, x)〉 =
0, we obtain

|f(t, x)− f̄(t, x)| ≤ 〈n2(t, x), f(t, x)〉
and, so, the result follows.

2
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The next step is to obtain a suitable control system that is provided by a mea-
surable/Lipschitz parameterization of our starting set-valued map F . The passage
to control systems is due to technical reasons: this new point of view helps both in
construction of a suitable constrained trajectory and in computing of W 1,1-estimates
of the obtained trajectories, as we will show in the next subsection. The Parametriza-
tion of Unbounded Maps Theorem (see Theorem 9.7.1 in [5]) implies that there exists
a measurable/Lipschitz parametrization f of F . Namely, there exists a single-valued
map

f : [t0, T ]× Rn × Rn −→ Rn

such that

(12)


(i) ∀(t, x) ∈ [t0, T ]× Rn, F (t, x) = f(t, x,Rn)
(ii) ∀(x, u) ∈ Rn × Rn, f(·, x, u) is measurable
(iii) ∀(t, u) ∈ [t0, T ]× Rn, f(t, ·, u) is ck(t)− Lipschitz
(iv) ∀(t, x) ∈ [t0, T ]× Rn, f(t, x, ·) is c− Lipschitz

for some constant c independent of F .
Now, if x0(·) is a solution of system (1) on [t0, T ], then in terms of measur-

able/Lipschitz parametrization we found, it means that for a.e. t ∈ [t0, T ]

x′0(·) ∈ f(t, x0(t),Rn).

By applying, for instance, the Filippov Selection Theorem (see Theorem 8.2.10 in [5]),
there exists a measurable selection u0(·) such that

x′0(·) = f(t, x0(·), u0(·)).

Therefore, we can pass to study our initial problem from a control point of view. This
is the aim of the following subsection.

3.1 Controlled systems

In this section we set F̃ (t, x) := f(t, x, U) where U is a complete separable metric
space,

(13)
f : R× Rn × U −→ Rn

(t, x, u) 7−→ f(t, x, u)

and we assume that

(14)



(i) f(t, x, U) is closed and convex (not necessarily bounded),
(ii) f is (Lebesgue) measurable with respect to t, k(t)-Lipschitz in x

with k(·) ∈ L1
(
(t0, T ); R+

)
and continuous in u,

(iii) ∃ η > 0, M > 0 such that ∀(t, x) ∈ [t0, T ]× ∂K
one can find ut,x ∈ U satisfying f(t, x, ut,x) + ηB ⊂ TK(x) and
supv∈∂TK(x)∩f(t,x,U) |f(t, x, ut,x)− v| ≤M.
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Remark 3.3 Notice that assumptions (14) are consistent with the setting of the start-
ing differential inclusion problem: namely, if a set-valued map F satisfies (6) then its
measurable/Lipschitz parametrization f satisfies (14) with maybe different k(·).

We denote by x[t0, ξ0, u(·)](·) the trajectory controlled by u(·) that starts from ξ0
at time t0, where u : [t0, T ] −→ U is a measurable function. If x(·) = x[t0, ξ0, u(·)](·)
satisfies system

(15)

 x′(t) = f(t, x(t), u(t))
x(t) ∈ K ∀ t ∈ [t0, T ]
x(t0) = ξ0 ∈ K

then the trajectory x[t0, ξ0, u(·)](·) is called admissible as well as the corresponding
control u(·), and we write x[t0, ξ0, u(·)](·) ∈ SK

[t0,T ](ξ0) and u(·) ∈ UK
[t0,T ](ξ0) := {u :

[t0, T ] −→ U measurable s.t. x[t0, ξ0, u(·)](t) ∈ K ∀t ∈ [t0, T ]}. In order to simplify
notations we use x(·) instead of x[t0, ξ0, u(·)](·) when the initial data t0, ξ0 and the
control u(·) are made precise.

Take a trajectory-control pair (x0(·), u0(·)) of (15). Consider a new initial condi-
tion ξ̄0 ∈ K sufficiently close to ξ0.

The idea of construction of a new trajectory x̄(·) ∈ SK
[t0,T ](ξ̄0) is very natural

(cf. [6]). Roughly speaking, we control the new trajectory x̄(·) as long as pos-
sible by u0(·), but, whenever we can not use u0(·) anymore, we project the vec-
tor field onto F̃ (t, x) ∩ TK(x). More precisely, if x̄(t) ∈ Int(K) or x̄(t) ∈ ∂K and
f(t, x̄(t), u0(t)) ∈ F̃ (t, x̄(t)) ∩ TK(x̄(t)), then we use u0(t); otherwise, if x̄(t) ∈ ∂K
but f(t, x̄(t), u0(t)) /∈ F̃ (t, x̄(t)) ∩ TK(x̄(t)), then we use a control ū(t) that real-
izes the projection of f(t, x̄(t), u0(t)) on F̃ (t, x̄(t)) ∩ TK(x̄(t)): i.e., f(t, x̄(t), ū(t)) =
πF̃ (t,x̄(t))∩TK(x̄(t))

(
f(t, x̄(t), u0(t))

)
.

Let us define the function ρ : [t0, T ]×K −→ R by

(16) ρ(t, x) := dist
(
f(t, x, u0(t)); F̃ (t, x) ∩ TK(x)

)
.

Proposition 3.4 Let us assume (14) and that K is sleek. Then, we obtain the fol-
lowing properties.

i) The function ρ = ρ(t, x) is Lebesgue-Borel measurable (in (t, x)) and upper semi-
continuous in x.

ii) The set-valued map
(t, x) ; B(f(t, x, u0(t)); ρ(t, x))

is Lebesgue-Borel measurable (in (t, x)) and upper semicontinuous with respect
to x.

iii) The set-valued map

(t, x) ; G(t, x) := B(f(t, x, u0(t)); ρ(t, x)) ∩ F̃ (t, x)

is Lebesgue-Borel measurable (in (t, x)) and upper semicontinuous with respect
to x.

8



Proof. i) By Corollary 8.2.13 in [5] we get that ρ(t, x) is Lebesgue-Borel measur-
able. Let us fix t. For x ∈ K take v0 ∈ F̃ (t, x) ∩ TK(x) such that

|f(t, x, u0(t))− v0| = ρ(t, x).

Since the set-valued map x ; F̃ (t, x)∩TK(x) is lower semicontinuous by Lemma 3.1,
for any ε > 0, when y ∈ K is close enough to x, we have

dist(v0; F̃ (t, y) ∩ TK(y)) ≤ ε

and, in particular, there exists v ∈ F̃ (t, y) ∩ TK(y) such that |v0 − v| ≤ ε. Therefore,
by using that f is k(t)-Lipschitz continuous with respect to x, we get

(17)
|f(t, y, u0(t))− v| ≤

≤ |f(t, y, u0(t))− f(t, x, u0(t))|+ |f(t, x, u0(t))− v0|+ |v0 − v| ≤
≤ k(t)|y − x|+ ρ(t, x) + ε

and, so, for any ε > 0 and all y ∈ K sufficiently close to x we have

ρ(t, y) ≤ |f(t, y, u0(t))− v| ≤ ρ(t, x) + k(t)|y − x|+ ε.

ii) Without any loss of generality we may assume that k(t) ≥ 1 for all t ∈ [t0, T ].
Again, by applying Corollary 8.2.13 of [5] B(·, ·) turns out to be Lebesgue-Borel
measurable. If we fix t, for any ε > 0 there exists 0 < δ ≤ ε

4k(t) such that if we take
y with |y − x| ≤ δ then ∀v ∈ B(f(t, y, u0(t)); ρ(t, y)), by using i), we get

(18)

|f(t, x, u0(t))− v| ≤
≤ |f(t, x, u0(t))− f(t, y, u0(t))|+ |f(t, y, u0(t))− v| ≤
≤ k(t)|y − x|+ ρ(t, y) ≤
≤ ρ(t, x) + 2k(t)|y − x|+ ε

2 .

Therefore, since for y close enough to x

B(f(t, y, u0(t)); ρ(t, y)) ⊂ B(f(t, x, u0(t)); ρ(t, x)) + εB,

we obtain that (t, x) ; B(f(t, x, u0(t)); ρ(t, x)) is upper semicontinuous with respect
to x.

iii) Theorem 8.2.4 in [5] guarantees that G is Lebesgue-Borel measurable. On the
other hand notice that the set-valued map F̃ (t, ·) has closed graph, so the statement
immediately follows from ii) (cf. Theorem 1 page 41 in [3]).

2

Remark 3.5 Notice that for all (t, x) ∈ [t0, T ]×K

G(t, x) ∩ TK(x) 6= ∅.

Furthermore, consistently with what is done for vector fields in (8), thanks to Theorem
8.1.3 in [5] we can find a Lebesgue-Borel measurable selection u(t, x) with the following
property: u(t, x) = u0(t) if f(t, x, u0(t)) ∈ F̃ (t, x) ∩ TK(x) and u(t, x) is such that
f(t, x, u(t, x)) = πF (t,x)∩TK(x)

(
f(t, x, u0(t))

)
otherwise.
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Lemma 3.6 Assume (5) and (14). Then, we have

ρ(t, x) ≤ µ(t)(1 + |x|)

for some µ ∈ L1.

Proof. First notice that, thanks to Lemma 3.2, we obtain

(19)
ρ(t, x) ≤ |f(t, x, u0(t))− f(t, x, u(t, x))| ≤

≤ max
{

0;
(
2 + M

η

)
〈ν(x), f(t, x, u0(t))〉

}
.

On the other hand, we have

|f(t, x, u0(t))| ≤ |f(t, x0(t), u0(t))|+ k(t)(|x0(t)|+ |x|).

So, we conclude choosing µ(t) =
(
2 + M

η

)
(|f(t, x0(t), u0(t))|+ k(t)|x0(t)|+ k(t)) (no-

tice that µ(·) depends on η, M, k(·), |x′0(·)| and |x0(t0)|).

2

Remarks 3.7 Let us assume (5) and (14) and consider the differential inclusion

(20)
{
x′(t) ∈ G(t, x(t))
x(t0) = ξ̄0 ∈ K.

(a) If v ∈ G(t, x) where (t, x) ∈ [t0, T ]×K then

|v| ≤ |f(t, x, u0(t))|+ |ρ(t, x)| ≤ |f(t, x0(t), u0(t))|+ k(t)|x− x0(t)|+ |ρ(t, x)|,

therefore, by using Lemma 3.6, we have

G(t, x) ⊂ µ̄(t)(1 + |x|)B

for µ̄(·) :=
(
3 + M

η

) (
|x′0(·)| + k(·)|x0(·)| + k(·)

)
(exactly as for µ, µ̄ ∈ L1 and

depends only on η, M, k(·), |x′0(·)| and |x0(t0)|). Thus, by the Measurable
Viability Theorem in [14], there exists a solution x̄(·) to system (20) such that
x̄([t0, T ]) ⊂ K.

(b) Let us consider a ball B(ξ0, r0) for some radius r0 > 0. By (a) above and by
the Gronwall inequality, there exists R0 > |ξ0| depending only on r0 and µ̄(·)
such that for any solution x̄(·) to the differential inclusion (20) where ξ̄0 ∈
B(ξ0, r0) ∩K, then we obtain

x̄([t0, T ]) ⊂ R0B ∩K.

(c) If we denote by ū(·) the control corresponding to a solution x̄(·) of the dif-
ferential inclusion (20), then (by using notations introduced in Remark 3.5)
f(t, x̄(t), ū(t)) = f(t, x̄(t), u(t, x̄(t))) a.e. on [t0, T ]. Notice that such a way of

10



constructing an admissible control ū(·) ∈ UK
[t0,T ](ξ̄0) is nonanticipative in the

following sense. One can define a set-valued map (cf. [6])

Σ : UK
[t0,T ](ξ0) ; UK

[t0,T ](ξ̄0)

setting

Σ(u0(·)) :=

u(·) ∈ UK
[t0,T ](ξ̄0) s.t.

 x′(t) = f(t, x(t), u(t)) ∈ G(t, x(t))
x(t) ∈ K
x(t0) = ξ̄0

 .

The set-valued map Σ turns out to be nonexpansive with nonempty (∗)-closed
values in the sense of the article [9]. Therefore, thanks to Plaskacz Lemma in [9]
we get a selection σ of Σ: i.e., a single valued map σ : UK

[t0,T ](ξ0) → UK
[t0,T ](ξ̄0)

that to any u0(·) ∈ UK
[t0,T ](ξ0) associates σ(u0(·)) ∈ Σ(u0(·)). Furthermore, σ

is nonanticipative, namely if u1(·), u2(·) ∈ UK
[t0,T ](ξ0) and u1(·) = u2(·) a.e. on

[t0, T ] then also σ(u1(·)) = σ(u2(·)) a.e. on [t0, T ]. This property plays a fun-
damental role in constructing nonanticipative strategies in Differential Games
Theory, for instance.

(d) The proof of existence of a trajectory-control pair (x̄(·), ū(·)) ∈ SK
[t0,T ](ξ̄0) ×

UK
[t0,T ](ξ̄0) is direct and constructive.

In what follows, as in Remarks 3.7, we take ξ̄0 ∈ B(ξ0, r0) ∩K and (x̄(·), ū(·)) ∈
SK

[t0,T ](ξ̄0)× UK
[t0,T ](ξ̄0) such that

(21)

 x̄′(t) = f(t, x̄(t), ū(t)) ∈ G(t, x̄(t))
x̄(t) ∈ K
x̄(t0) = ξ̄0.

Notice that if t is such that x̄(t) ∈ Int(K), then f(t, x̄(t), ū(t)) = f(t, x̄(t), u0(t)) and,
therefore,

|x̄′(t)− x′0(t)| ≤ k(t)|x̄(t)− x0(t)|.

On the other hand, when x̄(t) ∈ ∂K we have the following two Lemmas, that provide
very useful estimates.

Lemma 3.8 Assume (5) and (14). Then, for almost every t ∈ {s ∈ [t0, T ] : x̄(s) ∈
∂K} we have

(22) |x̄′(t)− x′0(t)| ≤ k(t)|x̄(t)− x0(t)|+ c 〈ν(x̄(t)), f(t, x̄(t), u0(t))〉

where c := 2 + M
η .

Proof. Recall that the trajectory x̄(·), controlled by ū(·), satisfies system (21).
Suppose t is such that x̄(t) ∈ ∂K, x̄′(t) exists and x̄′(t) = f(t, x̄(t), ū(t)). Then, we
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get 〈ν(x̄(t)), x̄′(t)〉 = 0 and either f(t, x̄(t), u0(t)) ∈ TK(x̄(t)) ∩ F̃ (t, x̄(t)), in which
case f(t, x̄(t), ū(t)) = f(t, x̄(t), u0(t)) and ∀c ≥ 0

|f(t, x̄(t), ū(t))− f(t, x0(t), u0(t))| ≤
≤ |f(t, x̄(t), ū(t))− f(t, x̄(t), u0(t))|+ |f(t, x̄(t), u0(t))− f(t, x0(t), u0(t))| ≤
≤ k(t)|x̄(t)− x0(t)|+ c 〈ν(x̄(t)), x̄′(t)〉 ≤
≤ k(t)|x̄(t)− x0(t)|+ c 〈ν(x̄(t)), f(t, x̄(t), u0(t))〉 ;

or f(t, x̄(t), u0(t)) /∈ TK(x̄(t))∩ F̃ (t, x̄(t)) and, then, by Lemma 3.2, for a.e. t ∈ [t0, T ]
and c = 2 + M

η

|f(t, x̄(t), ū(t))− f(t, x0(t), u0(t))| ≤ k(t)|x̄(t)− x0(t)|+ c 〈ν(x̄(t)), f(t, x̄(t), u0(t))〉 .

2

Let us fix R = 2R0 where R0 is defined as in (b) of Remarks 3.7. By assumption
(5) there exist ηR such that bK ∈ C1,1 on (∂K ∩RB) + ηRB. Then, let us consider a
function ψ ∈ C∞(Rn,R) such that{

ψ(x) = 1 if bK(x) ≥ −ηR

2
ψ(x) = 0 if bK(x) ≤ −ηR

We set

(23) φ(x) := bK(x)ψ(x).

Notice that φ turns out to be C1,1 on K∩RB. Let us denote by L and L1 the Lipschitz
constants of φ and ∇φ (on K ∩RB), respectively.

Lemma 3.9 Suppose that (5) and (14) hold true. Then, for `(·) := k(·) + ck(·) +
cL1|x′0(·)| ∈ L1 we obtain

|x̄′(t)− x′0(t)| ≤ `(t)|x̄(t)− x0(t)|+ c 〈∇φ(x0(t)), x′0(t)〉

for almost every t ∈ {s ∈ [t0, T ] : x̄(s) ∈ ∂K}, where c = 2 + M
η .

Proof. As in the proof of Lemma 3.8, we assume t is such that x̄(t) ∈ ∂K, x̄′(t)
exists and x̄′(t) = f(t, x̄(t), ū(t)). First notice that we have

〈∇φ(x̄(t)), f(t, x̄(t), u0(t))〉 ≤
≤ 〈∇φ(x̄(t)), x′0(t)〉+ k(t)|∇φ(x̄(t))||x̄(t)− x0(t)| ≤
≤ 〈∇φ(x0(t)), x′0(t)〉+ L1|x′0(t)||x̄(t)− x0(t)|+ k(t)|x̄(t)− x0(t)|.

Then, by using Lemma 3.8, we obtain

|x̄′(t)− x′0(t)| ≤
≤ k(t)|x̄(t)− x0(t)|+

+c
(
〈∇φ(x0(t)), x′0(t)〉+ L1|x′0(t)||x̄(t)− x0(t)|+ k(t)|x̄(t)− x0(t)|

)
.

Setting `(·) := k(·) + ck(·) + cL1|x′0(·)|, we get the result.

2
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Theorem 3.10 Assume (5) and (14) and let x0(·) ∈ SK
[t0,T ](ξ0). Then for every

r0 > 0 there exists an increasing absolute continuous function `0(·) (depending on
r0, c, L, L1, k(·) and |x′0(·)|) such that for any initial point ξ̄0 ∈ K ∩ B(ξ0; r0) we
can find an admissible trajectory x̄(·) ∈ SK

[t0,T ](ξ̄0) with the property

|x̄(t)− x0(t)| ≤ `0(t)|ξ̄0 − ξ0|.

Proof. First, we recall that, once we fix r0 > 0, then there exists R0 > 0 such
that for any solution x̄(·) to the differential inclusion (21) with ξ̄0 ∈ B(ξ0, r0)∩K we
have x̄([t0, T ]) ⊂ R0B ∩ K (cf. (b) of Remarks 3.7). Moreover, we can construct a
suitable regularization of the signed distance function, φ, as in (23).

Let x̄(·) be the trajectory controlled by ū(·) that satisfies system (21). Define
t1 = inf{t ∈ [t0, T ] : x̄(t) ∈ ∂K}. Then for all t ∈ [t0, t1]

|x̄(t)− x0(t)| ≤ |x̄(t0)− x0(t0)|+
∫ t

t0

k(s)|x̄(s)− x0(s)| ds.

So, by Gronwall inequality, we obtain

|x̄(t)− x0(t)| ≤ |x̄(t0)− x0(t0)|e
∫ t

t0
k(s) ds

for all t ∈ [t0, t1] .
If t1 = T , then the proof ends. Otherwise, if t1 < T , then by Lemma 3.9 for all

t ∈ [t1, T ] we get

|x̄(t)− x0(t)| ≤
≤ |x̄(t0)− x0(t0)|+

∫ t

t0
`(s)|x̄(s)− x0(s)| ds+

+c
∫
{s∈[t1,t] : x̄(s)∈∂K}〈∇φ(x0(s)), x′0(s)〉 ds.

Fix t ∈]t1, T ] and set t2 := sup{s ∈ [t1, t] : x̄(s) ∈ ∂K}. Then, we have

(24)
|x̄(t)− x0(t)| ≤

≤ |x̄(t0)− x0(t0)|+
∫ t

t0
`(s)|x̄(s)− x0(s)| ds+

+c
∫
{s∈[t1,t2] : x̄(s)∈∂K}〈∇φ(x0(s)), x′0(s)〉 ds.

Notice that∫ t2
t1
〈∇φ(x0(s)), x′0(s)〉 ds = φ(x0(t2))− φ(x0(t1)) ≤ −φ(x0(t1)) ≤

≤ L|x̄(t1)− x0(t1)| ≤ Le
∫ t1

t0
k(s) ds|x̄(t0)− x0(t0)|.

Thus, we have

(25)∫
{s∈[t1,t2] : x̄(s)∈∂K}〈∇φ(x0(s)), x′0(s)〉 ds =

=
∫ t2

t1
〈∇φ(x0(s)), x′0(s)〉 ds−

∫
{s∈[t1,t2] : x̄(s)∈Int(K)}〈∇φ(x0(s)), x′0(s)〉 ds ≤

≤ Le
∫ t1

t0
k(s) ds|x̄(t0)− x0(t0)| −

∫
{s∈[t1,t2] : x̄(s)∈Int(K)}〈∇φ(x0(s)), x′0(s)〉 ds.

In order to estimate the integral in the right hand side of (25), we have to apply the
following lemma.
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Lemma 3.11 Under assumptions of Theorem 3.10 we have

(26) −
∫
{s∈(t1,t2) : x̄(s)∈Int(K)}

〈∇φ(x0(s)), x′0(s)〉 ds ≤
∫ t

t1

`1(s)|x̄(s)− x0(s)| ds

where we take `1(s) := Lk(s) + L1|x′0(s)|.

Proof of Lemma 3.11. For a.e. s ∈ {t : x̄(t) ∈ Int(K)}, if x̄(s) ∈ Int(K), then

〈−∇φ(x0(s)), x′0(s)〉 ≤
≤ −〈∇φ(x̄(s)), x′0(s)〉+ L1|x′0(s)||x̄(s)− x0(s)| ≤
≤ −〈∇φ(x̄(s)), x̄′(s)〉+ Lk(s)|x̄(s)− x0(s)|+ L1|x′0(s)||x̄(s)− x0(s)|.

To conclude we have to evaluate the integral−
∫
{s∈(t1,t2) : x̄(s)∈Int(K)}〈∇φ(x̄(s)), x̄′(s)〉 ds.

For this aim, consider the open set

O := {s ∈ (t1, t2) : x̄(s) ∈ Int(K)} .

Then, there exists an at most countable family of disjoint open intervals (ai, bi) such
that x̄(ai) ∈ ∂K, x̄(bi) ∈ ∂K and O = ∪∞i=1(ai, bi). Then, we obtain

−
∫
{s∈(t1,t2) : x̄(s)∈Int(K)}〈∇φ(x̄(s)), x̄′(s)〉 ds =

= −
∑∞

i=1

∫ bi

ai
〈∇φ(x̄(s)), x̄′(s)〉 ds =

= −
∑∞

i=1 (φ(x̄(bi))− φ(x̄(ai))) = 0.

Therefore, we get the estimate we state.

2

Going back to our proof of Theorem 3.10, by using (24), (25) and (26), we get
that for any t ∈ [t1, T ]

(27)
|x̄(t)− x0(t)| ≤

≤ (cL+ 1)e
∫ t1

t0
k(s) ds|x̄(t0)− x0(t0)|+

+
∫ t

t0
(`(s) + c`1(s))|x̄(s)− x0(s)| ds.

By Gronwall inequality we deduce that

|x̄(t)−x0(t)| ≤ (cL+1)e
∫ t1

t0
k(s) ds

[∫ t

t0

(`(s) + c`1(s))e
∫ t

s
(`(τ)+c`1(τ)) dτ ds+ 1

]
|x̄(t0)−x0(t0)|

and, so, the proof is complete just taking

`0(t) := (cL+ 1)e
∫ t1

t0
k(s) ds

[∫ t

t0

(`(s) + c`1(s))e
∫ t

s
(`(τ)+c`1(τ)) dτ ds+ 1

]
.

2
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Corollary 3.12 Under assumptions of Theorem 3.10, we have

(28) ||x̄(·)− x0(·)||W 1,1 ≤ L0|ξ̄0 − ξ0|

for some positive constant L0 depending only on c, r0, L, L1, k(·), |x′0(·)|.

Proof. Notice that by Lemma 3.9 for any t ∈ [t0, T ] we get
(29)∫ t

t0

|x̄′(s)−x′0(s)| ds ≤
∫ t

t0

`(s)|x̄(s)−x0(s)| ds+c
∫
{s∈[t1,t] : x̄(s)∈∂K}

〈∇φ(x0(s)), x′0(s)〉 ds,

where t1 = inf{t ∈ [t0, T ] : x̄(t) ∈ ∂K}. By using the same arguments in the proof
of Theorem 3.10, we can estimate the second integral on the right hand side of (29),
obtaining∫ t

t0

|x̄′(s)−x′0(s)| ds ≤ cLe
∫ t1

t0
k(s) ds|x̄(t0)−x0(t0)|+

∫ t

t0

(`(s)+c`1(s))|x̄(s)−x0(s)| ds.

By applying the estimate provided in the proof of Theorem 3.10 on the term |x̄(s)−
x0(s)| in the previous estimate, we have∫ T

t0

|x̄′(s)− x′0(s)| ds ≤

[
cLe

∫ t1
t0

k(s) ds +
∫ T

t0

(`(s) + c`1(s))`0(s) ds

]
|x̄(t0)− x0(t0)|.

Therefore, we get

||x̄(·)− x0(·)||W 1,1 ≤
≤

[
`0(T )(T − t0) + cLe

∫ t1
t0

k(s) ds +
∫ T

t0
(`(s) + c`1(s))`0(s) ds

]
|x̄(t0)− x0(t0)|.

and, so, we get (28) where the constant L0 depends on c, r0, L, L1, k(·), |x′0(·)|.

2

Finally, the following Corollary states that the set-valued map ξ ; SK
[t0,T ](ξ) ⊂

W 1,1 is pseudo-Lipschitz around (ξ0, x0(·)).

Corollary 3.13 Under assumptions of Theorem 3.10, there exists a radius 0 < r ≤ r0
such that for any ξ1, ξ2 ∈ K ∩BRn(ξ0; r) and for every trajectory y1(·) ∈ SK

[t0,T ](ξ1)∩
BW 1,1(x0(·);L0r), then we can find x2(·) ∈ SK

[t0,T ](ξ2) such that

(30) ||y1(·)− x2(·)||W 1,1 ≤ L̃0|ξ1 − ξ2|

where L̃0 is a positive constant that depends on r, c, L, L1, k(·) and |x′0(·)|.

Proof. First, notice that SK
[t0,T ](ξ1) ∩ BW 1,1(x0(·);L0r) 6= ∅. Indeed, by the

previous Corollary 3.12 for any ξ1 ∈ K ∩BRn(ξ0; r) there exist a constant L0 > 0 and
an admissible trajectory x1(·) ∈ SK

[t0,T ](ξ1) such that

||x1(·)− x0(·)||W 1,1 ≤ L0|ξ1 − ξ0| ≤ L0r.
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Now, let us take y1(·) ∈ SK
[t0,T ](ξ1) ∩BW 1,1(x0(·);L0r). In particular, we have

(31) ||y′1(·)||L1 ≤ ||x′0(·)||L1 + L0r.

Now, by the same arguments we used in the proof of Theorem 3.10 with (ξ1, y1(·))
instead of (ξ0, x0(·)) and ξ2 instead of ξ̄0, we construct suitable controlled trajectories.
Therefore, by using the same arguments of Remarks 3.7, we deduce that there exists
x2(·) ∈ SK

[t0,T ](ξ2) such that |x′2(t)| ≤ µ̃(t)(1+ |x2(t)|) where µ̃(·) =
(
3 + M

η

) (
|y′1(·)|+

k(·)|y1(·)|+ k(·)
)
.

Thanks to (31) and the Gronwall inequality, for a suitable choice of r > 0,
there exists R > 0 such that y1([t0, T ]) ⊂ RBRn ∩ K for all y1(·) ∈ SK

[t0,T ](ξ1) ∩
BW 1,1(x0(·);L0r), and x2([t0, T ]) ⊂ RBRn ∩K for any ξ2 ∈ BRn(ξ0; r).

So, in order to get (30), we just apply Theorem 3.10 and Corollary 3.12 with
(ξ1, y1(·)) instead of (ξ0, x0(·)) and (ξ2, x2(·)) instead of (ξ̄0, x̄(·)). The existence of a
L̃0, that depends only on r, c, L, L1, k(·) and |x′0(·)|, is guaranteed by (31).

2
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